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INTRODUCTION 


In paper |5| the following equation was analysed: 
t 
2 2 
(1) Эра (Е,х)- Эа (Е,х) + f 9 
x ° 


2 
#0 (Е-т,х) С (т) ат = 0 


with the initial conditions: 


(2) (27) u(0,x) =0, (253 8,9 (0,х) = 6 (x) 

where 
= ia = кізті 

(3) {G(t)} =) аа а Б Dite 0) «esie e 
ісі 7 ісі 2 r(io) š 


The solution of equation (1) with condition (2°), which is a 
continuous function for t>0, xZ0, havingalineof symmetry x =0, 
is: 


(4) u(x) = E g exp(-|x! } e; ç WR ae = 


the coefficients с; can be obtained in the following way: 
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2 Bogoljub Stanković and Djurdjica ТаКкабі 
E 
Tu x 
551 , 2 
(5) c, = 5 (ag-(a,/2)^) 
1 B 
c. = = (а.- Chime CES) 
i 2 d j=1 DEEN) 
Solution (4) satisfies condition (2") too, if we have іја-1 > 0, 


where i, is the index of coefficients сі such that i 


for 1<1<1, апа ci, #0. 


1 =i al с; =0 


This result is a generalization of the result from |3| 
inwhich problem (1), (2) was observed for: 


о-1 24—11 


с СС =2х = ИЕ R(t), )>0, 0<a<1, 
Г (a) T (2а) 
where either R(t)-=0 or В(0) =R°(0) =O апа В" (+) is "sufficien- 
tly small" for te [o,T], вес”: 
This paper is a continuation of paper |5|. Our aim is 


to estimate the difference between the solution of equation (1) 
with conditions (2) when G(t) is given by (6) and the solution 
when in the expression for G(t) the remainder R(t) is omitted 
(Proposition 3.). In Proposition 4 we observe a more general 
expression for G(t); we construct the approximation of the so- 


lution of problem (1), (2) and estimate the distance from so- 
lution (4). 


ESTIMATION OF THE COEFFICIENTS E 


In order to 
been named before, 


obtain the error s estimation which has 


let us observe a relation between the coe- 
fficients с; from (4) and а; from (3). 


PROPOSITION 1. Let us suppose that the following tne- 
qualtttes for coefficients а; hold: 
-i 
r 


(7) Gian) oisi sto) 


i 
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rrr ee 


for two real numbers r,s, such that O <s <ү < 1. Then for coe - 


ffieienta с; we have: 
о. 
Р. ЗОО The function (е) G) = 
x 


= (15х)(2=ху 5 (Ее) 


= is monotonically decreasing for each 


abl x 
i>2 in the interval 0<x<1, hence relation (7) makes sense. 
For 1=1 (8) holds; this follows at once from (5). Suppose that 
(8) holds for і-п-1, n>2, then 


п-1 

МИЛЕТ c D I Ды 
с. At 1) СЕТЕ) e3] 

n-1 
> 2 [t-te BF) cnn ) Ne Соны 
— 2 n 

jo г? 

See eae Е 


In the same manner one proves the other inequality in (8). 


PROPOSITION 22. Let us suppose that for the coeffict- 
ents a, from (š) the following inequalitieshold : ta, | sb, A 


EEN Gos. rn b; >0. Also, ve suppose that there exists г> 0 such 


that for each z, |z| <r the following conditions are satisfied: 


со T 
a) the series 2 b.z" = K(z) converges ; 


(а) = уб Шал шу > ET 


Then с, «M/r , м =М + KG) 


9 36 (©) (6) ЗЕс It follows from the fact that the function 
1+G(z) is regular, different from zero in the circle {z;|2] «x3 
and from Cauchy inequalities. 
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4 Bogoljub Stanković апа Djurdjica Takaéi 


COROLLARY. Provided that ER < суі for і>1 and that there 
extsts к 20 such that ү<1/т and С < (1-уг)/уг, then le |x V2/r*. 


18) 15 (ө) (о) Ei Let us show that the conditions of Propo- 


sition 2 are satisfied for |z|< r: 


a) [K(z)|=| ыу] <сүс J (rx)? <cyr/(1-yr) ; 
i=l i=o 
b) |6(2)| < К(|2|) <CYr/(1-Yr) <1, С(0) =0 and it follows 
G(z) £-1; 


с). м = М +к(]2 D < v2 


APPROX IMATION OF THE SOLUTION OF EQUATION (1) AND 
THE MEASURE OF APPROX IMATION 


It is known fram |5 | that the solution of problem (1),(2) for G(t) 
given by (6) and R(t) =0 is: 


(9) u, (x) = ia exp (-|x|s) exp (-A|x| s^ 9) or 


| ао (аа), Асер) (1:52); 
(10) u, (x,t) 2 R ill 


мн 


ОШ, Е < |x| 
where ф is Wright s function |6|. 


For two elements # and g from С let us denote 


а <> £(t) <g(t) , O«t«T. 


f < 
р 


PROPOSITION 3. Let us suppose that: 


2 
a) G(t) ts given by relation (3) where a =2^ ‚а = X, À SO 8 


4 b) The coefficients ays і>1, satisfy the conditions of the 


Corollary to Proposition 2 and 
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Equation of oscillation of a viscoelastic bar (ITI) 5 
e) a>1/k , where К> 2 such that с; =0 for 2<i<k and с, Z0. 
Then 
(11) u(x) = и, (х)ехр(-|х| ) си) 
0 ы. 
i=k 
ts the solution of equation (1) with conditions (2). For 
ИЗ t т ды zT; (Ixl) and O<t<T, g-1-a , we 
have 
vixi ДЕ pen 
(12) [о (х) -и, (x)] < —— ( C(2n+1) + 
4 26 (6+1) (2n) ! 
quens e (хр v 720 * 
+ —— €(2n2))- p Ена 
(2n+1)! k-o Г(К+2)Г((К+1)6) 
where 
јс 
1 k -k/o oT я м = TI 
(13) COO 7 FC Ecos cb ó —ka-1; Ж дү А — Ы 
r j»o rjr (ja+l) 
РЕ Оо: The assumptions of Proposition 3 imply 


the conditions of Proposition 2 from !5!, hence there exists 
a solution of form (4) which is a continuous function for Е>0, 
x #0 having a line of symmetry x=0 and satisfying conditions 


(2). The coefficients c, are given by (5). Since с = 5 (а, = 


~(a,/2)*) =0, it follows that k>3. The coefficients a; satis- 
fy the conditions of the Corollary to Proposition 2 and so 
[е | 7н 


The functions u(x) апа u, (x) are continuous, so we can 


use the inequality of the form « From (11) follows: 


т 


lu(x) - u, (x)! lu, (ж) [ехр(-|х! 


< 
zT 
i 


оо А 
т 2 4-71 
À ГА : 


к d 


Using (10) апа !1! we have 


04)  u, (t,x) = 52 (A |x! )7 91 [o1xr7V89 (eet E 718 (9,79, = 


2n 
-1/6 -0 Vis glares —17/8 2 
- (|x!) (t-ix!) Су 2 £ Ox!) (Spy S (2nt1) + 
2n+1 1.2 
== ыла 
3t nti)! C(2n*2)) = 2 y. QQ) 
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ya 
t te(A!x|) +!x 


i 


Fiqure 1 | x 


/а 


Ғог Ix| <е<т(д|х|)! А “ос (nig. 1) Е А 


*«t-|xl) «T and C(k) is given by (13). 


Applyina the results from !2|, we have 


со 


| exp (-! х! U ci? S a ы , where 
іш 


NT со (v|x| T)" 
(15) 9%, = |х! v T (6) 


К-о l(k*2)T ((k*1)6) 
Hoe OS w = MRO 


REMARK 


This approximation is suitable for 0 <Т <). If Т>1 


one can use the following estimation for the function ф (141): 


, 


(16) — € le(0,-o,t ©) < + cos 1/9(91 (1/0) = К(с) 


The coefficients a, and a, are not always supposed to have 


such a special form as in Proposition 3. We kept them in this 
form in order to show the influence of the neqlecting of add- 
end R(t) in function G(t) on the solution of equation (1), as 
was done in |3!. 

We are going to show only one statement of a more general 
type: 


PROPOSITION 4. Let us suppose that: 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Equation of oscillation of a viscoelastic bar (IT) 7 


a) G(t) ts given by (3), where ау > 0,a, > (a /2)? 


b) Coefftctents а; > i>l,satisfy the conditions of the Co- 


rollary to Proposition 2; 


e) 1/3 005 1/2 


Then 4, (x) = Zexp(-!x! E E is a solution of 
i-o 
problem (1), (2) and 
k-1 
TI E. xl 1 Зое у —К@-2а) E 
(Calan [ч (x) uy (>) &т 5 * О ( 1) I 1702-1) | | (еее; 
(|x 2) dg 
39—10 Sea [ 
s "ia-1''x!C. Ва 
i 


for Ix! «етл |х|) 179 + |х <T (|x| )and ФЕТ 


(The notations are as tn Proposition 3.) 


Pax ©) ОСЕ Let us observe that 
[ехр(-|х!с. 1929-11 2l1e7 1$ (0,- (1-20) ,- | x| c,E297 1, | шегш 
2 2 5 [хс 92/261 
de SZ 
and from |4| 
|Зехр(-|к|с, 21 | e 1g e. } (-[xle 2197 1*| 
k=1 
< о, т 


NUMERICAL EXAMPLE 


Let us suppose that the coefficients a; satisfy the conditions of 
Proposition 3 and the inequalities [а | SEN, i»1; (for А= 
= ү<1/г and C < (1/y r)-1 the coefficients c. from the Сого- 
llary to Proposition 3 satisfy ісі! <V2/r+). Then the measure 


of approximation, can be expressed for |xl=1: 
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О НО 3.561 5107 1.5570 - 10 ! 2.7395. 102 
1073 koje 13.4500 108 1.3772 - 100 1.5594 - 10! 
a-1/2 1074 |1073 [3.4291 - 107? 1.3639. 107! 1.5283 + 10 
=3 w dies ОДАК 10° 1 3654 * 1072 1.5254 • 1071 
-6 | -5 : -11 -3 -2 
ОШКОШ [3.2744 - 10 1.3654 - 10 11525) 310 
= 12! -12 -4 a 
10 10 3.2744 • 10 1.3654 - 10 1.525) + 10 
1072 11011 3.6529 - 103 7.5038 - 10° 
a-1/2 103 102 2.0021 = 1074 6.1189 - 10! 2.6787 = 102 
=5 1071 |103 1.9884 - 109 6.1168 - 1072 2.5642. o 107 
ЖЕСЕ КЕ 75570 - 1055: (6.1091 102: 2.5544 - 10° 
ШӘЙ oao 105% 6.1091 - 10-4 „2.5544: 1071 
то GŠ | 1-9870 > 1078 6.1091 = 107? 2.5544 - 1072 


А р M — EL _______ 
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REZIME 


JEDNACINA OSCILACIJE ZILAVOELASTIÓNOG 5ТАРА (II) 


Ovaj rad je nastavak rada |5 |. 0 radu je ocenjena razli- 


ka reSenja jednacine 
2 2 4 
94 u(t,x) - 9. СЕРЕСИ = 0 


5-2 
f 9: u(t-t,x)G(t)dt 
° 


sa početnim uslovima 


u(0,x) = 0 9, u(0,x) = ó(x) 


kada G(t) ima oblik 


2At97 sr (a) + л=2 lp (20) + R(t) 


G(t) = 
‹ i rešenja koje se dobija kada se u tom izrazu zanemari R(t) 
(Tvrdjenje 3) 
U tvrdjenju 4 posmatran je izraz G(t) oblika: 
99; H 
G(E) =). тайба: 

: 1 > 

i=1 

java- 


formirana su aproksimativna rešenja koja takodje zadovol 


ju početni uslov i ocenjena je greška. 
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In |1| the following common fixed point theorem is pro- 
ved. 


THEOREM A Let 


plete metric space (X,d) into its 


continuous mappzngeof a com- 


щл 
A 
3 
я, 
4 
ө © 
бу 


Lf . Then S and T have а со- 
mmon fixed point tn X tf and only tf there exists a continuous 
mapping A: Х > 5Х П TX , which commutes with S and Т and satisfies 


the inequality 


d(Ax,Ay) <q d(Sx,Ty) for every х,увХ, 


where 0 <д< 1. Indeed S,T and A then have а unique common fixed 


potnt. 


We shall prove in this note a common fixed point theo- 


rem if (Х,|| ||) is a Banach space, S and T are linear mappings, 


|Ах-Ау|| < || $х-ту || for every x,ye€X, 


and in iterate A" (meN) is VU-densifying. Here S,T and A аге 
defined on X and AXcSXNTX. If 5 = T-Id|X, from our Theorem 
follows the result from |2| for nonexpansive mapping А. First, 
we shall give some definitions |4|. Let (х,!| ll ) be a Banach 
space, 2Х the set of all subsetsof X, and let Nc 22 be 
such that Qe М implies co Qe М. Further, let (Ц, <) be a parti- 
ally ordered set. A mapping у:М >U is a measure of noncompact- 


ness if and only if 
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ф(со 0) = 9(0) for every QEN. 


The measure y is monotone if 0 c Q, (0,05 € N) implies 


P(Q) <+(0>), and 2-regular if for every totally bounded set 


ОЕ Nthe relation U(Q) =0 holds. The measure y is algebraically 
semi-additive if for every 01,0: є М the inequality y (0, +0,) < 

< v (Q) * (Q3) holds. Let MCX and F : M> X. The mapping F is 

Vy-densifying iff QcM implies QeN, F(Q) є № and: 


О is not compact = p(F(O)) £ у (Q) 
In the following text we shall suppose that the set U is tota- 
lly ordered and y is monotone, 2-regular and algebraically se- 
mi-additive, where N is the set of all bounded subsets of Banach 
space X. Let X^- ()y|A є (0,1), y € AX} 


THEOREM 1. Let (x; || ||) be а Banach space, S and T li- 
near, continuous mappings from X Znto X. Let A be a continuous 
mapping from X into SXN TX such that AX ts bounded and that the 
following two conditions are satisfied: 


1. ||Ах-Ау|| < ||Sx-Ty|| for every х,уех. 


2. There exists meN such that АХ ts y -denstfytng. If 


№ = 


А commutes with S and T then there exists ХЕХ such that 


x = Tx = Sx = Ax. 


Proof. Suppose that (ri) is a sequence of real 


neN 


numbers from (0,1) such that lim г =1. For every пем let A х= 
n> 


= r. Ax, x e X. Let us show that for every ne М there exists x, eX 


such that: 


(1) Хх АХ -5х =тх . 


First, from АХс 5ХП TX and the fact that S and T are linear it 


follows that: | 


А.Хе sx N TX. 


— € 
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Sx = = x= ix) =r SA; 
Further, А 5х rjASx г,5Ах апа SA „* S(r Ax) raSAx for every 


x€X, and so An and S are commutative and similarly An and т. 


Since for every x,y €X, ПА x-A. v || <r ||6х-Ту|| , it follows 


that all the conditions of Theorem A are satisfied. So for eve- 
ry n € N there exists XQ € X such that (1) holds. From (1) we ha- 


ve that x,-Ax, = (r -l)Ax, and since AX is bounded and lim г. -1 
n n n n AU UR 
it follows that lim (x Ax.) =0. Let us prove that: 
noo 


š m 2; 
sins (хат А xp) =0. 


First we shall show that for every k,neN 


aktl, || < Hx -Ах || 


||АЁх - 
n nius n n 


We use induction in k. For k-1 and ne N we have: 


2 A | | A = ІНЕ 
|Ах,-А“х, || < || Sx -TAx, || = ||6х, -АТх || = |x Ax, || - 


Suppose that for some К and every п є М: 


К eral {Lae a 
laf. - AGH < хаак р, 
Then: 
k+1 k+2 k k+1 MENT à 
ПА x TA x, II < ||S(A xj) -Т(А` х1) [= ЦА (5х 1) 
ІСТ x O a е | 
А (Txa) || = ||А xa^ x, || < {xh Ах ||. 
Now: 
Их -a™x || ds | A? x T. || <m || х -Ах || for every пем 
n n га n п = INSEL , 


апа since lim (x -Ax.) =0, it follows that lim (x -A"x ) =0. 
no n n>% n 


iet us prove that there exists a convergent subsequence (Xn кем р 


ILet у =x Ах for every ne №. Then: 


n 


ух [ае] < [у [пем] + v [(a™x, n e N)] 
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since the measure |) is monotone and algebraically semi-additive. 


Since lim у -0 and the measure ф is 
ne 


2-regular it follows that 


V [iv |n € NJ] =0. Consequently: 


- m 
V Сх |n ем} ] «v [t А х |n ем }] 
Hence , as KHE is  даепвіҒуіпд it follows that the set 
Tx Im €N } is compact. Suppose that lim x = y*. Then y*=limxņ,= 
ni Ko ne Ko k 
= A(lim хақ) = S(lim хау) - Т(1іп хп), and so у* is a common 
k>% k>% Ko 
fixed point for the mappings A,S and T. 


A special 2-regular,monotone and alcebraically semi-additive measure y. 


is Kuratowski s measure of noncompactness о defined on bounded 
subsets ASX Бу 


a (A) =inf{ele >0, there exists a finite cover A of 


the set A such that diam(B) < є, for every B eA}. 


From Theorem 1 we obtain the following Corollary. 


COROLLARY 1. Let X,T,S and A be as Zn Theorem 1, where 


а =} . Then there exists a common fixed point for A,S and T. 


If АХ is relatively compact, then A" is а densifying. 


This special case can be generalized to random normed spaces 


(X, F,t) with continuous T-norm t. 


A triplet (X,F,t) is a Menger space iff X is an arbit- 
rary set, F:XxX^-^A , where A denotes the set of all distribu- 
tion functions Е, and t is a T-norm so that the following con- 


ditions are satisfied (we write F(p,q) =F 


pra for every p,q e xX): 


te Fp,qU? =} for every xeR* iff p=q. 
2. se O =0 for every p,qexX. 
= Be а ав for every p,qeX. 
К 4. Exo) REG, gU Ра, SO) for every р,а,г e X and 


every x,y > 0. 
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The (€,A) topology is introduced by the (=,А) neighbou- 
rhoods of v€X: 


U, (6,3) = (u|F, (6) > 1=А}, 8:05, Keer UR 


In |3| the following Theorem is proved. 


THEOREM В. Let (X,F,t) be a complete Menger space with 
continuous T-norm t , and let S and The continuous mappings X in- 
to X. Then S and T have a common fixed point in X if and only 
tf there existe a continuous mapping A of X into SXN TX which 


commutes with S and T and satisfies the following tuo conditi- 
j 2 


ons: 
(t) For every x;,y € X 
Fax,ay (Е) > Fey ( ron ) for every є > 0, where qe (0,1). 
(tt) There exists x eX such that sup inf F (=) Ve 
о С Ах, Ах, 
р is sucn that = = 
where {х} nen is euch that Ах , Sx ,n-1'?*2p-1 


= Tx, for every neN. 
дүү z 


Indeed S,T and A then have a unzque common fixed point. 


Let S be a real or complex linear space and AT be the 
Set of all distribution functions Е such that Е(0) =0. А ran- 
dom normed space is an ordered triple (S,f,t), where t is a T- 
norm stronger than TR 5 TOV) -maxíu*v-1,0)] and F is a mapping 
of S into A" so that the following conditions are satisfied (we 
shall denote Е(р) by Ер): 


1. Pag I= p=0 (0 is the neutral element in S). 
2. Е p (X) ER ee ), for every pe S, xeR and A e KN {0} 


la] 
where K is the scalar field. 


P 
x,y ER. 


3 an та СЕ) а Он for every р,а 65 and every 


The (£,:)-topoloay in (S,F,t) is introduced by the fa- 
mily of (€,\)-neighbourhoods of v eS: U (єл = fulu e S,F (Е)>1-А} 
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where € ^0 and 26(0,1) and if T-norm t is continuous then 5 
is, in the (c,A)-topology, a Hausdorff linear topological spa- 
ce. Every random normed space is a Menger space if we take 


F -F or ever ves. 
u,v u-v’ £ Дом 


From Theoremm В it is easy to obtain the following Co- 
rollary in which (Х,р,Е) is a random normed space. 


COROLLARY 2. Let (X,F,t) be a complete random normed 
space with continuous T-norm t and let S and T be continuous 
mappings from X into X. If A ts a continuous mapping from X tn- 
to ЅХП TX which commutes with S and T, tf AX s bounded tin 
(Е.Л) topology and if 


E (=) 


Ax-Ay ( 


€ 

> == ^ е > 

2 Е5х-ту а ) for every Е 0 

and every x,y € X, where ав (0,1) then S,T and A have a uni- 


que common fixed point. 


Using the similar idea as in the proof of Theorem 1 we 
shall prove the following common fixed point theorem. 


THEOREM 2. Let (X,F,t) be a complete random normed 
space with continuous T-norm t,S and T be linear continuous ma- 
ppings from X into X. Further let A be a continuous mapping 
which commutes with S and T such that Аха SX TX,AX їз bounded 
in the (Е,^) -topology and АЙХ is relatively compact. If for 
every x,y ЕХ and every € > 0 


Fax-Ay (S) 2 Ебх-ту 


then there exists ХЕХ such that x=Tx=Sx=Ax. 


(=) 


У р ОМО S As in the proof of Theorem 1, using Сого- 
llary 2, we conclude that, for every пем, there exists x, € X 
such that 


= =S — 1115 
xa А Хп Е п 
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and lim (x -Ах,) 0. Let us prove that lim (x -AM x) =0. Simila- 
n> n> 
rly as in Theorem 1 it follows that for every Кем, every neN 
and every Е > 0: 
E k k+1 


A x -A х n n 
n n 


Further from the definition of a random normed space it follows: 


ғ. ЮЗ (5), Е о 
x A Xn x WAX, Ах -A хы 
£ Е 
> Е(Е = СЕ (om ЖЕ (= Х9Р 
X es 2 Ax -А x А A?x -A x m 
n n 
d Є B е 
> CO. Tax Сз (E ОЕ =a 
п 7144,2 
Е 
es Fy Se ( esr 01007006 
Since +(1,1) -1, t is continuous and 
: Е 
Тт ЕРЕ (= ) = 1, s=1,2,...,m-l, 
ais <: Axa 28 
it follows that lim FL Lam, (Е) = 1 for every е 20 , which means 
ne n n 
that lim x -A x, 50. The rest of the proof is similar to 


ne 


that of Theorem 1. 
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REZIME 


О ZAJEDNICKOJ NEPOKRETNOJ TACKI U BANAHOVIM 
I SLUCAJNIM NORMIRANIM PROSTORIMA 


U ovom radu su dokazane sledeée dve teoreme. 


TEOREMA 1. Neka je (ХИ! |)Banaehov prostor, S i Т linearna 
preslikavanja iz X и X. Neka je A neprekidno preslikavanje X u 
5ХП TX tako da je AX ograničen skup i da su zadovoljeni sledeći 
uslovt, gde je X'- (Oy]|l1€e(0,1,ye€2AaX) . 

1. ||Ах-Ау|| < || Sx-Ty|| га svako x,yeX. 
2. Postoji meN tako da je A" | X* y kondenzujuće preslika- 
vanje, gde je mera nekompaktnosti W monotona, 2-regular- 


na i algebarskt semiaditivna. 


Ako preslikavanje A komutira за presiikavanjéima S i Т tada pos- 


toj? ХЕХ tako da je x=Tx=Sx=Ax. 


TEOREMA 2. Neka je (X,F,t) kompletan slučajan nor- 
mirani prostor sa neprekidnom T-normom t,S i T linearna nepre- 
kidna preslikavanja iz X u X. Dalje, neka je A neprekidno pres- 
likavanje, koje komutira sa S i T tako da je АХС 5Х П TX , AX де 
ograničeno и (Е, Л) -topologtgjt 1 АПХ je relativno kompaktan skup. 
Ako za svako х,у € X i svako є > 0 važi nejednakost FAx-Ay (е) > 


Е tada postoji хеХ tako da је x=Tx=Sx=Ax. 
> Ғ<х-ту( ) p 
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ABSTRACT 

In this paper the following theorem is proved: 

Suppose that (х, || Et) and (v,ll ik) are paranor- 
med spaces,Z ts a compact and convex subset of X, К ts а eom- 
pact and convex subset of Y, Е is an upper semtcontinuous ma- 
pping from Z into the set R(X) of all closed and convex sub- 
sets МСК, MZ and p:K+Z £s a continuous mapping. If f(Z) 
and p(co £(2)) satisfy the Zima condition then there exists 
x. € Z so that xo € р(Ё(х )). 

From this Theorem two Corollaries are obtained. 

ile Let E be a linear space over the real or complex num- 
ber field. The function  !! ||*:E> ГО, =) will be called para- 
norm if and only if 
1 Их = 0 <> x =0 
2 |-х|| * = |511 * , for every хєЕ. 
35 I| х+у || ЕҢ ЕСН ax Ну! > for every x,y ЕЕ. 
| ==, ok jd ua ПОЯ 
4 If | ua m A, TA then НХ, еы 0. 
* 
The function р: Ex E^ [0,=) defined by р(х,у) = | х-у)) 
| is the distance function on E. If (E,0) is the complete metric 
| * : 
Space then it is а Fréchet space. Further (E, || ||) is а topo- 


| logical vector space in which the fundamental system of neighbo- 
| i i i the family {U_} where: 
, urhoods of zero 1065. Sub Senay сигикш Kangri Collecfor£ Pilridwar 


Е 
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In |8| the following Theorem is proved, where (E, !|*) is 


paranormed space. 


THEOREM 1. Let К be a bounded, closed and convex sub- 
set of E and А: КУК be a completely continuous operator on К. 


If there exists a number C>0 such that: 
| Ах * < СА ||х|| * , for every 0 <) <1 and every х eA(K) - 


- A(K) then there exists an element p e K with A(p) =p . 


The above fixed point theorem can be applied |8] іп 
the proof of the existence of a solution of the infinite sys- 
tem of integral equations: 

t 
x, = J Espacio) pA (Xp) icin Аа (nj 1368: ПЕРО 
тп |3| апа |4] some fixed point theorems for multiva- 
lued mappings in paranormed spaces are proved. 


DEFINITION 1. Let (E, || ||") be a paranormed space 


and K be a nonempty subset of E. If there extsts C(K) >0 such 
that: 


Ах | *< C(K)A |х| *, for every 0<A<1 and every хє К-К 


we say that K satisfies the Zima condition. 


In this paper we shall prove a generalization of Kaku- 
tani s fixed point theorem in paranormed space which is simi- 
lar to the Lemma from |5! 


27 Let X,Y be topoloaical spaces. We shall denote by 2“ 
the family of all nonempty subsets of У. Let Е px B. The ma- 


pping f is called upper semicontinuous if for each open subset 
G of Y, the set: 


{х| хех, £(x)c G) 
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Ж (SE 


А generalization of Kakutani ^s fixed póint theorem É 
‘im i 
= = - 
% ғ. «© y 


` * t 
: "ha. т. P “ыт” = 
is open іп X. If KCY and Үіѕа topologich? vector space we shall 


denote by R(K) the family of all nonempty, closed and convex su- 
bsets of K. 


Now, we shall prove the following fixed point theorem . 


THEOREM 2. Suppose that (х, || || 1) and (Y, || |5) ағе ра- 
ranormed space , Z is а compact and convex subset of X,K Za a 
compact and convex subset of Y , f is an upper semicontinuous 
mapping from Z into R(K) and р:К>2 is a continuous mapping. 
Tf £(2) and р(со Е(2))) satisfy the Zima condition then there ex- 


Estes Z such that x z 
ist x. € uc Aa xo € P(£(x))) 


Р/ 28 (<) (о) БЕ In the proof we shall use some ideas from 
|6|. Since Z is compact for every є > 0 there exists a finite 
= 1 іп 16! 
e-net of the set Z, (хы 1/5- 2 "ХЕ (Е) ° As in 16|, let the 


family (o (x) уа (Е) be defined by: 
eed i=l 7 


Se te z 
OR) = IIS (i=1,2,...,n(e)), хе2 
. (x) 
jh 92/3 
2% ЖЕТЕ. + i= 

where g, 109 = max{e- ||х Xai li” OMS GE сос hy о 
Further, let у, neus i? (à71,2,...,n(e)) and, as in 16|: 

, cr 

п (= 
= 2 
e C) = is Ue ОУ, хе 


Since the set К is convex it follows that the mapping fg is a 
continuous mapping from Z into K. Indeed f. (2) = co £ (Z) Fur = 
ther pf. : 757 is a continuous mapping and since р. Е. (2)) = 
ср(со #(7)) it follows that the mapping h. =p ° f£. satisfies 
all the conditions of Theorem l. So for every є >0 there exists 


Xe € Z such that x, =h (Хе) and so: 
(1) x. = E (х5) 


= i € 
Suppose that lim є -0 and let ue = fe коену Since u, 
ne 


€ K(ne N) and the set K is compact there exists a convergent 
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S U es 


subsequence бол кең of the sequence (ug) ven and let pre n. А 
If x=p(u) we shall prove that че f(x). Since ünk ^ Fen, (Xen Jy 


for every КЕМ from (1) we obtain that: 


(2) plu. )=p:f (x ) =x ‚ КЕМ. 
n € 
k Пк nk Dk 


The mapping p is continuous and so from (2) we obtain that: 


iim p(u. ) =p (lim u. ) = p(u) = lim x = x 
n n € 
ko k ko k Ko ny 
Let 8 be an arbitrary positive number. We shall prove that | 


ue f(x) +0, which implies that а в # (х). Let: 


бє = £(x) + U Š 


С(Е(2)) 


Since the mapping f is upper semicontinuous there exists € >0 


* 
so that f (V; (00€ G, , where Vp (x) = {212е2, ||2-х|| у <£) - As 
in |6| it follows from lime -0 and lim x - x that there 
ке» Пк кә» “пу 


exists а natural number ng such that for kon, we have that 


Xen 4 e Ve (x), for every i € (1,2,...,n(e, )) and the following 
k' k 


-— 


implication: 


(3) We i (Хе E >0 = VE .€f(x ем 


(х)) SG 
B ny ny Dk 


Š 


Since the set f(Z) satisfies the Zima condition it follows ea- 
sily that: 


co(U , n (£(2) - Ғ(2))) SU, 
C(£(Z)) | 
51псе йы. = fc xe ), for every keN , from the definition 
k ny ny 


of the mapping fen it follows that: 
k 
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п(Е) 
4 = 
k Pk Dk 


Let us suppose now that k » ny. From (3) and (4) we obtain that: 
for every kon, 


i 2 


u, 6 f(x) +co(U 6 (£(Z)-£(Z))) S£(x) + U 
C(£(2)) 


6 * 


Since G5 =f(x) + U 6 and the set f(x) is convex. 


C(f(2)) 
From the relation une e f(x) + Use for every kon, it fo- 
llows that ue f(x) +U; which completes the proof. 


ТЕ ХУ KS р =та|2 and Х is a normed Space from The- 
orem 2 we obtain the fixed point theorem from |6|. 


3. Now, we shall prove а Corollary from Theorem 2. First, 
we shall give the definition of the generalized contraction 
[7]. 


DEFINITION 2. Let (X,d) be a metrie space and T:X + X. 
The mapping Т:Х>Х ts a generalized contraction if and only 
Qu 
d(Tx,Ty) «L(r,s)d(x,y), for every x,y€ X such that 
r<d(x,y) cis. WERE the function L is defined for every (r,s)e 


€ (0,9) such that r<s and (r,s) <1. 


If X is complete, then a generalized contraction Т:Х +X 


has one and only fixed point x. 
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COROLLARY 1. Гей (х, || ||1) and (у, 15) be paranor- 
med spaces ,X be complete,Z be a compact and convex subset of 
X,K be a compact and convex subset of Y, £ be an upper semi- 
continuous mapping from Z into R(K), р: K> K; (K, SX) be а con- 
tinuous mapping and Т: Z > K, (K, SX) be a generalized contrac- 
tion so that the following conditions are satisfted: 

(i) The sets T(Z) +p(co £(Z)) and #(2) satisfy the Zima 
condition, and TZ + p (Co £(2)) SZ. 


(141) The set (та-т) | p(co £(2)) is bounded. 


Then there exists x € Z such that xeTx+p(f(x)). 


Proof. Since T(Z) +р(со ғ(2)) SZ and T is а ge- 
neralized contraction for every y € p(co £(Z)) there exists RyeZ 
such that Ry = ТВу +у. Let us prove that the mapping R: p (co£ (Z))* 


> Z is continuous. Suppose that {x ем ep (со f(2)) and lim x = 


n>% 
=x. If, on the contrary, the mapping R is not continuous then 


Я E | А 
there exists є > 0 and a sequence {ny J pene N such that !|Rxnk 


- Rx] "se , for every КЕМ (n > К, for every keN). Since the 
11 1- k— 


set (та-т) “+p (eo £(Z)) is bounded there exists М>0 во that 
| Ry |11 <м, for every yep(co £(Z)). As in |2| it follows that: 


= = 


ПЕ 
вх - Rx 1151 Х(е,2М) [| Rx _ Rx || 
k Dk 


Further since Ас Вх Tee i па ,2M|, there exists а subse- 


quence {х j such that: 
Dk (xr) reN 
m = lim Вх вх || 
ree | Pk(r) 1 


and so m«L(c,2M)m«m which is a contradiction. Let us define 


the mapping g :co £(Z) >Z in the following way g(x) =Rp(x) , | 


for every x eco f(Z). Then all the conditions of Theorem 2 are 


satisfied for co f(Z) instead of К and g instead of p. 
exists xe Z such that xeg(f(x)). 


So there 
This means that x=g(u), 


where u € f(x). From x-g(u) it follows that x-Rp(u) which imp- 
lies that: | 
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х = Rp (u) = ТВр (u) +p(u) = Tx +p(u), ue f(x) апа 50: 


X € Tx + pf (x) 


REMARK: If, in Theorem 2, X and Y are complete paranormed spa- 
ces, and K and Z satisfy the Zima condition it is enough to su- 
ppose that Z and K are closed and convex and that the set f(Z) 
is compact. Namely, in this case the set co £(Z) is a compact 
and convex subset of K and also the set co p(co £(Z)) с2. Then 
we can apply Theorem 2 taking for the set К the set co f(Z) and 
for the set Z the set co p(co £(Z)). Indeed, it remains to show 
that f(co р(со £(Z))) c co £(Z) since we have р(со ғ(2))с 
с со p(co #(7)). 

From р(К) SZ it follows that co p(co #(2)) = 7 
and so f(co р(со £(Z))) <Е(2) < со £(Z).Similarly as іп |1| we 
shall prove the following Corollary from Theorem 2. 

COROLLARY 2. Suppose that (X,|| ||}) and (ү, || |2) are 
complete paranormed spaces, Z is a closed and convex subset of 
X, К ts a closed and convex subset of Y, К and 7 satisfy the 
Zima conditions, f is an upper semicontinuous mapping from Z tn- 
to R(K) ,p:K+2Z ts a continuous mapping and the following co- 
ndittons are satisfied: 


(z) There exists C€ Z such that C eco р(со £(C)) 


(tt) For every QSZ such that: co 0-0 we have the follo- 


wing implication: 
со p(co £(Q)) = О = Q їз compact. 


Then Fix(p-f) #@. 


j9 52 (о) (9) it Let the family F be defined in the follo- 


wing way: Е = {0,0<2, Сео, Q is closed and convex: and 
р(со #(0)) < О }. Since Z is closed and convex and р(со #(2))= 
CZ it follows that ZeF and so F ZZ. First, we shall prove 
that: 

QeF = co p(co £(Q) e F 
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ъ= 


Since the set cop(co £(Q)) is closed and convex it remains to 


show that Caco р(со £(Q)) and that: 
(5) p(co f(co p(co £(9)))€60 р(со £(0)). f 

д 
From Qe F it follows that СС 0 and so Ғ(С)с f(Q). From this we Е 


have the following implications: 


co £(Q) ссо £(C) = p (Gof (Q)) & p (cof (C)) =co p(cof(Q)c 


c co p(co £(C)) 


and since co р(со £(C)) eC we conclude that co p(co #(0)) SC. 


Let us prove relation (5). We have the following impli- | 
cations: 
55 p(co #(0)) =0 = £(co p(co #(0))) =#(0) = 


= co f(co £(co p(co £(Q))) eco £(Q) = 

—p(eo f(co p(co £(Q)))) < p (co £(Q)) cco р(со £(0)) 
and so from ОеҒ it follows that co p(co £(Q)) € F. Let us deno- 
te by Ko the set  Q. Since Qe Е implies that C cQ, we have 


QeF 


that Cc f Q= K. and so Ко is а nonempty, closed and convex 
QeF 
subset of Z. From p(co #(0)) < О for every QeF it follows that I 


n р(со Е(0)) = П 0 
QeF Qe F | 


and so p(n бо £(Q))& n 0. Since co f А = П Fo Aj 
QeF QEF Aga > чем 2 | 


where А; eK, for every іє I we have that: 
p( П co £(Q)2Sp(co n £(Q)) 
QeF QeF | 
which implies that: 
p(co £( п Q)ep(co n #(0)) = n 0 
QeF ОЕЁ ~ QeF 


and so it follows that p(co £(K5)) E Ko . Since К, is closed, 
convex, Кесә С апа р(со E(K < Ко we conclude that Ко ЕЕ and 


so co p(co £(K,)) €F . Further К, ls Q and so K = cop (cof (K,)) - 
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Since, on the other hand, p(co £(K,))&K, implies that cop(co 
f(K,)) SK, we conclude that Ко = co p(co £(K,)). From (ii) it fo- 
llows that the set Ko is a compact subset of Z. Now, we can 
apply Theorem 2 taking for the set Z the set Kor for the set K 
the set = ғ(қ), Е 15 £|K, and p is p|co £(K,). Since the ma- 
pping p| co f (Ko? maps co £ (Ko? into the set Ко all the conditi- 


ons of Theorem 2 are satisfied and so there exists x£ Ко such 
that Хо € p(£(x,)) Я 
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REZIME 


UOPSTENJE TEOREME KAKUTANIJA О NEPOKRETNOJ TACKI 
U PARANORMIRANIM PROSTORIMA 


U ovom radu dokazana je sledeéa teorema. 
TEOREMA . КОО CORREA | i) z (ell |2) paranornira- 
2 je kompaktan i konveksan podskup od X , K je kom- 
paktan i konveksan podskup od Y , 
preslikavanje 2 u R(K) 


ni prostori, 


Е je od gore poluneprekidno 
i p : K> Z je neprekidno presiikavanje. 
Ako £(Z) т p(co f (2)) zadovoljavaju  Zimin 


uslov tada postoji 
хо eZ tako da je xg ep(f£(x,))- 
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A THEOREM ON ALMOST CONTINUOUS SELECTION 
PROPERTY AND ITS APPLICATIONS 


Olga Hadžić and Ljiljana 
Prirodno-matemattékt fakultet. Inst 
21000 Novi Sad, ul. dr Ilije Djuričići 


1. INTRODUCTION 


E.Michael and C.Pixley proved the following Theorem whi- 
ch unifies and generalizes some previously known results about 


the almost continuous selection property. 


THEOREM 1. |8| Let X be paracompact, Y bea Banach 
space, ТЕХ with dimyZ < 0 and %:Х- F(Y) a lower semtcon- 
tinuous mapping with ф(х) convex for all xe XN Z. Then $ admi- 


ts а selection. 
In this paper we shall prove that a similar result holds 
also if X is a normal topologic2l space and Y is а  paranormed 
space. 
First, we shall give some notations and definitions. Let: 
2Y = {s|Scy,S#9} and #F(y)={s|se 2° апа $ is closed in у} A 
mapping ie Ree" is lower semicontinuous (l.c.s.) if and only if 
the set (xlxeX, Ф (х) ПУЯ8} is open in X for every open V in У. 
A selection for a mapping 6: Хе F(Y) is a continuous mapping f:X-^ 
>Y such that f(x) є ф(х) for all xex. Finally, if Z€ X then dimyZ« 
«0 means that dim Е < 0 for every set EC Z which is closed in X. 
Б Let Е ре a linear space over the real or complex number 
field. The function || |f: E» [0,9 will be called a paranorm if 


and only if: 


is ЕП eem oom bo 
И 2 ser < 555426 
3. чу |ж < I[xlf* + Пу, Жос every x,y € E. 
n =: ж + 0. 
4. If Ix 7 xg || зу); Ton 28 then |1245 охо 0 
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Then we say that (Е, || ||%) is a paranormed space. The space E 15 
also a topological vector space in which the fundamental System 
of neighbourhoods of zero in E is given by the family MUZA So 
where U. = (x|x e E, |х| * < Е}. 

In |9| the following fixed point theorem is proved. 

THEOREM 2. Let K be a bounded, closed and convex subset i 
of E and T: K+ K be а completely continuous operator on K. Те 
there exists a number C(K) > 0 such that: 

а) Их * < C(K)A |[x]] * . for every деи аа хек к 
then there exists an element рек such that Tp=p. | 

In |9| Zima has given an example of the space E and of the > 
set К such that the relation (1) is satisfied. 

t 

DEFINITION Zet (Е,| ||") be a paranormed space and K be К 
a nonempty subset of E. If there exists C(K) > 0 such that (1)holds 
we say that К satisfies the Zima condition. 

Some fixed point theorems in paranormed spaces are proved 

in |3!. E 
?. AN ALMOST CONTINUOUS SELECTION THEOREM і 
First, we shall prove the following Lemma. 
LEMMA 1. Let (у, |ж) be a paranormed space, К be a 607 
mpaet and convex subset of Y which satisfies the Zima condition · 
Then for every €>0 there exists 6>0 во that: w 
co( (Us +С) П K)& C +U- 
for every closed and convex subset C of К. 
Proof: Let 6>0 be such that Us +05 я @ о: pas 
c? (x 
the set C is closed and K is compact there exists a finite set F 
= {хриле их) EC so that E 
n 
cz (x, +U,} W 
i=1 = SUE Y | e 
+ 
f 


3 
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Then RO M MN I c )nk) 


i-1 


c^ (к) 

n es 
Let (8, 51 ре а partition of the unity subordinated to the open 
covering ‘(x, +U ier ЛА” - Suppose now that z e со{(С + рп K). 


Then there exist Y, 20 (i=1,2,...,m) and Za c {(с+и„)П K}(j=1,2, 
"otro во that Я 1 
let: 2 
n 
c iw 
Ch c Eg 
J к 


Y324- Further, for every j e{1,2,...,m} 
H 


k (Zj) xy 


Then from the fact that С is convex it follows that c. ec, for 
In 


every je (1,2,...,m) and soc = XY y.c.€eC. Now, we shall prove 
ј=1 


that z- се Uc, which implies that 2 е Пе + C. Indeed, since the set 
K satisfies the Zima condition it follows that: 


m In m 
|}|2=с|[* = JY yaz, сае) ys Zz. с. || * = 
jai LOKI 2 о Sena а 
EX Eur seppur 
SOO) УЕ В (ах |= ОКК) S R.(z.Mz.-x,Ml < 
jene ees y = ЕШ “за Lamas eje 
2 m i * 
Ses) » sat» ЭН ез 176 
о“ 
m 
2 Е 
< ЄЗ va l Вх (2) —5— ) =e 
2% ое 


which means that z- c € Ug. 


THEOREM 3.Ге% X be a normal topological space, (Y ,l|!|*) 
be а paranormed space, 2¢X so that dimyZ < 0 and :х-» F(Y) be a 
lower semicontinuous mapping so that ф(х) їз convex, for every 
XEX\Z. р ф(х) К where К ts a compact and convex subset of Y 
and К satisfies the Zima condition then ф has the almost conti- 
nuous елер рл property which means that for every Е > 0 there 
exists a continuous mapping Е: X> К such that f (x) 6 Ue + ф (х) „Ғор 
every xev. 

Р г o о f: For every £ > 0 we shall denote the set Ue + 
+ (x) by в, (ф(х)) for every x 6 X. Let us prove that there exists 


5 = A eve хех. From Lemma it 
Е thagc.of ия Во duruk Kangri Collection, Haridwar 
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follows that for =>0 there 615555 0/60 Спас For емеге X\Z; 


co((U; + 9 (х)) П к) = U, + 6 (x) = B, (6 G0) 


Since (9; ТУТ ex is an open covering of the set K and K:is co- 


mpact, there exists a finite subset {yore УЕ К such that: 


n 
KS U (y, + Ug) 
i=l 
Further, for every kzl;2;...;n let Uy, = X be defined in the foll- 
owing way: 


Uy, = (x|x e X, yk € Bg ($ (x) )} 


ф is lower semicontinuous it follows that eve- 


Since X is a normal topologi- 
vc 
such that Чук 


Since the mapping 
ry set Uy is an open subset of X. 
cal space there exists an open covering (у 8% 
< Uy, for every ke (Эрос с Further let: 


Ec (yy уұ € K, xe Vy.) , for every хех 


From the definition of F. it follows that for every хе X 


Fic В; (o(x))- Let 5 = XN Z and for every 5 e S: 


= [xl U V 
в. = (x|x e X, co FS Be (6 (x) ) JX = гла o 
УД tec 
Every set 6. is nonempty, since s € Gee Namely: 
co ЕС co (Bs (6 (S)) ПК) = B. ($(5)) 
is open: 


Using Lemma 1 we conclude that for every S 6 S the set e 
Further, for every x eG, we have that к = Е. since x £ Vy, if Yk 
ЕЕ, . Let G = U с and E=X\G. Since © is open the set Ei 


ses 
closed and dimE<0. For the relatively open covering (Vy, EXE 
of E there exists a relatively open, disjoint covering (Dy, 21 


such that Бу, = Vy," E and let Wy = Vy, (Dy, U G) for evety| 


k-1,2,...,n. Now, we shall define the mappina f£: X> K in the ғо) 


owing way: 


fx) (x)y, , for every хех 
k=1 Yk 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar = 


ғ н с 


H- 


COEN UG 


(ы қ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A theorem on almost continuous selection property ... 58 


апа (py P Pi is the partition of the unity subordinated to 


{Wy k= . It is obvious that the mapping f is continuous. Let 


x €E. Then there exists one Ух such that x © бу, апа во: 


f(x) = yy ев,(ф(х)) Пкев (6 (x)) 


Suppose that хеб = В ^ s 6, and let X€G., for seS. Then from the 
definition of the mapping f it follows nae Е (x) € со Poe Further, 


x € G; implies ЕС F. and so: 
f (Xx) eco ОССО ев (Ф(®)) 
x 5 Е 


Using Theorem 3 we can formulate the following fixed point theo- 
rem for multivalued mapping in paranormed space. Some fixed point 
theorems for multivalued mappings in paranormed spaces are proved 


in |3l. 


THEOREM 4. Let Y be a complete paranormed space, K be а 
compact and convex subset which satisfies the Zima condition (KEY), 
Z€ К with dimZ <9 and @ : K> F(K) be a lower semicontinuous ma- 
pping such that ф(х) ts convex, for every x€KNZ. Then there er- 


ists at least one fixed point of the mapping 9. 


P roof: Since every compact topological space is nor- 
mal, from Theorem 3 it follows that there exists a continuous ma- 
pping f :K*+K such that all the conditions of Theorem 2 are satis- 
fied and so there exists x€K so that х= f(x). Then x is a fixed 


point of the mapping $. 


COROLLARY 1. Let Y be a complete paranormed space, К be 
a closed and convex subset of Y, $ K> F(K) be a lower semiconti- 
nuous mapping such that $(K) is compact, co 6(K) satisfies the 
Zima condition and there exists Mcco $(K) suek that dim M £0 
If $(х) is convex, for every xe co O(K)\Mthen there exists хек 


such that хе ф(х). 


Р г o o f: We shall apply Theorem 4 taking for the set К 


the set Go $(K). Since Y is a complete paranormed space and еф (ку 
is complete, it follows 16| that the set 
Further, from (K) ЕК it follows that co o(K)CK, 


Sed and convex. т100:0.#ъЫіеВоњнаісфеткё дот Heu (К). So we 


со Ф(К) is also compact. 


since K is clo 
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————— MÀ — MR! 
have that: " 


6 : co ф(к)» F(co $ (K)) 


and all the conditions of Theorem 4 are satisfied, which implies 


that there exists x eco $(K) such that хе ф(х). 


COROLLARY 2. Let Y be a complete paranormed space,K bea 
closed and convex subset of Y, Ф:К + F(K) be a lower semicontinw 
ous mapping such that co ¢(K) satisfies the Zima condition and 
that the following two conditions are satisfied: 

(i) There exists a nonempty set CC K such that Cc $(C)and 

MCC with dim,M«0 so that ф(х) ts convex for every , 
хек\ м. 
(17) If Q- coQc Капа О= со ф (0) then Q is compact. 
Then there exists хек so that x€ (x). 


Y 


Proof: The proof is similar to the proof of the The- 
orem from |1|. Let A= {0|оск,о= со Q,CcO, ó(Q)c 0}. Then АЯ g 


and Ое A implies co ф(0) еА . Let C = П 0. Since CEC, C 
9 QEA ° 
is a nonempty, closed and convex subset of K. Further, C, 7 co $ (Co) 


° 


and from (ii) it follows that Со is compact. Since MEC and CEC, 
we conclude that MSC, and KNMƏC SN M. This implies that $[ 5 баз 
tisfies all the conditions of Theorem 4 and there exists хек suh | 
that хе ф(х). 


Remark: From the proof of Theorem 3 it is easy to 
see that we can suppose that Y is a topological vector space, Kis 
such that for every open neighbourhood V of zero in Y there exists 
an open neighbourhood U of zero in Y such that for every closed ; 
and convex subset С of К: 


co((U-c)fikK)ev-ec 


and $ is a lower semicontinuous mapping from X into К such that,for 
every open neighbourhood U of zero in Y the set: 


чар 


Т = {х|хех,Се0 + 6 (x) } 
is open, where, С” is a compact subset of У. 


Now, we shall give an example of topological vector spac® | 


Y such that for every neighbourhood U of Y there exists a neigh- | 
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bourhood V of Y such that со((у+с) Пк) ЕСО, where К is а com- 


pact and convex subset of Y and C be an arbitrary closed and con- 
vex subset of K. 


First, we shall give some notations and notions from|7] 
and |2|. A linear mapping $ of а topological semifield E into ano- 


ther F is said to be positive if ф(х) > 0 in Е, for every x ЕЕ with 


х>0. Let || || be a mapping of a linear space X over Pinto a topologi- 
cal semifield E and Ф be a continuous positive linear mapping of 
E into itself. The triplet (X,|| ||, Ф) is called a paranormed spa 
ce over E and || || a %-рагапокп on X over E if the following co- 
nditions are satisfied: 

(P1) ||х|| 20, for every хех. 

(P2) ||Ах|| = [X| J| x |! , for every real À and every x ex. 

(P3) ||х+у|| <%( |x] + ПУ||), for every х,у eX. 

DEFINITION A set K,Kc X , where (Х,|| || ,9) is a 9 para- 


normed space, is said to be of type Ф if and only if for every 


(XQ € K-K and every À. 0 <), < те) 


neN, every ху,Х),... 
such that X А, =1, we have: 
5 i 
1=1 
n n 
|| хол ШШДЕ Fecal 
i=1 i=l 


In |7| is proved that every topological vector space is a 
Ф -paranormed space over a topological semifield Ry . We shall use 


in the further text the following notation: 


U, е = (x|x e X, |х| (£) «e , for every teu) 
, 


where и is a finite subset of A and =>0. Then X is a topological 


; i is the base of the fundamental 
vector space in which 10, cleso pea "8 


System of zero іп E.Similarly as in Lemma 1 we shall prove the foll- 
Owing Lemma. 


LEMMA 2. Let (у,|| ||,®) be a paranormed space, К Ве а 


Compact and convex subset of Yof type 9.Tnen for every че (ue елене 


exists ve {U } sueh that: 
€ 
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co((V+C)NK)SC+U 
for every closed and convex subset C of К. 


Proof: Let U=U 
H € 


@ is linear and continuous it follows that N. = Зу, 


Е = {x| |Іх| eN). 


Let y"c A and є" > 0 be such that: 


+ ute . 
Оте" Cao et Si ге 


) 


Е 


is a 
neighbourhood of zero in Ra and let u C A and g “> 0 be such that; 


, UCA and є > 0. Since the mapping 


We shall prove that co((C+Uyn en) П K))& C*U, e . Let 2 and с 
, Li 


be as in Lemma 2, where we take U 


instead of Us and Uj- 


pure 721.2 
instead of U є . Then we have that te y implies: 
2 
C (K) 
m m 
= = | a п > n . 
Пао: у: Il (t) < 
j=1 j=1 
m 
< 1 39 125-1) Œ) - 
j=1 
m n 
= J Yj 9 ў Ву (2.) Ф( (БЕЗ! )) (=) < 
j=1 k=1 
m n 
< j) Xa € 3 С 
CS j kj jk 
9=1 К=1 
m n 
= Y yal Y В (z.) 67( ||2.-х ||) (t)) 
д J xz1 кој j k 
1-1 
Вх (24) #0 
Since By (25) #0 implies that Zs xy e Vae and so Пех е Ny 
we have that m n 
|| z- e || е ў Вх (2.)е =e and so z-c EUIS C: 
9=1 k=1 
By (24) #0 
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Using this Lemma we can formulate the following fixed point theo- 


rem. 


THEOREM 5. Let У be a complete 6 paranormed space, K be 


9 a compact, convex subset of type 9 of Y and Zc К with dim 7 <0 

a| Further, let ф: K+ F(K) be a lover semicontinuous карк oir 
that ф(х) їз convex, for every x€K\2Z and the set Íx!'xeK,CmU + 
+ $(x)) ts open, for every СсҮ be compact and U be an arbitrary 
open neighbourhood of zero in Y. Then there exists at least one fi- 


xed point of the mapping 6. 
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REZIME 


TEOREMA O OSOBINI GOTOVO NEPREKIDNE SELEKCIJE 
I PRIMENA 


U ovom radu dokazano je uopštenje teoreme Michaela 
і Pixleyao gotovo neprekidnoj selekciji u varanorniranim 
prostorima. 


ІС 
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А NOTE ON THE SPACE 0, 


Stevan Pilipović 
Prtrodno-matematiéki fakultet. Institut za matematiku 


! 21000 Novi Sad, ul. dr Ilije Djuriéida 4, Jugoslavija 


1. In |4| a subspace 0,-07 is investigated. It is shown that 

the elements of un may be uniquely expanded into a Hermitte se- 
ries. First the space A is defined as the space of functions de- 
fined оп В such that feA iff for some a> 4, г(х)е 2 /a ç L, (R) 


Furthermore , the set Di is defined such that гей, iff there 
exist keN, ‚ ЕВА such that 


(1) Е = рК (Е) 
Y 
where D is the tempered derivative given in |1| with 


Е) (К ро(Е = Е 


(2) DX (F) = exp (-x2/4) (exp/x^/4) 
and k-th derivative is in the distributional sense. It is shown 
that 2, is а subspace of 07 , and an estimate of Hermitte coe- 
fficients of elements from 2, ів діуеп. 

Іп this paper, using the elementary approach, we shall 
characterize the elements from 24. Also, we shall introduce the 
convergence in D, and characterize it. In this 87 we shall 
Show that 0, ің identical with the space of the K MOI type, 

\ introduced in |2|, for the special sequence gc. 


Í 2. Let us put 


2 
(3) M (x) Soak / (4-1/p) ‚ pel,26e . 
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ЕРЕ ае U L “а 


ТНЕОВЕМ 1. кєр iff there exist p € N,m €N. and bo- 
unded measurable functions = 0 <j<m, such that 
Т (3) 
(4) ЫЗ (м =.) 7 
hoe POJ 
Ро O f. Let f eDi . This means that there exist 


k € No and ЕЕА such that (1) holds. 


The tempered integral given in |1| is defined on the 


space of locally integrable functions by 


2 x 2 " 
(5) sG =c; ве) =e X ^4 f et /46(t)at; s*(c) -ө(в їс) 
[9] 
As AC 2198 , if we put Р, (х) =S(F(x)), then 
сх hr) ОЕ ЗД? 
[F (x) | se x А f F(t) е © Ө gt / e Z dt| < 
[9] 


< 


l^ 


i2 x R2 x 2 2 
ex /4 f (rto le E Za 254) 1/2 | [| e? (t /att /4) at) 1/2 
о ° 


те 5 ИЕ, 


їл 
я 
= 
х 
(0) 


2 
where K-( f (|F(t)|e* зушы Ve, 
R 


There exists рем such that a>4+1/p. This implies that 


for a suitable constant Ко 


cul 


|F4 (x) | < Ком, (x) i.e. M44 (x) Fy (x) EL 


2 


Since D(f)= f “+x . £/2 and D(S(F)) =F, the members of 


the expression p** (к) =f are of the form SE x3, o0) 7 


% 
, 
пака ка чара e ‚ are real numbers. 
t 
After using Leibnitz s formula we obtain that in D 
the members are of the form Š; NON with some other cO- 
ГА 


efficients Š; 25 In the same way as for F(x), we can prove that 
, 


pr, G0] = К. DM GOD. By putting 


= = 3 
кс = 6. ох Е. (x) we get 
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AG © (4) 
іі — PH 5 


which means that Е has the representation of the form (4). 


Let us now assume that f has the representation of the 


4). = i -1 imd 
form (4). We denote Tas Bho Since M Е.Е L5, similarly asin 


p*l j 
the first part of that proof, it follows that S (xF (x)M i (х))е 
€ Lo for апу г € No From the formula : ig 
(6) £“ = D(f) - x-£/2| апа хр) = D(xf) - Е, 


taking operator S enouch times, we obtain that 


F (ғу) 9) = pi) 
jtm 


for some k e N, and some function H(x) such that 


cu 
Мр+р, (x) H (x) EL, .„ 


The integer Po depends on the number of applications of opera- 


tor S. So we have proved that f ed, 


Let us define the convergence structure in the space 
DA 
We say that the sequence (£4) from Л converges to 


£ єр iff there exist a sequence of functions (Fr), a functi- 


on F, КЕМ, and а > 0 such that 


(7) рК(к у =f рК(Е) = 4 
п п 


2 
and (е * /аъ (х)) is the sequence from L, which converges to 
n 


ex /а 


F(x) in the L, norm. 


2 


THEOREM 2. The sequence (t£) from РА converges to 


P X : 7 t 

f ed, iff there exist p € N,m e N5 5 sequence? of bounded mea 

surable functions (p. .)1,0<j<m , and bounded measurable fun- 
n os a 


5 , 
etions Е, 0 <) <ш, such that 
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* 
Waren almost everywhere 
(8) ee jin (MOF Sn) (5) с = dm (M Fj) a 
iD ie (e) © во If condition (7) is satisfied we put eu 


- S (Fo? and F, =5(F). From the estimate 


522 х -2%2/а 1/2 
|, “СЕ ©) е И ie TOKE at) V 
Li [o] , 


x 2 2 
< Г е2 (t /a+t /4) at) 172 
о 


if follows that (Е (x)) converges almost everywhere to Fi. 


1,п 

25. Т , : ( k+1 
Similarly, as in Theorem 1, observinq the expressions D Fi = 
ГА 


апа Е we can prove that (8) holds. 
Let us suppose that (8) holds. If we denote 


Е. = M(x) * fj and Fn - M GO -Ej x 


similarly as in the proof of Theorem 1, ve can show that 
r =N 5 r и 
x ES пир 9 6 Lo and x EMET) EL, , 
0 <j Sm гемо . From the Lebesque theorem it follows that 
r -1 D 1 
(x), 


r = 
x о ae x EU 


re 


In the same way as in the proof of Theorem l, using the formu- 
lae of (6) and applying S sufficiently many times we get the 
assertion. 

As the tempered derivative D characterizes the space 


S^ which is proved in |1|, from Theorems 1. and 2. we get 


COROLLARY. (i) fep iff for some a>4, пе NS and 
a bounded continuous funetion F(x) 


F(x)) ™ ; 


Са The sequence (£) ° DA converges to ЕЕ 2, tff 
there exist bounded continuous functions FS DEN, а bounded 


continuous function F, a>4, and me No? such that 
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x ( х? Ja (m) 
< ғ.(х)) туш Ес алш 
and (Е (z)) converges to F(x) almost uniformly. 
РҮ О OP 


We only have to apply the operator $ su - 
fficiently many times in (4) and (8). 


3. Іп |2| the spaces of the type К°(М ) are introduced 
and investigated. Б 


Using the theory from |2| and !3!, from (4) and (8) di- 
rectly it follows that spaces 07 and K “(exp (-x^/ (441/p)) are 


indentical both in a set theoretical and a topological sense. 
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REZIME 
PRILOZI TEORIJI PROSTORA [A 


koristeći elementarni pristup, karakteriSemo elemente 
iz Dx uvedenog u 141. Takodje uvodimo konvergenciju u prostor 
о А i Кагак+егіхепо је. Tako pokazujemo da je Di identičan 
Sa prostorom K~(M)- tipa uvedenog u |2|, za specijalan niz 


(М 
p 09) - 


О ovom radu, 
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SOLVABILITY OF CONVOLUTION EQUATIONS IN H (M } 
р 


Stevan Pilipovic and Arpad Takači 
Prtrodno-matemattékt fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuriéida 4, Jugoslavija 


ABSTRACT. 


We obtain estimates for the Fourier transform of  con- 
volutors onthe space МЫ introduced in |7|. This enables us 
to prove that the convolution equation (1) in НІМ } is sol- 
vable in НТИ? iff it is solvable in Sd for each p 2 Py (У). 


INTRODUCTION 


We introduced the space ИМЕ їп |7|. We showed that 
a } can be obtained as the inductive limit of the spaces 


p 
“(M М}, p=1,2,..., defined in |10|. Some examples of the space 
H^ (М) were analysed in: |10] and [5| for Mp (x) : = M (px) where 
М(х) is a fixed convex function; in |1|, |8|, |9| and |4| for 
M(x): -p-|x|? where s is a fixed natural number;andin |6| for 
M (x): = іх|Р. 


Іп «һе third part of this paper we prove that the con- 


volution equation 


(1) 550% y 
, Where S belongs to the space of convolutors on им у; denoted 
by Og (H “tM, }1, is solvable by U in НУМ.) for arbitrary veH {м} 


| iff it is solvable in each K^ (M уре рс ЕН dM obtain this 


| 
| *€Sult from some assetrions іп IET (Gore given in the first part 


| 9f the Paper), and from the estimates for the Fourier transform 
|, Of the convolutor S (proved in the second part of the paper).Of 
| Course, we use the well - known results on surjectivity of equ- 


| ation (1) given in |1|, |9| and |51. 
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о о 


As in |7| we are considering the one dimensional case, 
but with some simple modifications the results of this paper 


can be used for the n-dimensional case. 


1. SOME NOTIONS AND ASSERTIONS FROM |7| 


Throughout the paper we denote by tn (09 EO pA 


рем” 
sequence of continuous increasing functions for x» 0 which sa- 


tisfy mono) =0, moe) =o and male) ан) for each p=1,2,... 


and х>0. Putting 


x 
(2) MN COE Иш (Еа , р=1,2,..., XER 
р а Hia 


we obtain another sequence of functions. Each M_(x) is an even 
convex function and increases to infinity faster than any line- 


ar function when |х| >». This implies that its dual function in 
the sense of Young (|3|) 


MC ) d [v| -1 а 
ы = J my (t)dt 


is finite for arbitrary y eR; по (x), х> 0, is the inverse fun- 
ction for m) c 


Our main assumption on the sequence MID EN is 


(A) For each рем there exist x< 20 апа р“еМ such that 


Mp (PX) SM, (x) for |x| >x, 


Let us denote the smallest p^ for which this ineçuality holds 
for large |x| Бу г(р). Observe that this condition is satis- 
fied in the mentioned spaces of the type HONE 


DEFINITION 1. The vector space of smooth functions 
ф(х) оп В with the properity 


(3) t) 


vp (9) : = =0р(|% :exp(M_(x)); ХЕВ, 0<3<р)<» 
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for each ре М, topologized with the 
ts denoted by Нм}. 
Р 


Sequence of norma 


(Yp) pen 


Нм} is а space of the type Кехр(м_(х))} from Ae 
The dual of НЕМ} denoted by H*(M }, Б 
the space of distributions 0“. $ 


15 a proper subspace of 


Following |10| and |5|, we denote by K(M_) the space of 
smooth functions $ (х) оп R with the property p 


e (3) 
ep, k ($): =supt|% 5 (x) | -exp (м. (x)) ix eR, 05 3 <k) <= 


for each k-1,2,... and fixed рем. We have 
| THEOREM 1 The spaces НІМ >} and progk (м) are topo- 
logically isomorphic. The spaces H (Mo) and indK(M_) are 


topologically tsomorphie when а and each Кам.) аре end- 
owed with strong topology. 

Naturally, prod (5) stands for the projective limit 
ОЕ the spaces м» ап analogous meaning has АКМ) = 


The convolution between S eH tM} and $ ем) 15 ае- 


fined in the usual way 


(5 *$) (x): = < 5(у), %(х-у) > 


and it is a smooth function which defines a regular element 
from y°{M_}. We are mainly interested in those distributions 
S from Нм} for which the function (S*$)G0 is in НІМ) 


whenever ф (х) is from HAMO) . 


DEFINITION 2. The distribution S EH (MJ is а eon- 
volution operator - convolutor tff the mapping S*:525S*6 


28 continuous and maps Нм} into ttself. 


We denote the space of convolutors on Nu ex 

9 7698 It is known that if 1 <р <q then K M) EK (м) апа 
O-tik- 

с (К (ма) = Og (K * (4,0) - 
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ER | 
1 
THEOREM 2. The distribution S en IM O] ts а convoly- 
tor on HM) iff for each РЕМ there exist m € Ng and a conti- 
nuous funetton on В, F(x), wtth the property 
m 
|| E (x) - exp (m, (x)) || Le 5%, Such that S(x) = "Р (x) 
The symbol "D" stands for the distributional derivative, 
Theorem 2 together with the representation of the convolutors on 
9 for fixed рем (see |10| ) implies 
oo 
es 2 = 9 > r 
(3) u O; (K Mp)? oc (H м). 
р=1 
This set - theoretical equality will be essential in the proof 
of Theorem 6. 
d 
25 THE FOURIER TRANSFORMATION ON HM} 
The Fourier transformation ó of ф ен{м } defined by 
E ee 
(ғф(х))(2): = 6(5): = f exp(-ixz)-6 (x) dx | 
В 
is ап entire analytic function of the complex variablet . Let ( 


us denote by H (ML) the set of entire analytic functions (с) 
with the property Рф = U for some $ ME In Theorem 3 we shallp| f 
ve that the Fourier transformation is a topological isomorphism 


from H (M ) onto H (M ). In order to characterize H(M ), we shall 
use the following normed spaces introduced in 110| : P 


Е = {ф e C^ [sup lọ Í? (х) | -ехр(м(х/А)); XER | 


O <j<k) <=), 
ae : = (b €v [supt (1+]x|)*- |y (x+iy) | exp (-M (ay) ) ; 


, 


x +iy ес) <=} 
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where M(x) is a convex function of the from (2) 
, 


gative integer, A a positive constant, c^ 


k is a non-ne- 


is the space of smooth 
functions on R and И is the Space of entire analytic functions 
on C. 


We shall also need the normed space H(M ), the Space of 
smooth functions ó(x) on R such that Ур (9) <% for fixed рем. 
Observe that H (Mp) = 


pri 
From the proof of Theorems 1 and 2 in ІЗ! , page 20, 
the following inclusions hold: 
‚А+а 
(4) P (Weg) Wy ; 
ph M. 
(5) FA) SW Ана 
for arbitrary 4 >0. Let us prove 
LEMMA 1. The following equalities hold both in the 
set - theoretical and topological sence: 
* 
© M* о M 1 
(а) ih ое п wP 
р=1 P р=1 P 
co со 
(b) n wP = n we 
1 
р=1 Mean р=1 Мр’ 
for arbitrary а>0. 
P r o o f. We shall prove only part a), since the 
Proof of part b) is similar to that of a). 
= M*,1 
м%,1 м*,1+а р’ = 
р и 
ТЕ is clear that wp? =н hence si p 
мх ltd 7 
=< n up. also in the topological sence. 
р=1 


In order to prove the opposite inclusion, let us show 


€N and d >0, such 
that there exists ру =P, (Pde N for given p , 
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that for sufficiently large |у| 


(6) БОЕМ (тауу) 

= Jn 
This inequality implies a) in a set - theoretical sence; if the 
mentioned spaces are endowed with the projective topology , 
using the same inequality one obtaines a) also in a topologi- 
cal sence. So, let p and d be given. From condition (A) foll- 
ows the existence of руё М such that for sufficiently large 


|x] 2M, ((1+d)x) < Mp (x). Turning to the dual functions in the 


sense of Young, we obtain (6). 


Since in the set - theoretical sense 


lI 
= 8 


H H 
(ny) (мр) 


р=1 


we at Once get 


(7) OM) = F( 
9 P 


| > 8 


М A 
H ( р)) с П F(H (4,)) 


1 р=1 


Let us prove that the inclusion in (7) can be replaced by the 
equality. 


LEMMA 2. We have tn the set - theoretical sence 


H{M,} = n 


F(H(M..)) 
p p 


1 


Proof. Letye f F(H(M 


р=1 
that y(r) is an entire analytic 


on the £(:-Rer) - axis faster 
inverse Fourier transformation. 


p) ; from (4) we obtain 


finction and that it insreases 
than any power of 1/|z| . Its 


Sa 
(8 (FOW(E)) (x): = (x) := z: f exp(ixt) -y(e)de 
R 
is a smooth function on R. From (5) and (8) we get 
21-$(х) = (Py(-E)(x) e N wP , 
р-і Мы-2/1%24 
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(MJ 


Hence by Lemma 1, part b), we obtain 21.6 (х) e HM ), and this 
implies (ct) € н(м). Р 


We can now prove 


THEOREM 3. a) The elements from H(M ) are entire 
analytic functions W(t) which satisfy 5 


6 


)P- [6 (Ein) 


Неше таны “ехр(-М* (п) ); £ in eC) <= 


for each РЕМ. 


b) If the topology on HAM] ts given by the set of 
seminorms {h_} en > t^e Fourier transformation is a topologi- 


PP 
eal isomorphism from ой onto H (MJ 


9 %2 (ө) (ә) £ a)Follows from Lemmas 1 and 2. 
b)The space н (My) is of the type 


2{(1+]6])P-exp(-M* (n))} introduced in |2|, hence it is a Fre- 
chet space. Since the Fourier transformation is a surjective 

mapping from H(M,) onto H{M_} by its definition, we can use the 
open mapping theorem, which asserts just what we want to prove. 


The dual space H“{M)} of H{M_} is the space of Fouri- 
er trans formations of thedistributions from H (ML) defined by 


the Parseval formula 
У 
<FS, Ед>:-2-т <5, > > 
v 
where Se H (M y, ó € HIM ) апа ф(х) : =¢(-x) 


In the case when $ is а convolutor, we have the foll- 


Owing 


THEOREM 4. The Fourter transformatton of 


5 € o S (Him }) denoted by 8(Е) is а function which can be ana- 
Р 


litically continued on the whole complex plane C and tt has 


the following property: for а с 


CC-0. п Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


52 Stevan Pilipović and Arpad Такабі 


ins 


number c and a natural number n so that 


(9) | S(&£*in)| «c* (1+ £ [exp (M5 (п)). 

Conversely, tf for an entire analytic function 5(6) 
for each p €N there exist с> 0 and пеМ so that (9) holds , 
then there exists a convolutor S on "(MJ such that ES = %ç 


x Pr оо ina Let Se H IM O). From Theorem 2 follows that 
S(t) = (15) F(t) where for given рем, m and F(x) are chosen 

as in Theorem 2. Observe that the rate on increase in infinity 
of the function F(x) implies that F(t) : =(FF)(t) is an entire f 
analytic function. From [3| ‚ page 21 follows 


[Е (E*in)! х с} ‘ехр (М ( (1+4) п)) 
for some с, =с, (d,p), 0 <а<1. Using condition (A) we can choose 


РІ ем, ру <P (except maybe for finitely many) so that for su- 
fficiently large |n| 


* * 
MS ( (1+а) n) =? 


and this implies the estimate (9) for Py in the place of p. \ 
We can choose р so that the corresponding p, come across a 
sub-sequence of the sequence of natural numbers and this observa” 
tion finishes the proof of necessity of condition (9). 


Let us suppose now that S(t) is an entire analytic 


function which satisfies (9). From |10| , Bemerkung IV.2, it 


follows that S(x) => (S(-E)) (x) is the finite sum of the di- 


stribution derivatives of continuous functions me (Х), т.е. 


д 
(10) S(x)- } DIF, (x) where 


j=1 
Fy (x) =0(exp(-M_ (kx) )) when |x| >% and k>0 does not | 
depend on j. 


Again using condition(A), we can find a suitable Py Е М, 
рү < p, such that 
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Ba (ES) ео when Ix! >» for each j, 0«j«m. 


Integrating, if necessary, each term in (10) sufficiently many 


times, we can reduce the sum in (10) to one single term, i.e. 


S(x) = DF (x) 


where F(x) is continuous function on R such that 


F(x) = D exp ME (x))) when |х| +e 
1 


As in the first part of the proof, we can choose p 
such that the corresponding P, come across a sub-sequence of 


the sequence of natural numbers. 


So, we have proven Theorem 4 for each РЕМ except па- 
ybe for the first finitely many; but if it holds for some p, 
then it holds for each p^ smaller than р. 


Theorem 4 implies that if S is a convolutor on нм} 
then the mapping S*:W+S*w (§:=FS) is a continuous line- 
ar mapping from НІМ.) into HO. Hence, if T ен {м}, one 
can define the product S:T by 


< SeT, Yy > :- <Т,5.)> where Т: = Ат and фен{м } 3 


It is easy to prove that F(SxT) =FS-FT 


3. SOLVABILITY OF (1) IN H (MO) 


Our task is to characterize the surjective convolutors 
9n H (M ), and, what turns out to be equivalent with surjecti- 
Vity, to find those convolutors on H (ML) which have fundamen- 
tal solutions in H {M_}. Various "slowly decreasing functions" 
Play an important role in this part. In |5] the following de- 
finition is given: 

DEFINITION 3. An entire analytic function F(z) їз 
Called ап M -slowly decreasing function (q €N) if tt satts- 


q 
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fies an inequality of the form 


(11) sup(|F(E+w |; |W] <р(109(1+[5[)) ; we R) > 
-No 
AOE ЕЕ 
for some postttve constants Со апа NG , and 


x 


(12) p(x) := Ae 


for some А>0 and BER. 


If (11) holds for р(х) =const ,F(t) ts called extre- 


mely slowly decreasing. 


z ж. 
ТЕ is easy to show that —— < M 1(х) for x>0 
Mç (x) 


Since this function tends to infinity when x does, there exist 
positive numbers A. and L such that 


1 1 
(13) ) <р. (х) := am Е 
=| D > 
р(х) <р, x WG (x) or x> 11 
The sign "-1" stands for the inverse function. 


The following theorem gives a sufficient condition for 
an entire analytic function to be extremely slowly decreasing. 


THEOREM 5. Let F(t) be an entire analytic function 
which is М -Slowly decreasing for some ЧЕМ. Let рем be lar- 
ger than r(max{|A,|, q}) , (A, from (13)) and let us suppose 
that F(t) satisfies an estimate (9) for some c,n and this p. 


Then F(t) ts extremely slowly desreasing. 


DENNMONONt The property of p implies that the number 
M* (x) 
A) : = sup В — | x»L.) +1 
М“ (x/A. ) == 
g 1 
is finite. Let us take L>L, so large that ру (log (1*1£|)) > 1 


for each £ with |£| >L. Let us fix & with |Ë! >L and define 
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log p 
Bu E——— — NT 


log (M^-l(a,. 
og (M5 (A, Ma (0/5,))) -10a р 


where р: = 01 (109(1+ 


= 
s 


)) > 1. The definition of A, implies 
В >0 and let us put 


Ав in |4| , we apply Hadamard’s Three Circles Theorem 


on the function F(£*1w)(A- complex variable) for the circles 


with radiuses 1,0,R and ү: = I - = о AD зе Ане, 


w is а complex parameter. So we have 


(14) sup{|F(g+w)! ; Iw] <1 } > 


> (sup(lF(£*ow)| ; Iul > 133 1+ (supt [Е (Е+Вы) |; lw] <1})Ё 


Using (9) we obtain 


iF (&+Rw) | = |F (€+R+ Rew + i-R-Imw) | © 


< с: (1*|£])P- (1+8) П.ехр (м (R))< c "c (1+|&|)°-ехр(2-+м» (R) ) 


where we have put с”: = sup{ (14R)"-exp (-мя (R) ) ; Re R) «o 


Since we have constructed R so that м» (R) mM (0А 
we have 


n+A, 
(15) sup{|F(£+Rw)! ; lw] <1} <c-(1+/é]) 


for some C» 0. Returning to (14) using (11) we obtain the sta- 
tement for |Е! >L. 
Using the Maximum Principle we obtain for lel «L 
sup{!F(g+w)| $ |м| «13 2 €, 20 


and this together with (15) cives 
- (N *n*2A.) 
el! о 
sup{|F(E+w) |; [wl <1}>С„ (5:6) 


i.e. F(z) is extremely slowly decreasing. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


СЕРЕ ——— r TA  V—oE“wms ws O 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


56 Stevan Pilipović and Arpad Takači 


If we suppose that instead of the condition (A) the 


stronger condition 


(A) Let p,p € N and p^» p. For each C»0 there exists X20 
1 Cex) <M- for |x| >X 

such that Mp (C х) < 5 (х) іх| > р 

is satisfied, then in the same мау as Theorem 5 we may prove the H 


following Theorem 5^, which generalized Theorem 3 from [4]. 


THEOREM 5°. Let ғ(с) be an entire analytte function 
which satisfies an estimate (9) for some c,n and p. If F(t) is b 
Ма - slowly decreasing for some natural number а,1<а<р, then 


tt is extremely slowly decreasing. 


Theorems 4 and 5 combined with relation (3) imply 5 
r! 
THEOREM 6. If the Fourier transform S of the dis- = 
tribution Se Og (H IM )) ts Mq -slowly decreasing for some ЧЕМ С 
then $ is Mp -slowly decreasing for each peN. c: 
ғы 
Let us prove now 
Ci 
THEOREM 7. The following conditions are equiva - 
lent, provided that S ен Хм.) ` 
(51) Š is My-slowly decreasing for some peN, (S:= FS) i RI 
(52) S has а fundamental solution in Нм} 5 
(Sq) Soni) ВН n 
^ pis ісім) 
er : [2 
i) то © О но Since Dirac s measure is in Н”(м_}, we 
have (s4) => (55). If S has a fundamental solution іп H {м}, з 


in view of Theorem 1 it belongs to some K^(M ). The Theorem 
in |5}, page 2, states, among other things, that the convolu- |4 
tor 5 оп K (ML) has a fundamental solution in к (м) iff 5 is | 


а М -slowly decreasing function. Hence (S 5) => (s_). Finally, 


if S is Mo -slowly decreasing for some p €N, by Theorem 6 and 
the mentioned theorem from |5) it is surjective on K“(M,) for 
each р=1,2,... .But,by Theorem 1 the union of the spaces k (Hon 


Í 
| 
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p 


is just H (MO). i.e. (sj) => (53). 


Let us turn to the convolution equation (1). We 5ирро- 


зе that it is а convolutor оп Oc (708.2), hence by (3) it is 
a convolutor on each space K^(M ). If X^ is one of the spaces 


H (IML) or км), p=1,2,..., we say that (1) is solvable in X^ 


iff for each V e X 7 there exists an U €X 7 so that (1) holds. 


THEOREM 8. The convolution equation (1) ts solva- 


ble in Ни iff it is solvable in each K (MO) s p=] 2927: 


P r o o f. Let Ve Н 0980 be given and let из аепо- 
te by Ро the smallest integer for which Ve KOM) (see Theo - 
rem 1). If (1) is solvable in "HM, the implication (s,)=> 


=> (sj) from Theorem 7 shows that S:=FS is М, -slowly de- 


creasing for some p € N, and by Theorem 6 it is M -slowly  de- 
creasing for each р є №. This implies that (1)issolvable in k (Mr) 
for each P > po: The converse is obvious in view of the impli- 


cation (5 1) => (53) ° 
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REZIME 
RESIVOST KONVOLUCIONIH JEDNAČINA U НАМ р) 
5 
U radu su dati potrebni i dovoljni uslovi za reSivost r 
konvolucione jednačine | P 


S*U-V 
u prostoru H (ML) (17|). 
Dokazana je teorema. 


TEOREMA.  Neka je S konvolutor na нм}. Sledeći us- 
lovi su ekvivalentni: š 


(a) Preslikavanje Ses (M Y H (ML) je surjektivno ; 
(b) 5 ima fundamentalno rešenje u ИВ 


(c) Furijeova transformacija konvolutora S (koja je cela ana” | 
litióka funkcija) је Mp Sporo opadajuća funkcija za neko P e N. 


ad 
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EXHAUSTIVE SET FUNCTIONS 
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21000 Novi Sad, ul. dr Ilije Djuričića 4,Jugoslavija 


1. INTRODUCTION 


Using the functional from |4| defined on a semigroup we 
shall introduce the notions of the variation and of the semiva- 
riation for semigroup valued additive set functions. We shall 


prove that these notions have the usual properties. 


By the Diagonal Theorem from |4| we shall prove, in qu- 
ite an elementary way, two theorems on the uniform boundedness 
of a family of regular additive exhaustive set functions on a 
Borel algebra (i.e. on a c-algebra generated by the open sub- 
Sets of a compact Hausdorff topological space). Namely, if the 
domain is ФЕ а c-algebra, the Nikodym boundedness theorem, in 
general, is not true (see |2|). But there are known uniform 
boundedness theorems in which the initial boundedness conditi- 
ons are given on some subfamilies which are not g-algebras (for 
example = |5|). In the stated theorems this subfamily is the fa- 


mily of open sets. 
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2. THE VARIATION AND SEMIVARIATION | яя 
Let X be а commutative semigroup with the neutral ele- If 
ment 0 endowed with a triangle functional f such that ja 
£ (x+y) «£(x) + f(y), = 
> С) - Е) апа 
£(0) = 0 (see [4 |). 
Th 
REMARK 1. 
The topology of a uniform semigroup is generated by a № 
family of special pseudometrics - H.Weber |7!. ТЕ follows from 
this construction, that there exists a family of triangle func- 
tions on every uniform semigroup - E.Pap lel. Si 
Let Z be an algebra of subsets of the set S. A set fun- of 
ction u defined on the algebra 2 with the values in X is addi- 
tive if whenever E, and Е, are disjoint members of X then (1 
M(E ОЕ.) = u(E,) + U(E,). 
to 
We suppose that there exists В ЄЎ such that u(B) =0. It follows я 
from additivity, by the preceding assumption, that р(90) =0. \ a 
A set function u :2>xX is said to be exhaustive (f-ex- 
haustive) if lim £ (U (Ep)? =0 for every sequence (EL) of disjo- 
noo 
int members of 2. 
The variation of an additive set function y : >X is us 
the nonnegative set function !u| defined for E € by 
lul (E) = sup ) £f(u(A)) | By 
T Ает | | 
where the supremum is taken over all partitions п of Е into а s 
finite number of pairwise disjoint members of I. Р 
Obviously f(u(E)) < |u| (E) for each Eez ana |u|(@) = 0: i 
RE 


| PROPOSITION 1. If u: E> X ts an additive set functio" 
on an algebra Ў, then |u| is also additive on X. | 
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PVT OKO) ір Let Ei and Е, be two disjoint sets from 7. 


Iq! (E Е icon Ч a. 
If ju) (E, UE,) <@, then for £ > 0 we can choose finite systems 

1 d , : ga ] 
(Ai) and (Ai) of pairwise disjoint sets from X such that A СЕ 


2 
апа AG CE, and 


1 


Wie.) en f(u (at +e i= 
Ju] i =. 4)) жоны m 


Then we have 


U. m 


Since € >0 was arbitrary we obtain the finite superadditivity 


(exc. Jas] oia 


“{ owl 
(1) [ul (E,) + Iul (E2) < |u] (В, ШЕ.) 


On the other hand, we take partition (Aj) of Ei UE, in- 
to a finite number of pairwise disjoint members of L. We take 


1 2 
А. =E ПА. = mM 4 
j Е А; апа as Е, П Pe Then we have 


J #(0(А,)) < #(ш(А1)) + 2 £(u (Aj) < |v] tg) + lul (82) 
== ЕЯ ее: 
Непсе 


| < i 
Jul (Е, UE.) < Iul (E + lul (5) 


By the preceding ineguality and (1) че obtain the additivity of 


lul. The last inequality implies also the additivity in the case 


| 
lui (Е, UE.) =o, 


REMARK 2. 
|ul is superadditive in general, i.e. 
С g.) > > 
iel jel 
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This follows in the same way as in |3| n. 190955 
An additive set function р:У ->X is said to be of boun- 
ded variation if |н! (5) «e. 


If и is of bounded variation then it is also bounded (£- 
bounded) but in general the converse is not true (for example 
xem [0 5 1] , X is a o-algebra of Lebesgue measurable subsets of 


[0,1] and y (Е) = Хр Ne 
The semivariation of an additive set function |U;:Z-X 


is the nonnegative set function |! u|| defined for Ee by 


ІШ (Е) = supt£(u(H)) |нєх, HCE}. 


Obviously: 
(i) |l ul] (9) =o (11) £(u(E)) < || (Е) for each Eer 
(iii) llull (Œ) < !u| (B) for each Eez, (iv) llull (F) < Ны|| (Е) 


for ЕСЕ and Е,Е 62. 


PROPOSITION 2. Hap 8 Mare Xe ts an additive set fune- 


tion on an algebra X, then ||u|| їз subadditive on E, i.e. 
ull, бк) < I ull CE + Hull (Е,) 


for every E ,E, € È such that Ej ПЕ, =9 


PENTO (9 E, Let E, and E, be two disjoint sets from 2. 
Let H be an arbitrary subset of Ei U E». Then we have 


£(u(H)) = f(u (HN E} U HN Е2)) < f(u (HN E))) + 
ЯВ ЕЕ. 
Hence the desired inequality follows. 


An additive set function и: X— X is said to be of boun- 


ded semivariation if || ul|(S) <». By the definition we obtain 


directly that the semivariation of the additive set function 
и: 2-Х is bounded iff u is bounded. 


3 5 CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


REI 


va 


whi 


as 


— | 


= 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


On semigroup valued additive exhaustive set functions 63 
Mu, ae 


REMARK 3. 


The semivariation is usually defined for a Banach space 
valued additive set function as 


sup{|x*u| (E) |x* ex* , || х*|| <1} 


where |x*u| is the variation of x*u (see |2|), or, equivalently 
as 
sup {|| M L eat (A) || } 
т 
m 

where the supremum is taken over all partitions п of Е into fi- 
nitely many disjoint members of 2 and over all finite collecti- 
ons (е,) satisfyng]|e,| <1 (|3|, p.51 ot Proposition 11.a. from 
|2|, p.4. Our definition of the Semivariation, in the case of 
Banach space valued additive set functions, is equivalent, in 
the sense of the norm, to the usual one (Proposition 11.b. p.4. 
from |2|). 


PROPOSITION 3. An additive set funetion Uu: EX ts 
2a /|ve iff i | =0 for eve seguence ^ dís- 
exhaustive iff lim || в (Е) 0 for every sequence (Е,) of d 


| joint members Qu 


Рег КОЖО Б. Let и be an exhaustive additive set func- 
tion. Suppose that !|u!| does not satisfy the proposition. Then 
there exist 6 >0, a sequence (Е) of disjoint members of Z for 


which 


ІШІ CE.) > 6 
holds. For each n and е such that 6>¢e>0 there is Н er such 
tha 
GHS E, and 


Шы! (Е,) < (кнр + в. 
| Then the sequence (H_) consists of disjoint members of X such 
f n 
| that 


(рон )) 2 сее 0 
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holds for each n, which contradict the exhaustivity of и. The 


converse implication follows from the inequality 


£(u(E)) < ||| (Е) for each Ee Z. 
THEOREM 1. An exhaustive additive set function \:fsy 
on an algebra X of subsets of S is of bounded semtvartatton. 
iS se (e) (e мо Let us suppose that the theorem is not true, 
Then there exists Hy € X such that 
i 
(2) f£(u(H,)) 21+ 2£(u(S)) 
Since 


£(u(H,)) = #(р (53 H,)) & £(u(Hj) +u(SN H.) = EUS) 7 


we obtain 


£(u(S\H,)) 21 
Since 
ll (в) < full) + Yell GNRQ + | 
either || ШІН.) ос || u||(S\H,) is infinite. If H, is with un- 


bounded semivariation we put Ei -H otherwise we take Ej = SNH 


] 
> 1. 


182 
we have that E, has the unbounded gitmivariation and £ (и (Е,)) 
Now we take Ei instead of S and repeat the preceding procedure: 


We obtain Е, € and ЕС E, such that the semivariation 


of E, is unbounded and £(u(E,)) > 2. By iterating we “construct а 
nonincreasing sequence (Eh? from X such that the semivariation 
of En is unbounded for each n and 


(3) £(g(E)) >п. 


қ "Бес Ер EM Enri Since WENE ||) ӘНДЕ, |) -Uu(EL) we obtain 


| f U (Pa) > #(и(Е 1) = £QG (E )). 


n+l 


56 


hc 


Bo 
| 
| 
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2 í А 
Then, by (3), it follows that EED) 21 for some disjoint sub- 


sequence of (P) from Z, " 


which contradicts the exhaustive of y. 


3. UNIFORM BOUNDEDNESS ON BOREL SETS 


In this section 7 is a S-algebra of subsets of a set S. 
An additive set function H :B^x defined on the collection B of 
Borel sets of a compact Hausdorff topological space T is regular 


on a Borel set B if for every ве >0 there exists a compact set 
KcB and an open set О >В such that 


Пък) «€ 


A set function p :Z >X is f-superadditive if for every 


sequence (Е,) of disjoint members of a c-algebra 2 
n e 
lim f(u( U Е,)) <£(u( Ш ғау) 
noe nm = 


holds.We shall use the following. 


DIAGONAL THEOREM. (ana ease 


= f(x;)) = 0 (оғ ізі2,..., 


then there extst an inf 


subset J (finite or infinite 


have = 
2. со 
jer 5013) < 
it 
12 ( 2 X13) 23 £ (x, ;) 
jeJ 
(where J is infinite) n 
B (any 0) def jim £( 7 Xi m 
Ее пзе | | s-l 
3.2 ts the inereasing sequence of all elements of J. 
family of X-valued re- 
THEOREM 2. Let ел be a family of X-valued r 


vie 2. 2 25 fi 3 +h 
gular additive and f-superadditive se? functions defined on the 


г to teal 2 FP 
Borel subsets of a compact Hausdorff topologreal space р 3 
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{u (9) [9 € AJ ү 


is bounded on every open set О, then the family (Ва? ven 18 unde 


formly bounded, i.e. 


sup(£ (и (B)) la € A, BEB} «c 


Bee (e) (e) Б. Since the general case can be reduced to 
the proof for the sequence, we take a sequence (un) instead of 
the family. 

To prove the uniform boundedeness of (up); it suffices 


to prove that every point іп T belongs to an open set O on wh ich ү 


sup {Е (м, (A)) , neN, ACO} «o 
n 


‚А 
Suppose that this is not true. Then there exists x e Т such that 


sup luy (0) is not bounded for every open set O such that x eô. 
neN 


Let 0 be an open set Which contains x. Then there exists a Bo- 


rel set BCO and ni €N such that 


(4) f(ud (В)) >4+2 sup E(u, ({x})) . 
1 n 


Since Hn is regular, there exists a compact set K. B such that, ' 
(5) lun, II (ONK) <1. 
Then, by the inequalities 
£ (un, (Ко) ) + Е (up, (B Ko)? > f Un, (B)), 
f (ini (BNK,)) < |на, || BN ко) < || Un, || € E, 
(4) and (5) we obtain 
cn s sup E(u, ((x))) . 


Let K) =K.U {x}. Then we have 


o s > © ШЕ Е Qi, ({x})) 


By the regularity of un, there exists an open set U such that 


6 >U>K, and | 
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| | 
lu | UNEK < 
| n, ( NK) 1 


Hence, by the inequality 


(и (0) 9E (CE) = ОО 
п, z а ТШ) ок, 


we obtain 


(6) аар К" “(ы ({x})). 


We find, again by regularity, an open set М such that [x}cucuU 
and lun, | (и \{x}) « 1. Let H be an open set such that хененам. 


Then we have 


(7) Elu (B) <и || (ENCGO) +20 Ux})) < 
ny - п, п, == 
За, | (GN (x) Petey EU «1 Мер f(u ({x})). ТЕ we 


take that Е. =U\H, then we have Е, 0, Ej ЇН =@. By the inequ- 
ality 


Е (uu (Е, )) t Etun NE , 


(6) апа (7), we obtain 


Using the same procedure, the fact that x €H and that the se- 


quence (un ) is unbounded on H, and taking in the inequality (4) 


5+2sup E(u ({x})) instead of 4+2 sup E(u, ({x})), we obtain an 
integer nj»n,, open sets БН. ЕН such that E) ПЕ) =, Е ПН, = g, 
xe H, and f(u (E4)) »2. Continuing, we obtain a sequence of po- 


Sitive integers (ny) and a sequence of pairwise disjoint open 


Sets (Е) such that 


18) f(u. (Е,)) > К for every keN. 
n k 
k 
Now we take Xij zs 
Sach ig N 


(E.) for i,j ем. Then we have for 


i 
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Шай 38 (Gee 9) - 0/- } 
зл?) LJ 


Then there exist , by the Diagonal Theorem, an infinite set Іс) RE 
and its subset J such that 


1 
(9) £ ( T: zoly ДЕГ) | 
for each і €e I. Since Hn. are additive and f-superadditive we 3 
have > 4 
n n © 
E £( gs ng (E5929 = ый T RU) Ei ese, f UBL ; 
(if J is finite we need only the first equality). Then by (9) | 6 
and (8) we obtain 
Ни (О ЕТ))>- 7 
i jeJ J : 
for each ie I, which is a contradiction with the boundedness of 
(u) on every open set. Бу 
Using the main part of the proof of Theorem 2 we obtain 
a uniform boundedness - type theorem conneeted with the variati- 
on. 
THEOREM 3. Let (Hen be a family of X-valued regu- ) mu 
lar additive set functions defined on the Borel subsets of a fu 
compact Hausdorff topological space T. If us is of bounded vart- -f 
у ation on every open set, for each а € A, then the family is uni- sk 
formly bounded. pa 
ri 
1 15 (9) (©) ғ. The proof is verbatum the same аз up to (9). 
If J is infinite, we have te 
n n 
Шш  ( (ат e re бо улс аа 
no 5=1 ah 5 neo 5-1 ns 
n (19 
| < dm ыы [C U By) ie 
М _ nje s=l i s j “зел 2 { je 
where (j.) is the increasing sequence of all elements of J.BY | sk 


(9) and (8) we Bo 3 
м (Ш ms 

ен. e 
for every i€I which is a contradiction. | 
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REZIME 
\ 
A O ADITIVNOJ EKSHAUSTIVNOJ FUNKCIJI SKUPA SA 
VREDNOSTIMA U POLUCRUPI 
y U radu se ispituje funkcija skupa u sa vrednostima и ko- 


mutativnoj polugrupi X sa neutralnim elementom 0 i trougaonom 
funkcionelom f, za koju vaši: f(x*y) < f(x) *f(y), f(xty) > £(x)- 
-f(y) i Е(0) = 0. Izdvajaju se aditivne i ekshaustivne funkcije 
Skupa na algebri £ skupova. Uvode se ne-negativne funkcije sku- 
ра, pridružene funkciji skupa sa vrednostima u polugrupi u, уа- 

rijacija |р! i poluvarijacija || wl 

s Pomoću Dijagonalne teoreme iz 14|, dokazuju se dve teo- 
teme o uniformnoj ograničenosti: 
Teorema 2. Neka je @ О gen familija X vrednosnih regularnih 
aditivnih i f-superaditivnih funkcija skupa definisanih na Bore- 
( tovim podskunovima kompaktnog Hausdorfovog topološkog prostora T. 

no na svakom otvorenom skupu O,tada 


(ako je fu (0)la e A) ograniče : 
| je familija (u ) i uniformno ograničena па svim Borelovim 
l Sk a'qEA 

_~“Upovima . 


| 


Ë 
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| Re 
Teorema 3. Neka je (Hi) yen familija X vrednosnih re. = 
gularnih aditivnih funkcija skupa definisanih na Borelovim pod- 
skupovima kompaktnog Hausdorfovog topološkog prostora T. Ako 
je u ograničene varijacije na svakom otvorenom skupu, za svako 
a 
ЦЕА, tada je familija uniformno ograničena. 
k 
| 
( 
W 
S 
) 
V 
] 
I 
à 
1 I 
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UNBOUNDED SOLUTIONS OF A NONLINEAR DIFFERENTIAL 
EQUATION 


Mirko Budindevic 


Prirodno-matematióki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuricica 4, Jugoslavija 


Consider an initial value problem 


(20) у" = £(x)y z y(a) = bo 7 у(а) = b 
where л> 1, а> 0, апа f(x) is continuous and positive for х>а. 
By an unbounded solution of (1) is meant a solution po- 


ssessing the property 


у(х) -® for x2 0 =Ü 


where w is some positive real number. 
Such solutions were first considered Бу R.H.Fowler in 
r 
1931, |1| , for £(x)=x ,r real. 
J.Karamata and V.Marió |2! proved the existence of un- 


i hat 
bounded solutions of (1) for any bg 20; Bi А 


(2) f(x) >m>0 , x»0 


If (2) holds for a <x<b only, then the above result 


is still valid but only for some appropriately chosen values of 
©. 
: i h been renewed 
The interest for unbounded solutions as 
proved the existence of 


Бу E.Hi 131, 141, |5[) who 

Hille (ce. 131, 141, [5] LO CNN eel 

these for the Thomas-Fermi (f(x) = x 2 IN Š 

(f(x) =x1-m ул =m, m»1) equations occurring in various app 
, a йа аль 


lications, with bo >0, 57240 апа bo +b; 2007 
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Hille s result is generalized by L.E.Bobisud |6| for the 


equation 
(3) у" = f(x)g(y) 


where f,g are continuous and positive for x>0, у>0 ; if 


1/ 


о х e 2 
(4) f € f g(u)du) ах < = 
а 


а 
апа 
meee Cea 0 for xe 


A special case b, -0 (b. >0) is studied by S.B.Eliason 17 | 
V.Marié and M.Skendžić |8| proved an existence theorem 
for unbounded solutions of the equation (3) for bo р 550 


1 
and under less restrictive conditions on f(x): 


со 


f(x) >h(x) , J /h (х)ах = œ 


where h(x) is а positive, continuous, decreasing function which 


tends to zero for x+% ; g(u) satisfies (4). 


In the present we shall prove the existence of unboun- 


ded solutions for y (a) = bi «0. To do this we shall first pro- 
ve two lemmas. 


LEMMA 1. Let y(x), Y(x) be non-negative solutions of 
the initial value problems 


GE = spes) р y(a) = Y(a) 


x = Үй (620) 0 у (а) <Ү (а) 


where £,F are continuous functions such that 0 < £(u,v) < F(u, v) 
for a<u<b and у>0, and let F(u,v) be a strictly inereasing 
function of v for each u. 


Then у(х) « Y(x) and y (x) «Y (x) for a«x«b. 


P r о ORR For a<x<b we have 


x 
у(х) = y(a)+(x-a)y~(a) + f (x-s)y (s)£(s,y(s))ds 
a 
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x 
у(х ey ta) Е Сл 
a 


x 
с 
а 
So that 


(5) У(х)-у(х)=(х-а) (Y“(a)-y ^(a)) + 


x 
Í (x-s) (Y(s)F(s,Y(s)) - 
- y(s)F(s,y(s)))ds а 


Since y (a) < Y“ (a) there exists є > 0 such that Ү(х)-у(х) >0 for 
a<x<ate. Suppose Y(x) «y(x) for some хе (a,b] . Then there ex- 
| ists се (a,b] such that Ү(х)-у(х) >0 for a<x<c and Y(c)=y(c). 
Since y(x) and Y(x) are non-negative, Y (x)F (x,Y (x))-y (x) £(x,y (x) )> 
> 0 for а<х<с. Putting x-c, in (5)the left hand side is zero 
and the right hand side is positive, which is a contradiction. 


Thus у(х) < Y(x) for а < х <Ь. Moreover 


x 
у(х) = у^ (a) + | y(s)£(s,y(s))ds 


a 
x 
Y^(x) = Y^(a) + | Y¥(s)F(s,Y(s))ds. 
a 
Hence y (x) < Y (x) for а<х<Ь. 
) 
LEMMA 2. Suppose y, (x) ad y,(x) are two posttive so- 


lutions of 
y"-yF(x,y) ; y (a) -уҙ(а); y (а) «v5(a) 


where Е satisfies the same conditions as in Lemma 1. Then y5(x)- 


= Y, (x) > (x-a) (у; (a) -y , (a) for x» a. 


J) xe (e) (9) $55 According to Lemma 1. у2 (x) =y (x). There- 
fore 


Y5 (x) -y (x) =y, GOF Gy, 60) -y OOF (x,y, G9) 20. 


S 5 - 2 2 fter integration over 
° Yz(x)-y{(x)= yz(a)-y{(a) and hence, a 
lax], the proof is finished. 


: The consequence of this Lemma is that the positive, decreasing 


| Solution defined for all х>а of the initial value problem 


| 2 = 2 = b. <0 
| y"-yF(x,y) ; y(a) =b. ; y (a) 
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| 
(provided that it exists) is unique and all other are not boun- 


ded (including both i.e. such that у(х) *9, x*W-0, or у(х) э, 
xcre). 

The existence of such solutions is proved by P.K.Wong 
|9| as follows: there exists a positive decreasing solution 
y(x) which tends, for xo, to a positive constant iff there is 
а 8»0 such that 7 xF(x,B)dx converges. The divergence of that 
integral for all 8>0 is, on the other hand, a neccessary and 
sufficient condition for the existence of a solution tendina to 
zero for х +9. 

When y (a) 25, corresponding solutions, if they are ( 
defined for all x>a, are not slower than a linear function. By 
some restriction on F,existence of solutions such that y Vkx, 
x>% was proved by P.Waltman |10|. 

Denote by y(x) the positive solutions of the initial va- 
lue problems 


(6) INE А = у (a Sb 


1 
and let b, stand for the initial slope of the unique positive 
decreasing bounded solution of (6) (defined for all x >a). Then 


we prove the following. \ 
| 


ТНЕОВЕМ If the initial value-problem 


xD МА (СОМ) 9 Y (xj) = o Y (xj) - 0 


has unbounded solutions for each Xo» then any positive soluti- 
on y(x) of (6), satisfying v'(a)?b,, s unbounded too. к 

Proof. First take b, <b, £0 then according to Le 
mma 2 for the solution y(x) there exists a point xo > a such d 
y (xj) = у(а) = bo: Since the solution is convex, y (xg) zu 
and then, by Lemma 1, is unbounded. 


If b, 20, опе may take x =a and repeat the argument. 


— —— 


Acknowledgment | 


The author would like to thank proffesor V.Marió for | 
his helpful suggestions concerning this paper. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Unbounded solutions of a nonlinear differential equation 75 


REFERENCES 


1 Fowler, R.H., Further studies on Emden's and similar differential equ- 
ations. Quart.J.Math. Oxford Ser. 2 (1931), 239-288. 


2| Karamata, J. and Maric,V., On some solutions of the differential equ- 
ation y"-f(x)yA, Annual Review of the Faculty of Arts. and 
Nat. Set. Novt Sad V (1960), 414-422. 

13| Hille, E., Some aspects of the Thomas-Fermt equation. J.Analyse Math. 


23 (1970); 1472170) 


4| Hille, E., Aspects of Emden's equation, J.Fac.Set.Univ. Tokyo, Sect., 

| 1, 17 (1970), 11-30. 

5| Hille, E., Pseudo-poles in the theory of Emden's equation, Proc. Wat. 
Acad. Set. USA, 69 (1972) 1271-1272. 

6| Bobisud, L.E., The distance to vertical asymptotes for solutions of 

E second order differential equations. Michigan Math.J. 19 

(1972) 277-283. 

‚17| Eliason, S.B., Vertical asymptotes and bounds for certain solutions 

of second order diff. equations, SIAM J.Math.Anal. 3, 

(1972), 474-484. 

п 8! Marić, V., and SkendZié,M., Unbounded solutions of the generalized 
Thomas-Fermi equation, Math. Balkanica 3 (1973), 812-820. 

9|, Wong, P.K., Existence and asymptotic behavior of proper solutions of 


a class of second order differential equations, Pacific 


сь — 


J.Math., 13 (1963), 737-760. 
behavior of soluttons of an n-th order 
69. Band, 5 (1965), 427-430. 


10| Waltman, P., On the asymptotic 


equation, Mon. fiir Matn. 


REZIME 
2 NEOGRANIGENA RESENJA NELINEARNE DIFERENCIJALNE 
at JEDNACINE 
)2 
) 
ү 3 
| U ovom radu je pokazano kada pocetni problem 
t 
|] 5 = y н 
| y" = yF(x,y) , у(а) = Бол Y В 
| 


ima neograničeno rešenje za b, «0. 
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A COMMON FIXED POINT THEOREM OF A FAMILY OF 
MAPPINGS IN PROBABILISTIC LOCALLY CONVEX SPACES 


Mila Stojaković 


Fakultet tehničkih nauka. Institut za primenjene osnovne 


diseipline, 21000 Novi Sad, ul. Veljka Vlahovića 3, Jugoslavija 


In this paper a theorem which gives the necessary and sufficient со- 
ndition for the existence of a unigue fixed point for the mapp- 


ings S,T and A (defined in Theorem 2) is proved. 


First we shall give some definitions and notations which 
we shall use later. 


\ 
| DEFINITION 1 |1] . Let X be a linear space over the 
real or complex field К and for U i in the index set I there 
is а funetion FÍ д” , where A? ¿s the family of distribu- 


tion funetions Е such that Е(с) =0 . We shall denote F (p) by 


l +: 
Ep Ger, pex). 
(x, (Fy. t) ts called a locally convex probabilistte space 
I’ . - 
боа if and only if for each іеї the following conditi- 


o 
"8 are satisfied: 


0, £ < 0 
( 1. ri =H, where H(e) = eee 
| i лек, рех, €>0,(A40) 
2. = ) for every , 
Í ip (e) = ri pi Tal Ў 
| 3 (е үзе =. (є), Е q (627 for every р,4 еХ, 
| à Ep 2 
| ro,13! x 10,1] + 10,1] ¿sa 


jo Е2>0, where the mapping t: 
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The (є,А)- topology is introduced by the following de 


finition. 


DEFINITION 2 11]. А net {pg)}gep converges to 9 if and 


only tf for each і єІ, every Е >0 and every ^ € (0,1) there ex 


sts do €D such that 


Ja (e) >1-л tf а>а, 
а 


In what follows we suppose that 


i- 


Ж = Н for each ієІ if and only if p = o, 
` Im a similar way one can introduce the notion of a Cau- 


chy sequence and the notion of completeness. 


Some fixed point theorems in probabilistic spaces are 
proved in |1|, |2!. 


THEOREM 1 |3|. Let S and T be continuous mappings of 


a complete normed space (X, | 


. | 
i 


а common fixed point in X if and only if there exists а conti- 


) into istelf. Then S and T have | 


nuous mapping А of X into SX TX which commutes with 5 and Т 


and satisfies the tnequality 


Jax-ay|| <a |вх-ту || 


for every x,y € X, where 0<0<1. 5 ‚Т and A then have а unique 


common fixed point. 


THEOREM 2. (хе). 


deri) be a sequentially complete 


probabilitie locally convex space with continuous Т-погт t and 


S and T be continuous mappings of X into X. 

The mappings S and T have a unique common fixed point 
in X if and only tf there exists a continuous mapping А DX o 
+ SKY TX whitch commutes with S and T so that АХ ts а probabt 
listie bounded subset of X and satisfies the following condit 


ons: 
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( 
1. For every і EI there existe ((1) >0 and £(i) ет such 
that 
i (97) Е 
Е > 
ax-ay 9) 2Ртх-5у C quy) 


for every €>0 and every x,y € X. 


2. For every і € I there exist numbers п. €N and Q(i)e(0,1) 
i 
such that 
q(£"(i)) «Q(i) «1 


for every n? n; 


[ 3. For every i € I there ezists g(i) ЕТ such that 
Пп” Ç 
pt Оол нше; 
х ох 


for every € > 0, every x € X and every n € N. 


. Y * 
Then there exists опе апа only one element x*e X such that Ax 


is the unique common fixed point for the mappings A,S and Т. 


JY hoo (e) Omir First, let us prove the necessity of the 
conditions 1, 2 and 3. Let z eX be such an element that 


) z = Az = 52 = Т2 
| The mapping А is defined by Ах-2 for all хех. 


The mapping A commutes with S and T since 


Sz 


U) 
N 


A(Sx) = Ay = z , S (Ax) 


u 


and 


u 


A(Tx) = Av = Z, T (Ax) Tz = z. 


Condition 1 will be satisfied because 


at i ) = iri ( oso ) 
Fax-ay (5) = REC 2Етх-ву‘ q(i) 


for all x,y eX, i.e. £(i) =i for all ieI and q(i) is any ele- 


ment from (0,1). 


Since f(i) =i, contition 3 is also satisfied, i.e. 


—— ет 


| DPE i 
| rÉ (i) (е) = ғұ (е) 
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for all хєх and all є > 0. We have that g(i) =i, 1681. 


Now, we shall prove that conditions 1,2 and 3 are suffi- 
cient. We form a sequence {x } сууу} ЧСП that 


Ax Ax = Tx 


ней т SX an- 4 2n-1 2n 


for all n e€ N. Such a sequence always exists because АХС ТХ f SX. 


First, we prove that the sequence (Ax. nenulo} 15 а 


Cauchy sequence . ТЕ is easy to see that 


| 
і f(i) € 
pe = (e) > rE) ee у = 
що = р ү БЕДЕ 
cos Rue seat (i) = = 
Ахоп *an-2 9(1) - Tx. 5-Sx44., q(i)q(f(i)) = 
2 
f (i) Е 
> F 
= Pakana Mos TGC) c? 
2n- 
> ЕЁ 2 (шу, € ) \ 
= “Жы 500 дслс | 
ГІ «(Ұ7(3)) 
5=0 


for all Е >0, ТЕТ, n €N. Also we have that 


i i 


= (Е) =F (Е) > оов 
оров Е dece 127 
2n,. 
M D € 
= ше  ÜZmcy 2 ) 
[Л ie (ayy 
s=o 
for all g >0, i €I, n€N. So for every n € N we have ( 
à n-1 
d £ (i) £ í 
| Е (ce) >F ( \ 
" Ахп-Ахц-1 — Ax -Ax ` n-2 2 ) | 
ГТ а(ғ (3)) 
1 5=0 


for all Е > 0, 1ет. 
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81 
We see that for all m>k 
i £ (i) Е 
F к (Е) >Р le 
Ах oy AX әкі = X2m+1 ТХок q(i) ) 
£ (i) Е £2 (4 
E А) E ons Š (i) 
а ROM quu Е. "SRI ). 
т о 2m+1-2k Sis 
а) 
5=0 
If 2k >2м+1 then we have 
1 Е (i) 
Е (€) > F} CLR)... 
о Ч) = 
2т+1 
3 rt m (1) = 
Ах -Ах ) 


о 2m S 
g(f?(i)) 
то 


for every в>0. 


From the last two inequalities we can prove easily that 


for n=2k, p=2m+l or for п=2К+1, p-2m*1 the following is sa- 
tisfied 


i ЕП (1) € 
Pax -ax (Е) 2 a aie ( n-1 5 ) 
но» Г а) 
S=o 


When n=2k, p=2m or п=2К+1, p=2m we have 


(€) = FR AZ +Ах -Ах ( 5 +2) z 
Dx RES X n+p ntl n+l n 
i € ті Е) = 
>Е(Е (СОЕ aire = 2. 
AXn+p Хан 20! Ах Ах, 
п 
DON 2) E 
> (ЕЁ (2) ( = B БЕДЕ -ax f n-i Š ). 
р-1 “Хо 8 (1)) PATE с (ағ) 


Now we shall prove that for every €? 0 1600,1) апа i ёт 


there exists N(i,e,A) such that 
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гі a Caan 
Аха ар "Ха 


for every n>N(i,c,A) and рєм. 


The set AX is probabilistic bounded which means 
that 
i 
= 1 
des Day (6) 


for all ie I and so for each 26(0,1), there exists e (A) >0 


such that f 
> e 
Day (Е; 00) >1 Ж 
Since 
DASEN) sup inf Е (6) 
AX i 8 <€ u- 
i u,VeAX 


it follows that: 
Е 1 
sup inf ар (6) >1-— À; 
6<=; ц,УЕАХ 
and we have that 


1. / i 
нае x (e) м Ea ©) 
unvenx av > u,veax 77У 


which implies 


i + 1 
inf Fu-y (6, 02) > sup iue c В (5) 271 AL 


u, VEAX 8«€, ц,УЕАХ 
n 
Q (i)e 
Let for every 161: eli)=-5 — — —- , for every € > 0. 
al 
Г! а(#° (4)) 
s=o 
Let m > nj + Then we have 
D 
n-1 ni am 
Г ]at£? (i)) Г] аке? G)acPi* (ay)... q ce 1 a») 
Б-О =o 


= 


Е (i) 
> кезе ыы ЕЕ 
— n | | А " . . 
= a ESA GU) Babin gorain. Guruku afin Collection, Haridwar 


5=0 
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ры 
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———— RR a 


The mapping t is continuous and since t(1,1)-1, for ? € (0,1) 
there exists r € (0,1) so that for all х>г and all y >r че have 
t(x,y)? 1-3. Let є; (к) be such that 


Suppose that г> 1 - л. Further, let n(i,r)€ N be such 


Е (i) 


20 


for every n>n(i,r). 


If n=2k, p=2m+l or п=2К+1, p = 2m*1 and 


it follows that: 


AC 


(i) 


109 , 


na) 


that 


n>n(i,r) *ni 


= Е є (i) 
F (Є) 276 = ) 
Ар Sn о 
п +1 а 
where eli) = € (i)e 
s: s 
Г] а( (399 
s=0 
Furthermore 
n. i) f” (i) ECU > pP Е 
ME = Song эта ш 
оф sus ae (EL 
If n=2k, p=2m or n-2k*l, p-2m and n» n(i,r)*n, then 
i)- i (i) Е (1) Ws 
А RES ( D See mpm > 
PAK nag” Ақ, 6) 2 MT 200) ^®р-1 о 207 (4) 


> t(r,r)»1 -À 


is a Ca- 
So we have proved that the sequence {AX} лең 


i mplete 
uchy sequence and since X is sequentially comp , 


Sts x* eX such that 


с = х* ^ 
lim Axa 


n>% 


there exi- 
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According to the construction of the sequence [x } 


we have 


Since 


Lim Ах, = хх 
no 


we have the following implications 


* ; 
lim Ax, = x* => T(lim Ах) = Tx = lim ТАХ 1 


no no noo 
—» A(lim Тх,,) = Tx* => A(lim Тху) = Tx* 
n>% no 
Also 
a = 1 = ж = im S = 
lim Ax4,., =x" => S (lim Ax, _1) Sx* => lim БАХ, _] 
neo noo n--o 


- Ж = i 
Sx A(lim Sx, 1 
noo пә 


= Sx* = Ax* = Sx* , 


and it follows~ that 


Ax* = Sx* = Tx* 


Now we shall show that Ax* is a fixed point of 


£ (i) асе) ( 


5 Sx*-TAx* Sx*-ATx* 


i 
Ax*-A2x* 6) > E 


Е (i) £ (i) € 


Е ЗЫР 
= Fax*-A2x* (а (В) 2 m 


1 902° (2) 


£? (i) (i) (i) RE 
i Е (1 а (i 
> F p. = )>F ——— 
— ` Ax*-A^x* o? (4) 07 a 


where e(i) = nee > (n >n,). 


[аа ©) 


--т 
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e 
q(i 


n neN 


=> 


=> Ax* = Tx*. 


r= 


fc 


PE 


al 


a 


the mapping 


Е 
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\ 
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| 
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————— 4 one 

We have that 

pg (4) ( = уе ‚ for n >> 

Ax*-N x* О (a) 
and so 

pa ВЕЛИ 

Ax*-A x* 


for all е 20 and all і eI. This implies that 


Ax* = A? x* = A(Ax*) 


, 


i.e. Ax* is a fixed point of the mapping A. 


It is easy to see that Ax* is a fixed point of the ma- 
ppings S and T 


S(Ax*) = A(Sx*) A(Ax*) = Ax* 


and 
A(Ax*) = Ax* 


Ш 


Т(Ах*) = A(Tx*) 


Now we shall show that Ах* is а unique fixed point of 
the mappings A, S and T. If we suppose that xi is another  co- 
mmon fixed point of the mappings A, $ and T, we have that 


i £ (1) Е — ogg GU) 2 
Faxt-ax (S) EXE Sxt-Tx, | аа) ) Fax*- x, (ay? 2 
ae (a) ЕВЕ К est 
2-2 Ax*-Ax, опа) 2 Ax*-Ax) оп (+) 
for n+ and e(i) = gril (ije and for all ie I, which means 
ny 
ГТ «t£? à» 
s-o 
that 
ab E (Е) = 1 
Pax*= ge = Pax*-AX, 


for all g >0 and for ie I. From the last equality we have that 


Ax* = Жа 7 Ў 
\ 1 : A for the mappings 
which means that Ax* is the unique fixed point for PP 


А, S and т. 
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REZIME ! 


ТЕОВЕМЕ O ZAJEDNICKOJ NEPOKRETNOJ ТАСКТ FAMILIJE 
PRESLIKAVANJA U VEROVATNOSNIM LOKALNO KONVEKSNIM 
PROSTORIMA 


(X, CP.) ier t) je sekvencijalno kompletan verovatnosno lokalno konveksni 
prostor sa neprekidnom T-normom t. U radu je dokazana teorema 
u kojoj je dat potreban i dovoljan uslov za postojanje jedins- 
tvene nepokretne tačke za dva preslikavanja S i Т gde je S : X" | 
+X, T:X +X. Teorema glasi: Neprekidna preslikavanja S i Т ima- | 
ju jedinstvenu zajedničku nepokretnu tačku u X ako i samo ako | 
postoji neprekidno preslikavanje A: X^ SX N TX koje je komutativ- | 
no sa S i T, AX je verovatnosno ograničen podskup od X i zadovo | 


ljeni su sledeéi uslovi: 


l. Za svako ie I postoji q(i) 20 i £(i) € I tako da je 


i Е (1) 
ax-ay 5) 2 т, су 


za svako є 20 i svako х,у e X. 


£ 
p та 


2. Za svako ieI postoje brojevi ni eN i Q(i)e (0,1) tako да \ 
je D i I 
alf (2)) <Q(i) < 1 za svako n >n; | 


3. Za svako 1 єт postoji g(i) eI tako da је 


—— 
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nee 
f (i) g(i) 
FX (=) >к» (є) 
za svako € > 0, svako хЕХ і svako n ëN. 


Tada postoji jedan i samo jedan elemenat x* ë X takav da 
je Ax* jedinstvena nepokretna taéka za preslikavanja A, S iT. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ооо од т 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


à 


— ` 


m 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Zbornik radova Prirodno-matematiókog fakulteta-Univerzitet и Novom Sadu 
2 J 


knjiga 11 (1981) 


Review 0; Research Faculty of Setence-University of Novi Sad, Volume 11(1981) 


A NOTE ON QUOTIENT SPACES AND PARACOMPACTNESS 
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Vlahovića 3, Jugoslavija 


ABSTRACT 


The aim of the present paper is to study some propet- 
ties of space D, where D is an almost-upper semicontinuous de- 
composition of a topological space X with cuotient topology. 

The notation is standard except that а (А) will be used 


to denote the interior of the closure of A. 


1. DEFINITIONS AND SOME KNOWN RESULTS 


DEFINITION 1.1. A subset of a space is said to be 


regularly open iff it is the interior of some elosed set or 


equivalently iff it ts the intertor of i 
is said to be regularly closed iff it ts the closure of some 
open set or equivalently iff it їз the closure of tts oun tn- 


terior, |1|. 


ts oun closure. А set 


A subset is regularly open iff its complement is re- 


gularly closed. 


n И а 


7 E 
gular iff for any regularly elosed set F and any point 27; s 
there exist disjoint open sets containing F and x respective 


ty, |10|. 
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DEFINITION 1.3. А space X ts said to be almost nor- 
mal iff for every pair of disjoint sets A and B , one of which 
is closed and the other regularly elosed, there exist disjoint 


open sets U and V such that АСО, BC V, inmane 


TES 


DEFINITION 1.4 A subset Aof.aspace X ts U-nearly com- 


pact (N-closed) iff every X-regularly open cover of A has a 


finite subcovering, 111|. 


DEFINITION 1.5. A space X ts Locally nearly compact 
aff each point of X has an open netghbourhood U such that U is 
a-nearly compact, |2]. 


DEFINITION 1.6 A space X ts nearly paracompact tff 
every regularly open cover of X has a locally finite open re- 
finement, |12|. 


DEFINITION 1.7. Let X be a topological space and A 
a subset of X. The set A is a-nearly paracompact iff every X- 
regularly open cover of A has an X-open X-locally finite re- 
finement which covers А, lel. 


DEFINITION 1.8. А funetion f : Х-У is said to be 
almost continuous iff for each point x € X and each open пеїд- 
hbourhood М of £(x) in Y, there exists an open neighbourhood 
U of x in X such that #(0)с a(V), |9|. 


A function is almost continuous iff the inverse image 
of every regularly open set is open, 19|. 


DEFINITION 1.9. A function Е: X>Y is said to be 
almost closed (almost-open) iff for every regularly closed 
(regularly open) set F of X £(F) 15 closed (open) їп Y, E 


DEFINITION 1.10. A decomposition D of a topological 
space X ts almost-upper semicontinuous iff for each D in ? 
and each regularly open set Ч containing D there extsts ап 

open set V such that DcVcU and V is the union of members of 


74 - 
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THEOREM 1.1 А space Х ts almost regular iff for each 


point x € X and each regularly open set V containing x 
+ ~ 


there 
exists a regularly open set U such that x € UG ÚC V 
5 


110|. 


ТНЕОВЕМ 1.2. Let D be a decomposition of a topologi- 


cal space X and let D have а quotient topologys А decompedd= 


tion D ts almost-upper semicontinuous iff the projection P of 
x onto D ts almost closed, |7|. 


THEOREM 1.3. Let X be a topological space. Let D be 
ап almost-upper semicontinuous decomposition of X whose mem- 
bers are a-nearly compact subsets of X and Let D have а quo- 
tient topology. Then Ü ts, respectively, Hausdorff or almost 


regular, provided X has a corresponding property, Uf is 


THEOREM 1.4. If А is ап a-nearly paracompact sub- 
set of a Hausdorff space X and x a point XNA, then there are 
disjoint regularly open neighbourhoods of x and A, 151. 


ТНЕОВЕМ 1.5. If Е is an almost closed and continu- 
ous mapping of a normal (almost normal) space X onto a space 


Y, then Y ts noemal (almost normal), |4|. 


THEOREM 1.6. Let X be a nearly paracompact almost 
regular space. If Е: ХУ is an almost continuous, almost clo- 
sed surjectton, such that Ely) is a-nearly compact for each 


point yey, then Y is nearly paracompact almost regular, |81. 


THEOREM 1.7. If 28 an almost closed and continu- 
space X onto a T, spa- 


141. 


ous mapping of а Hausdorff paracomapet 


се У, then У ts paracompact regular, 


If X ts an almost regular topological 
U a regularly open 


THEOREM 1.8. 
bset 
Space, A an a-nearly paracompact ва 2 А 
O h- 
neighbourhood of A, then there exists а regularly open пет9 


y 15]. 
bourhood М of А such that AC VC V CU, 15] 


ts almost continuous 


TH rng f:iXtt 
FOREN. гаи E larly closed (regularly 


and almost closed, then for each regu 
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open) set F of Y, £ 1(P) is regularly elosed (regularly E 
ШІ Хе |81. 


ТНЕОВЕМ 1.10. А surjection mapping f : XY ¿s almos; 
closed iff for any subset В of Y and any regularly open set 
Uc X containing £ (В), there exists an open set V in Y such 


ЖООРУ виа = 0, |21. 


2. SOME CHARACTERIZATIONS OF QUOTIENT SPACES AND PARACOMPACTIE 


THEOREM 2.1. Let X be a Hausdorff space. Then for 
any disjoint subsets A and -В, where A is a-nearly paracompact} 
В is a-nearly compact, there exist disjoint regularly open 
sets U and V such that ACU and BCV. 


Proof. For each point хє B, by Theorem 1.4, the- 
re exist disjoint regularly open sets Us and уз such that 
AcU, j xeV.. The family 


и = (V, :x eB} 


is a cover of B by regularly open sets of X. Sinse B is а-пе- 
arly compact, there exist a finite number of points ХХ." 


Ха in В such that 


всу UV. U...UV . 
X х2 Xn 


Let 
U=U NU m ...n U and V =V UV, U...UV 
хі X5 хы 1 хі 2 n 
Now, we have AGU, BEV} and UNV, #0. Let у= o(V,). Now; U 
and V are regularly open subsets of X such that AC U, BC у 
and UNV=9. | 


ТНЕОВЕМ 2.2. If Е is an almost closed continues’ і 
mapping of a regular space X onto a space Y such that f qi 
is o-nearly paracompact for each point у € Y, then Y $8 reg" | 
Тат. 
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j Since, in regular space, every a-nearly 
paracompact subset is d-paracompact, then £l(y) is а-рагасот- 
pact for each PS P: Y € Y. Let y € Y and V be an open set conta- 
ining y. Then f (V) is an open set in X containing #1 (у) š 
since X is regular and £l) is о-рагасопрасЕ there exists а 


regularly open set U in X such that 


93 


eo) cucter? 


(V). 


сіпсе f is almost closed, then, by Theorem 1.10, there exists 
an open set W in Y such that y €W and £l (w) CU. Therefore,we 
Í have 

yewc£(U) =#(0) v. 


Since £ is almost closed and U is regularly closed, f(U) is 


closed. Hence we have 
yeWcao(W)cWcv. 


We have, that for every point y €Y and every open neighbour- 


hood V of y there exists an open set W such that y e Wc су, 
hence ¥ is regular. 
- COROLLARY 2.1. Regularity is preserved under perfect mappings. 
THEOREM 2.3. If £ is an almost closed almost continuous 
mapping of an almost regular space X onto а space y such 


that £ (y) is a-nearly paracompact for each point y € Y, then 


—M ..-2" 


Y ts almost regular. 


Let y € Y and V be a regularly open set of 
and almost co- 


Proo f. 
since f is almost closed 


| ntinuous, by Theorem 1.9, £ (g) is a regularly open set in 


= ү 
А i is 

X containing £ 1 (у) . Since X is almost regular and f (y) 
m 1.8, there exists а 


Y containing y. Then, 


&-nearly paracompact, then, by Theore 
\ regularly open set U in X such that 


к уус ve ü= SAD 


š i et W in 
Since £ is almost closed, then there exists an open 5 

| Y such that y eW ana g 1(w) со. Therefore, мезһауе 

1 

і уєисғ(0) = £ (Ü) < V- 
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Since f is almost closed, f(U) is closed. Hence we have 
y €eWca(w)c WC v. 


Since a(W) -W, then a(W) is a regularly open set containing y 
such that y ea (W) C a(W) CV, hence, by Theorem 1.1, Y is almost | 


regular. 


COROLLARY 2.2. If £ ts an almost closed, almost con- 
tinuous mapping of an almost regular spaces X onto a space Y 
such that Е f(y) is a-nearly compact for each point у є У, then 


У ts almost regular, |5|. 


P r oo f. Every a-nearly compact is a-nearly para- 


compact. 


THEOREM 2.4. Let X be a topological space. Let D be 
an almost-upper semtcontinuous decomposition of X whose mem- 
bers are a-nearly paracompact subsets of X and let D have а qu- 
ottent topology. If X is regular, thenthe projection P of a 
space X onto a space ® is closed. If X ts Hausdorff (regular , 


almost regular), then D is Ti (regular, almost regular). 


P ro o f. Let X be a regular. Now, we have that for 
every point Ael, A is an a-nearly paracompact subset in X. 
Since every a-nearly paracompact subset іп regular space is 
a-paracompact, then А is an a-paracompact subset in X. Let U 
be an open neighbourhood of A in X. Since A is a-paracompact, 
there exists an open neighbourhood W of A such that 


ACWCWCU. 


Now, а(М) is a regularly open neighbourhood of A. Since Ü is 
almost-upper semicontinuous, then there exists an open set V ( 
such that ACVCa(W) and V is the union of members of 0. NOW: I 
we have that for each A e D and each open set U containing В” | 
there exists an open set V such that AC V CU and V is the unio] 
of members of D, hence D is an upper semicontinuous decompos^ | 
n 0 


|| 


tion of X. Since D is an upper semicontinuous decompositio 


X 


re 


Ер гез (CY sy Я Тая 
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x, the projection P of a space X onto a space Ü is closed. If 
x is regular (almost regular) then D is, by Theorem 2.2 (Theo- 
rem 2.3) regular (almost regular). 


Now, let X be a Hausdorff space. Let A be any point of 


а-пеагіу paracompact subset in X. By 

en in X. Since a subset F of D is closed 
iff P ` (F) is closed in X, then the point АЕЙ is closed in D, 
hence D is T 


0. Then the set A is an 


Theorem 1.4 A is closed 
1° 


THEOREM 2.5. Let X be а topological spaces. Let D be 
an almost-upper semicontinuous decomposition of X whose members 
are a-nearly paracompact subset of X and let Ü have a quotient 
topology. If X ts a Hausdorff paracompact space, then D is para- 
compact regular. 


P 52 (о) о. Since Х is a Hausdorff paracompact space, 
then X is regular. By Theorem 2.4, D is regular. Since X is a 
Hausdorff space, then D is T,. Since every Hausdorff paracom- 
pact space is normal, X is normal. Since the projection of a 
Space X onto a space D is almost closed and continuous, it fo- 
llows easily from Theorem 1.7, that D is a regular and paraco- 


mpact space. 


THEOREM 2.6. Let X be a topological spaces. Let D be 
ап almost-upper semicontinuous decomposttton of X whose тет- 
bers are a-nearly compact subsets of X and let D have a quoti- 
ent topology. If X is paracompact regular, then D is paracom- 


Pact regular. 


e the members of D are a-nearly com- 
onto Й is almost 


Ргоо Е. Sinc 
Pact subsets of Х and the projection P of X 


then ? is paracompact regular. 


closed and continuous, 


(са! space. Let D be 
TH ole Let X be а topologica 
p 4 оп of Х and let D have 


an almost-u ; ‘пиоиз decomposttt 
er semtconttnuo А 
75 t normal),then D is 


4 quotient topology. If X 13 normal (atmos 


normal (almost normal). 
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1 Ye (e) (9) £: Since the projection P of a space X onto 
a space D is almost closed and continuous; then, by Theorem 1.5 


7 is normal (almost normal). 


THEOREM 2.8. Let X be a topological space. Let D be 
an almost-upper semicontinuous decomposition of X whose membera 
are a-nearly compact subsets of X and let D have a quottent to- 
pology. If X 75 nearly paracompact almost regular, then D is 


nearly paracompact almost regular. 


Proof. Since the members of D are a-nearly com- 
pact subsets of X and the projection P of X onto D is almost 
closed and continuous, then, by Theorem 1.6, D is nearly para- 


compact almost regular. 


LEMMA 2.1. If Е: Х-У is an almost closed almost con- 
tinuous mapping of a space X onto a space Y , then the image 
of every a-nearly compact subset in X is an -nearly compact 


subset tn Y. 


Pro o 6f. Let К be any a-nearly compact subset in X. 
Let 


U = {U : вет} 
be any Y-regularly open cover of £(K). Then 


= 


{f (0) 2a € I) 


is an X-regularly open cover of K. Since K is a-nearly compacts 
there exists a finite subset То of I such that 


кеі (U) зает}. 


Now, we have 
f(K)cU(U : ает }, 
a о 


hence £(K) is a-nearly compact. 


THEOREM 2.9. Let f:X+Y be an almost closed almost 
continuous mapping of a space X onto a space Y such that f (y) 


is a-nearly compact for each point y €e Y. If X ts а Hausdorff 
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locally nearly compact space, then Y "uS 
Hausdorff. 


locally nearly compact 


Р т (о) (о) 22, У is а Hausdorff space. Ие shall show that 


Y is locally nearly compact. Let y be any point of Y. Since X 
is locally nearly compact Hausdorff, for each point хе su 


there exists a regularly open neighbourhood K such that К is 
x x 
a-nearly compact. Now, the family 


К = (K. :xe£ l(y)) 


-1 2 - 
is ап X-open cover of f (у). Since Е 1 (у) is a-nearly compact, 
then there exist a finite number of points X) Хане eX, in £ ly) 
such that 
уе к mE 
X. 
i 
Let 
K = U{K, В Шел, росой c 
at 
Е цу)“ ge Since f is almost closed, then there exists an open 


set Vy containing y such that Еур) к. Hence, ме have 
° 
w Q = ) < f (K) 


Since £ is almost continuous and almost closed and К is а-пеаг- 
ly compact, then f(K) is a-nearly compact. Since У is Haus- 
dorff £(K) is closed. Therefore we have 


V SEIK). 
Since, every y-regularly closed subset of an a-nearly compact 
Subset is a-nearly compact, then V. is a-nearly compact. 


i that V is 
Now, V. is a Y-open neighbourhood of y such that V, 


а-пеак1у compact, hence Y is locally nearly compact. 


COROLLARY 2.3 Let £:X7¥ be an almost closed almost 


Continuous surjeection with М-с1 
locally сотрасъ Hausdorff, then Y 28 
Hausdorff БІНЕ 


овеа potnt inverses. If Х ts 
locally nearly compact 
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| 


THEOREM 2.10. Let X be a topological space. Let D be | 
an almost-upper semicontinuous decomposition of X whose memberg 
are a-nearly compact subsets of X and let D have a quottent to- 
pology. If X is locally nearly compact Hausdorff, then D ¿s 
locally nearly compact Hausdorff. 


proof. Since the members of D are a-nearly com- 
pact subsets of X and the projection P of X onto D is almost 
closed and continuous, then, by Theorem 2.9, D is locally 
nearly compact Hausdorff. 
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REZIME 


KOLICNIK PROSTORI I PARAKOMPAKTNOST 


Cilj rada je ispitivanje osobina prostora D , gde je 
D skoro polu-neprekidno razlaganje prostora X sa koliénik to- 
pologijom. 
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ON THE PREDICTION OF A FUNCTIONAL OF GAUSSIAN 
RANDOM PROCESS 


Zoran А. Ivković 


Prirodno-matematióki fakultet, Institut za matematiku 


Beograd, Studentski trg 16, Jugoslavija 


Let {&(t), Е ЕТ} be a real Gaussian process (centered 
at the expectation: ЕЕ (+) =0) and let п be a integrable functi- 
onal measurable with respect to o-field F(T) generated Бу 
[t£(t), te T). It is well-known that the conditional expectation 
Ба) =Е(Е (Ы) |F(S) |, SGT, coincides with the projection of &(t) 
on the Hilbert space н! (s) spanned on (£(t), tes). 


THEOREM . The functional n =E(n}F(S)) ts measurable 
ЕС respect to o-field ғ; generated by (E(t), ЕБЕТ». 
Proo Е. The conditional distribution (given F(S)) 
| Of n is determined by the family of the conditional distributi- 
Ons of the vectors (E(t ) ree ere (EQ Ж АЛАР ет. Тһе солды 
tional distribution of (Е (ty) reee rE (EQ )) is Gaussian, so it is 
| determined by the mean vector (E (ty) ree 5 (t. )) and the covari- 
ance matrix 
B- Посе, ,t,) |! р ее шш 
| b(t,, t) =Е((&(®{) - E (t;)) (Е (Е. )-2 (47 [ F9) ° 
| aa E(t)-E(t) is independent (fo 
| MOT ) is the constant E(&£(tj)- 
| the Бол distribution ог n depen 
| and its conditional expectation n depends only 


г Gaussian process) of F(S). So 
E(t, )) (E (5 = -E (t; )). In this way 
ds S of "Ec, кет, 

of E(t), tET. 


| 
| 
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Theorem is closely related to |2|, pp.73-78, but puts E A 
evidence the evaluation of n by {E(t)}. a 
u 


Example 1. Let НП (s) be the linear closure of all poly- 
nomials of the variables & (6), tes, the degree not greated than 
n. It is shown in |2| that n e H (T) implys ПЕН" (5). We precise 
this result showing that n belongs to the linear closure of all 
polynomias of the variables Ë (t), t ЄТ, the degree not greated 


than п. For this it is enouqh to see that 2 


Elg (Е)... Е (6,2 | F(S)) is а polynomials of 
к белй re Есе) of the degree п: 


E(E(t,) EC E(t.) [F(S)) = 


= 1 x exp(-i yo BE AGS g 
о а J| «oo. Jf yeas 7 MN 
(21)? ? (aetg)! 2 H n 473 ра, А 
E(t,)) (7E (£,))) аху... dx, = 1 Г 
- à х.- ; ss = — p. Ü — V S 
ЫЕ Ч D (21) 1/2 (getp) 1/2 ? 
n 
воо mi (ut (e) exp(-5 D PI B M guy: oteti = i 
k=1 i,j 
С 
= ЖЕ. E (t) - (Bi; is the cofactor of b (t,,t32) . 
| 
Observe that | 
Э я € 
PLAT PUR rtt eres Xp) Put Gase prag rtt rg) | 
хұ š 
c 
£ i 
ES APPLICATION TO THE PREDICTION 
Let T- Bes 19) S= (2 ,5], о <8- Then for fixed t,t? Sı 


= E(s,t) =B(E(t)|F,), (we put F(s) = s), is the best (in the se A 
ce of the minimal variance) о of E(t) by {Е (u), чё [to ki 


re 
Ё (s, t) coincides, for Gaussian process, with the best linear P 
ay diction which is widely elaborated for stationary process у; 
a í 

(Е(%),- =<& <=}. In the terms of predication problem Theorem 5 
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KIP sss a ee 
that the prediction n of an integrable functional п of Íí£(u), 


ue [s,”)} by (£Q), ue [t „= is the functional of í7(s,u), 


u € (Б,%11 


Ехапр1е 2. Prediction of the time over а level Бу Gau- 


ssian process. Supposing the continuity of {&(t), t»0) the fun- 


t 
ctional п = f I(£(u)»c)du, (I(.) is the indicator function), is 
5 5 
the time over the level с by the process {&(u)} during the time 
[s.t] . The prediction of n by í£(u), u<s} is 


i t ^ 
п = E (n|F,) - f P(£(u) >c|F.)du = Г à-*( Sah ee ап, 
5 5 УБ (а, а) 
where Ф(.) is the distribution function of a standard Gaussian 
variable. 
Example 3. The problem of the prediction of the process 
(Е), > ор, 5 (5) -f(E(t)), where #(.) is а non-random function, 


is posed in |1|. In the case f(x) =x? and the differentiable рго- 
cess {&(t), t >0} for which 
N-1 


Е) =) а. (ЕЕ , 
о 7 
(such process belongs to so called N-tiple Markov өске за the 
explicit formula for 2(5,6) in the terms of AEN) ро (s) is 


given. 
because the conditional distribution of Е (Е) 


But generaly, О 
(s,t) and b(t,t), we 


given F. is Gaussian with the parameters & 


have simple 


š s | #(х)ехр{- У ape 
Elst) =E(£(&(t))|F;) = ЕЕ 425 ушЫ 


= 9(2(6,5)) - 


' = А 
For instance, ің Ое ы [Hj ane а. 4 28,2 e 


differentiable function, we find © 
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REZIME 


О PREDVIDJANJU FUNKCIONALA GAUSOVOG \ 
SLUČAJNOG PROCESA 


Pokazuje se da je predvidjanje funkcionala Gausovog pro- 
cesa {&(t), te T) funkcional od linearnog predvidjanja {&(s,t) , 


жет). 
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A UNIFORMLY CONVERGENT SCHEME 
WITH QUASI-CONSTANT FITTING FACTORS* 


Dragoslav Herceg 
Prirodno-matematióki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


1. INTRODUCTION 
Consiđer the problem 
Lu(x): =- є20"(х) + g^(x)u(x) = f(x), хе (0,1) 
(BVP) и (о) = A, u(l) = B. 


Here с is a small positive constant, А and В are given consta- 
ts, g and f are in eO, g(o) =g(1) and а(х) > ү on [0,1] for 
some positive constant ү 

Under these assumptions (BVP) has a unique solution 
u ec?[o, 1] which in general displays a boundary layer at х=о 
and x=1 for "small" e, }1],|2],|3]. 

We want to Solve the above problem by difference apPróxima- 
tions on a non-uniform mesh which has more mesh points in the 
boundary regions than away from the boundary layers. In the ca- 
Se when the mesh is uniform our difference scheme is the sameas 
in [2] А 

Throughout the paper we shall let C,C,,--- denote positive 
constants that may take different values in different formulas, 
but that are always independent of € and hk; , і-1,2,...,п. We 
assume that the parameter є satisfies o<e<e, where є is a 


Positive constant. 


0, DIFFERENCE APPROX IMATION FOR (ВУР). 
Consider а non uniform mesh 


ня : 1іт1,2,... ,n) 


= = х 
T (xo ЭЛЕЕ) 


h 
уто 


ent Commu- 
° Work on this paper was in part sui UG n 
nity of Interest for Scientific Research o j 
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S n } = 
ет, тең, Ky e R, 3j=L,2,-.. n. h = О 
3j 9=1 3 
We want to choose kikar... sky in such a way that the 
following conditions are satisfied: š 
Tek; Ska ; jz1;2,-..,.m-l 
Ка Fm 
1<к.+]< 0; 2 j=m+l, m+2,...,n-1 . š 


Let 6=g(o)/e and for ЕО ЕЦ) 


-k; if i<m Kil if i«m u 
(1) a, = , 8% = 

Keay if i»m -ki if i>m 
Let ui denote the approximate value (to be determined) for u (xj) ( 


iz0,1,...,n. Ме approximate (BVP) by 


uo =A, 
(DBVP) Dane = Leu, + 92 (x, ) a, = £(xi), deal S210 о о оа 
Un = Вв, 
where 
h = - 
Lou: = (да+ (1 ауса, у + bju; + | 
+ ((1-d)a; + асі); + 5 
1 if i<m 
а = 0 
0 if i»m 
нев - 920) sinngagh 
aa 3 si B; , “д = 5 51 an or 
(2) 
Біз-а)- сі, 
(3) 5 = 1186 (В, - a, )h - sinhóg,h + sinhéa,h . | 


In the Appendix it is proved that а; < 0, с; <0, b; > 0. 


c 


ived 
The above difference approximation for (BVP) is derive 


as follows. For a fixed i €(1,2,...,n-1) consider a linear sy“ 


stem 


| 
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h 6. 2n E 
(4) LoF; 0) = SG Е (xi), j=1,2,3 


where F,(x)=1, Г. (х) =exp(6x), Е. (х) =exp(-6x). The solution of 
this system in given by (2) and (3). 


THEOREM . Suppose g,£ecl[o, 1], g(o) -а(1) and g(x) > 
> ү>о оп [0,1]. Then the solution u of (BYP) and the solution 
M of (DDVP) satisfy 


(5) [u (x4) - u, < Chk, 20А 


where C ts indepedent of i, h, kn and Е. 


Proof: We use in part: the notation, technique and 
n some results from [2] . Since а(о) = g(1) the solution of (BVP) 
can be written as 
u(x) = v(x) + w(x) + z(x) 


where 2 
ug (x) = £(x)/g° (x), v(x) = рехр(-6х), w(x) = gexp (ôx), 


-1 
p= (A-u, (о) + (u (1) - В)ехр(-6)) (1- ехр(-26)) 
а = (В-ы (1) + (u (о) - A)exp(-6)) (1- ехр(-25)) "exp (-6), 
[9] о 
\ and 2 (х) is the solution of 
( Lz(x) = f(x) - Lv(x) - w(x), хе (0,1) 


z(o) = uo (o) , 2(1) = ug (1) : 


For z(x) we obtain, |2), 


12 (93 (x) | <с(2+е275), j=0,1,2 - 
Defining the mesh functions {v;}; (wi, {z,} by 
L V; = Lv(x;); V = © , уа = VQ), 
Шы, = м (xj) wg “w (©) , wa =, 
h = = o) za Z Er 
{ Loz, = 12 (х), Zo z (o) n 
< 
| We have 
ved | чу Жуу a 


з = ғ апа 
y Using (4) and (DBVP) it is easy to show that v, = v(x;) 


Now, using these facts, we obtain 


мім (ху) for all о<і<п. 
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h 
(ОО у = = (2(x;)=2;) = Loz ry) - Dz(x;) 


We can write the (DBVP) as 


ALY, ~ fh ' 
where 
[a ] 
2 
ay bytg (x) 21 
b *g^ (x ) c 
an m m m 
2 
A = тн] Буне бы) ары 
с БО а 
п-1 п-1 nol n=l 


м = Гору, ри] Ds 


If we denote A, - Caha eR 


Emu = 
n+l 

oe БЕЛЕ Ж 
jfi 


Since 
тіп (( (Ар) 51 - 
і 


= min(g^ (x, ) rl) 
i 


we can now apply Theorem 1. from [4] and we conclude that А, is 


non singular and 


is zz 
(7) ПА, H. < 


nin 4215 


T 
f ГА, £64) ,. £x, 1) В] 


+ + 
u pte we have 


1 for і=1 апа i=ntl 


2 
Ligen se en 


(0 for ісі and i-n*l 


| 781.179,-1 for 1-2,3,5..,0 


9=1 
971 


> min (72,1) 20, 


1 
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2 = 
), | (Ар) ij |) = nin (b ita *c;+g (x,) ,1) 


Nov 
(i 
wl 
Wi 
( 
Га 
w 
5 
) 
f 
а 


M 


— MÀ 
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ee MOJEM 


Now from (6) we obtain 


(8) Цуца < ШАН ПЕН, 
where y Аы ва и and 
y, = ub) = шү ыы Lz(x,), 180,1, 2945 
Ме want to prove that 
(9) lips & Chk. 


and then (5) follows directly from (7) and (8). 


From (BVP) and (DBVP) follows 


2 2 Oana Bes 


" BAI E 
= (z"(x;) 5 sinhég,h(z(x,; 1) + (рр 


а. 
- (р ) SUDI) 


i 
sinhéa,h о 


where 


sinhóg,h i 


Since REOR 
i 1 — = 

= .) - (p + (СООКО) 

1-1) ар (фо Sr т )z (x; 5 ізі 


а (4-04) 22(х, 1) 2z (x1) 0 Ta 


2 a, (0,7 В; ) о. В; Bi (В; a, ) 


tp (z (x) - z (x; ,4)) ‚ 
and (see the Appendix) 


РАН) 2 


a, (0,7 81) о, Bs da tad: 
EE, 


' i 2" (x. ,1,)) 
z"(x.) 72 DER NE nino ERST 


= = = -z (0,} hk : 
2(%) тст (ө) 65543 xj) Ze ізі 


Ө. є (x, а) 
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в (Аа) 
DUNS 6 к ТОО n “i Е 
ІЗ => (х.)- —gsinhóg,h( ——————h'z (11) 


= pz" (0,)hk,,,) , E 
and r, = e? (z" (74) (1-Р)+(х,-т,)2" (nį) + pPhk; 12 (0;)) é 


where дай 
a; (a.-6;)6 В 
(11) p = —— — T sinh6g,h 
25 
Now we see that (т; © (x,_,/X;,4), ам. | <hk, ) 


ab u arl 


| === Sep ПЕС) Е d sup |z" (x) lhk; 
>  xe[0,1] xe [0,1] 


2 ЖУ ; : 
+ Е sup !27(х)!|-- (8.sinhéo.h - a.sinhég.h)kh, 2 
хе 0,11 RS al, 1! i m itl 
and since (see the Appendix) 0 < В. 511 ба.В - a.sinhéf.h <В.5, 
2 2 cU i i і — i 
(Sgh) (68 ;h) 


aa СЫСІ === we obtain (max(k,: i=1,2,...,n) 
asinh kih 4 j = 4 ; 


2 2 22 
zu ke р } 
ke Ке cli P| +e C,(1+1/e)hk; 1, + e 6 C,(1*e)hki,, } ^ 


3 


<> 


2,2 2 
(2, | 052 с 
[x | 50.2556 C; (hk...) + Cyhk,,, + С.Һк, < СВК, , 


i.e. (9) is proved. 


REMARK 1. In the case ki-l, i-1,2,...,n we have а uniform 
mesh and our scheme is the same as in [2]- In this case the 
estimate lu(x,)-u, | < ch2, i-0,1,...,n holds with the assump ~ 
tion that 4,Еес210,11, and then the proof of the theorem is 
not as complicated as in our case. | 


REMARK 2. From (5) it follows that the solution of (DBVP ) 

jd converges to that of (BVP) as max(x.-x. |) >0, as пзе uni- 
. 1 - 

formly іп е. і 1 


mmus. QUEE 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


— dH 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A uniformly convergent scheme with Jausi- 


—Ə——.Ç >>>. 


constant fitting :--:111 


3. APPENDIX 


In this section we denote for a fixed 


е (172 паты) а, Бу а and һү Бу в 


LEMMA 1. For а,,5,,с, from (2), we have 
a, <0, с; <0, bi0, i-1,2,...,n-1 
Proof: We shall consider three cases: 1) i =m; 
2) T < mz; eS) Ci me 
1) In this case -a=8 = hka and 
a, =c, =-0.5b, = -(0.58)?sinh ?(0.588h) <0 
i i “Sb; 5 „568 
2) In this case we have 1<-0<6 апа 
$=5(а,В) =sinhé(g-q) - sinhégh + sinhégh 
© 2k-1 ni (s 
ау На еа) 620-1 + 42-15 
k=1 (25-0)! 
© 2-1  2k-2 °: ск А 
(Sh eee о. 
узо. КО 
since óh» 0. Now we have 
2 (о) 
а. = OE sinh (07 (62 0) 
i S 
2 
с. = Я (O) <іпһбоһ < 0, (а < 0) 
i S 
ES с- =O е 
bz (a;+c;) 0 
3) In this case 1<-(-0) < - В and 5(«,8) -- S(-%- B). 


Since S(-a,- 8) > 0, this is proved іп 2), ме зше Siesa EM 


апа а, <0 (8<0), с,<0 (а>0). 


LEMMA 2. — If zeC^[0,1] then (10) is satisfied. 


Proof: We һауе for і<п 
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2 — Ж 
= toh) = 2(х.) + ohz^(x,) + 0. B (uh) =" (+ ) | 
PAR) A вл, i Ж”). | 
z (x; +1) E z (x, *Bh) E z (xi) + ghz ^ (x) + 0.5 (ВВ) 2" (1,) ; or 
Ty e (х, ух), ой, 
and 
IZA а) Do sc NG 
ПИО a a .2 )z(x;) а E 
a (a- B) a (a- B) 8(8-о) В (B-a) 
2 =a В " EL 2 " wl 
а г (cee 2.0750) = h 2" (т), mex xx 
1 2 i-1'"i41 
8-о 8-о у 
For i>m the proof is the same. " 
LEMMA 3. For S from (2) and P from (11) and for all W 
1<і<п-1 
(2) 0 < бвіпһбоһ - osinhógh < 85 , 
EA m 
(ii) < Su + Agna 7 
4sinh ZA 
(22%) |1-Р| < ( $82 


IP r © o f: First shall we consider the case i < т. 


(i): From 8B >-a>1 follows 


3» = w 
-og (В2К 2l gs 2) SO 7 кри, 
ROWE Ea i oku à 
k=1  (2k-1)! 55, $ B 
| and Ввіпһбаһ - asinhégh>0 . š 
! Ё 
| Now we have (58 > 0)  gsinhóoh - osinhégh - gS = 
© 2k-1 2k-2 NC 
h = Е с Saas 
(sh) {чу a a Я А т (2 1622-5 (а). — 
k=2  (2k-1)! ј=1 3 | 
| 2k-2 2k- = t | 
| Since -aß (B -а = 208825 Эў (2к-1)-вв(-«) É 2 (2k-1) = " 
vim 2k-3 К : m 
| 2k-1, ,2k-1- ЖАРАТ... 
| 8 x (S8 а) <0, for k>2, (ii) follows direc" | 
| i= JE | 
| tly. | 
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— 


(ii) Using the elementary properties of hyperbolic functi- 
ons we obtain 


cosh Le 
P = P(a,8) = 0.5а (а-в) 6h? И 
cosh — - cosh sh 
Now we have 
E (a,8) = 0.56 h2cosh Ja Q/ (cos Bao - cosh m ү 2% 
where 
у о = - (8-20) (cosh 20272909 _ cosh SEB) + a (а-8)6 nsinn?-22h., 
and we see that = (a,8) 20 if and only if 020, for В>-оа>1. 


We write Q in the form 


° 2k 
у 0.55h) C (p29) 28 _ g5) + 


Q = -(8-2a) 
k=o 2k! 
° 2k-1 ы 
ТЕПТІ ссу a 
k=1 (2k-1) ! 
© 2 
Q = - (В-2а) (0.56h) p 
) k=1 (2k)! 
í 
| 
| 4 - 2k 
where в; = (8-20) 2К(1 = СЦЕ 8); ез 15 . 
(8-20) 


2 2 
Ме immediately see that Ву =0, Rg-160 (a-8) «0, and that 


- 2 
з = BR, = les k(R-2a] о а 


В, <0 follows Ry,, < 0 and we conclude that 


B>-a>1. From this we obtain (a > -В) 


2 
Sgh) s inh"? (688 
р(а,в) > P(-B,8) = {95} sinh (у), 


X (4,8) »0 for 


which is the first part of (ii). 
Now we want to prove P(a,b) <1 +. (о: 
to T«0, where 


568h)2. This ine- 


A А 


quality is equivalent 


| 2 E ES 
| m = 0.52 (a= 8) cosn (0:59 05) 0 оозе сао der. 


| = cosh (0.568h)) . 
| СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


У 


114 Dragoslav Herceg 
Using Taylor expansions we obtain | 
222 E 0. 2 
v ОС, КОО 2202-5522 (-8-628252)/16 + y —:59b | 
k=2 (2k) ! 
where for К> 2 
2k 2k 22 
L = (1+ (0.5688) 20620- (0-20) 48)» ВТ 0.5а(а-8)64Һ 
2 2.212 
Since L, = a(a-8) (1.58?n28* - 88?- 4 (4«6?8?n?) o (a-8) < 0 
2 2k 
and L, = 80% - а(а-8) (4* (68h) ^) (8-20) 
we conclude that LL <0, КЗ...“ апа that T 07. | 
(ж 
с | ы 
(iii) Introducing the notation t-0.568h, y(t) = t^sính?t n 
from (ii) we have y(t) <P<1 + £^. Since y(t) <1 and l-y (t) «e à 
we obtain m: 
2 gi x 2 š 
|1-Р| <пах (t^, 1-у(%)) = t” = (0.568h) . ze 
MI 
In the case i» m we have -В > - (-а) >1, S<0, SB»0, р‹ 
5 (а,В) = -S(-a,-8), P(-a,-8) = Р(а,В) so that we obtain (i) , ni 
(ii) and (iii) ав in the case icm. 
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REZIME 


UNIFORMNO KONVERGENTNA SEMA SA KVAZIKONSTANTNIM 
FITING FAKTORIMA 


U radu se posmatra problem (FVP) pod pretpostavkama 
£,gecl(p,i], CHES) a ИО 550 ШІ; EZ €? 0, gore Y, A, BER 
Jedinstveno reSenje u ес, п ima u opStem sluéaju fenomen 
graniénog sloja u x-0 i x-1. Da bi Sto više tačaka bilo u gra- 
niénim slojevima za fiksan ukupan broj tačaka mreže diskreti- 
zacije, koristi se neekvidistantna mreža. Konvergencija unifor- 
mna ро Е dobijenog diferencnog postupka dokazana je u teoremi 
pod istim pretpostavkama kao odgovarajuća teorema za ekvidista- 


ntnu mrežu iz |2]. 
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SOME FINITE-DIFFERENCE SCHEMES FOR 
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1. INTRODUCTION 

И In paper |1| Bahvalov suggested a finite-difference me- 
thod on a non-uniform mesh for solving boundary value problem (1). 
The mesh points in that method are completely determined as va- 
lues of function A(s) at equidistant points, in such а way that 
the consistency error is uniform in perturbation parametat ғ.А 
second order convergence uniform in є is achived. 

In the paper presented here we shall consider meshes 
formed with more freedom in choosing mesh pointes,yet, implying 
convergence uniform in е. This enables us to achieve a greater 
number of mesh points in narrow regions of boundary layers. 

\ Consider the problem : 

і Lx(t): =- E?x* (6) + b ACE) (E) ЕСО оО 


(1) x(o) = Хо; x(1) = X, 
b(t) >В>0, te [0,1] 
where o< e< £5, €,€5, X ,Ху, беж. If b,£fec(0,1],then there ex- 


ists a unique solution x e c? [0,1] to problem (1), |7|. 

Further on, C will denote each positive constant inde - 
pendent of є. 

For problem (1) we can state (ap [4], [8D s 


LEMMA. Let L be the operator in (1) and y any smooth 


| function such that (aren ЕУ 3-0,1,..-.36! Ее [0,1] d 


M 


part supported by the Self- Manage- 


mm T 
м i tudy was in : 
ork on this research study fic Research of Vojvodina. 
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JUG ee м 
Then for 3-0,1,...,302 and te 0,1] 

(2) |y Ө) (=) | «cse 2 ехр (- tb(0)/e) + Е J expl- (1-t)b (1) /є)). 


2 
If, moreover, b? (0)y (0) =Ly (0) and b“(1)y(1)= Ly(1), then 


(2a) [у 9? (€) | < C (167 Jexp (= tb (0) /e) + €" Јехр C (1-t)b (1) /є)), 


3=0,1,..-,3042 te ІШІЛІП 


In this paper we shall use Bahvalov’s function А (5), 


[1|. Here we shall give its definition and some properties. 


Let a >o апа де (о,о.5) be arbitrary constants indepen- 


dent of є and 
у ($) = ae ln(q/(q-s)), s е [o,a). 
Let (a,W(a)) denote the point of contact of a tangent 


line taking the value 0.5 at 0.5, to the curve } (5). о is the 
solution of equation 


w(x) = 0.5 + (x) (x-0.5) . 


ТЕ is easy to prove that this equation has a unique solution 
ае [0,q) when ae«q«0.5. Ме can determine a from a =q- а/х,, 
where X, is a limit of the series 


X57 l, Xk+ Хут Һ(хұ)/Һһ7(хұ), К-0, 1, ... 
and h(x) =Inx- (1-0.5/q)x + 1-0.5/(ae) 


Now we can define А (5). For ae >q we take A(s)=S ; 
se [0,1] and for ae<q let 


ф(5) , se[0,a] 
A(s) = 44 (9) + p~ (a) (s-a) , зе [a,0.5] - 
(Uc AGES) „ 5а |057 1) 


For à(s) we have A(s) >0, X(s)»0, ве [0,1] and when ав <q 
077 зе lO, cl 

0 А зе (о, l-a). 

о, Фо е 


и tv 


(3) A" (s) 


|^ 
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b The contact point of the tangent, parallel with line 

" (s-q)/(1-2q), to the curve ($) is denoted by (a9 (а. )). ие 
һауе a< a, and в, =q- 416, а, =а(1-24). 

Ву (a5,(a5)) ме denote the contact point of the tan- 
gent, parallel with line s, to the curve w(s). Now а, <а, а, = 
=q- ae 
2. DISCRETISATION MESH 

y 
| We form the discretisation of (1) оп the mesh I= (to 
trees ta), n= 2m, m> 2, шем, where 

to - О et Е ат =*0Ж Б; 

(a) tea = booty, o 
Since t,=0, ty 9-5 and the points ti for i=mtl,... 
.,n are determined when tir i-21,2,...,m-1, are known , ме 
shall, when constructing the mesh т, give only the points tir 
ісі,2,...,ш-1. We shall consider two cases: case А and case B 
Do: mesh contruction. 


For ae > д each non-uniform mesh I, is convenient for 


the numerical solution of problem (1) when discretisation is 


given as in |1|, because we achieve convergence uniform ine. 


From now on we shall consider only the сава ae <а, i.e. Ео=Ч/а- 
We shall not consider the case b^(0)y(0) = Ly(0) and 

|| Ы (1)у (2) = у (1) when the uniform convergence can be easily 

Proved by using (2a). 

| Let т(=) be such a function that т(=) <0.5 and 


| (5) ехр(-т(=)/(а=)) <Се, ее (0,€,], 


| 


\ for example т(є) = g{k=1)/k for k2 2, €, small enough,or T(E) 


(о). Define K=s,/n,, where 


| 


| s. = а(1-ехр(-т (2) /(ає))), по > 29/ (1-29), поем - 
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OI 
Then K (nt?) LORS t 2<m and s, <q ! prac 
Case A. Й If 
Let = A (Ki), i-1,2,...,nj*l. If n +2 = м, we have | 
tn.42 = 0.5 and if not2<m, we take the points tj, i-ng42,.. (7) 
° 
...m-1, arbitrarily ,but with property (4). m. 
Then, using (3), we have Ke. 
(6) Ее: >K X(Ki)»t;-ti = i=1,2,... n. T (8) 
tiu ty sk X (Ki) <t;-t;_ , f i-n-ng,...,n-l 
Case B. | 
For i-1,2,...,ngtl we choose ti as in case A, and for 
i-cno*2,...,m let it be possible to choose ti so that tj- 
t t = t zat " 
n *2 notl notl no 
CPEi S cients S S i-ngt2,...,m-1 n 
(9) 
for some p = p(i) e (2,3, ..,i-nj). 
wit 
3. DISCRETISATION OF (1) Ж 
Ме shall have two discretisations of problem (1) for i 
both cases, A and B, of mesh construction. 
Case A. whe 
Define 
1 ЕШ 1 1 E тей 
LX (ti): a,x(t,_,)+ b x(t, )+ ce x(t, 1) , 1=1,2,.../ 
where 
1 22 
а. = < 0 
1. , 
име) ^h 
1 2 / 
pes о. | 
i 1) (617 63) 
1 = 
с = Е бс НЕН НЕ ЧА 0 Ele 
(es Ne. t: 
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If b,£ecl[o,1], then 


он = usas 1 
(7) cnp, eo Ее 
7 k © ' 
with 59:5: , Ке1,2, 4=1,2,... 0-1, and if b, £e C o, 
| then 
le 10е = " КЕ 2 
о. 
г), 
a 3 
T 22481247) iv, 1 
D (91) , 
( 1200, c 6r) 
5 SAO Е NODE 1=1,2 = 
СЕ а 26 Қы peii 7 гёр ,Ї 
The system of linear equations 
хы (to? = Хо 7 xy (t4) = X, 
(9) 


2.1 | = hs 
€ LX, (ti? + b(ti)x, (t1) = £(t,) ИЕ 


c c Tg = 
with solution x, = (хр (t)),x, (Еу),...,хр(& )) e RU is а dis 
cretisation of (1). 


\ We can write discretisation (9) in the form: 
U 


| 


2 
Е Арх, + BaXQ = fh! 
+1, 1+1 
where В, = diag(0,b (t,),... (6, 1),0) em Р 


T T1 
f, = (Xo (ty) LSU CE EK, 


Е ] 
1 1 1 
ay bi сү. ! 
1 1 1 
52-92% 
A= Rae E 
і Е ті Š 1 1 
| а-у Pn-i ©п-1 


2 
Е 


Elements of matrix A, equal to zero are not indicated: 
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Case B. 
Now we shall define the discretisation of (1) on the 
mesh for case B. For і-0,1,... ‘По and i-n-ng, seen the dis. 


cretisation is given as in (9), and otherwise by (1 


DNO ды 22 
S ах, (64) * b (£,)xy (ti) - £(ti); for i-ngtl,...,m 


БЕ (сі) + b(t,) x, (Е, ) = £(ti), for iemtl,... none AS 
where 
2 y a dt 
Lx (ty) = ajx (tip? + cix (tj) + b,x(t,) ах (tig) E 
3 3 I 
Lx (ti) - a,x(t;_,) + bix(ti) E c,x(t;1)) ha, ЕВ 
Natural numbers р=р(1) for i-ngt2,...,m-1l are given in the 4 
construction of the mesh for case B, and for icmtl,...,n-ng-2 
we take p(i)=p(n-i). Since tn +2 nol - tnr n. and tl 
Е imply 5 зао, ме can formally take p(ng*1) = де 
=р (п) =0 апа р(п-по-1) =0. no 
The coefficients in the given schemes are, (БІ: | 
ae 2 (25*24) eit -2(z,*25*24) | 
i , i = , 
zi(21725) (2,-2:) 2,222; 
19522 2(2, + 23) rae 2(2 + 22) 
i А; = , i = = | 
22(2: 21) (2, 23) Zz (24-2) (2 2.) | 
wh 
where 2ұ = 2, (i), k=1,2,3, 
9 
t 58 for 2 а 
ізі “il D = (Ge eë do Gem и 
2. = Ж 
1 ДЕ 3 2 3 | 
И (t; t3 for Lh | Е T for 1р | 
2». 2 x, ar 
ee (ty ta)? "MESS Ln | 
3 
. Vaso tay a "HERO La 
For ai; bir сү, di from 12 we сап state a, <0, b,>0, euer 
d, «0. | 
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2 For k-2,3 and b,f e c [oT] we have 
к к 1 ix 
ваг 0) 05 DELI ех 
(10) Pi x"(t;) = Іһх(6,) = > (ziz5*z z4*z2.)x ы (84). 
a2 ЕЗ 
ро Е а 


As in case A, we can now write the discretisation in the form 


cA, + Врха = 8, 
where В, апа fu are defined as before. The matrix An for this 


{ сазе is formed analogously as in case A. 


4. CONSTSTENCY ERROR 


T n+l 2 Zh 
Define r- (0,r, r5, 5. 1/0) ер with fict 0}, 
isz1,2,...,;n-1, where р1 is given by (7) or (8), and let R de- 
note: 
T n+1 
| R = (0,R,,Ro,...,Ry 1,0) ек 7 
| 
| | 28 7 Span acon 
2 = 
| Д ei 5 i-ngtl,. 7m 
R; = Е оз , i-m-*l, .,n-ng-l , 
| el " i-n-ng, „П 
| k z(x.,x x {oe 
where о, k=2,3, аге given Бу ОВО ата а дата 
te.: 
emt) det ||x|{ = max [xil and let h, , hg deno 
1<і<п+1 
ж м. = max (ti-ti. ay 
Wa = ee бее Boon %2<ісшеі UNS 
і По+1<1< 
ре а = min(b(0), b(1)) - 
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THEOREM 1. Let b,fecl[p,1]and a» 1/а 


ПЕЙ Соп + hà) ; 


where г ts given by ol from (7). 
i? Ye (e) ОР f: Using (7) and (2) we have 


si 
+ exp(- (1-t 1)5(1)/е))), i-1,2,...,n-1 


ТЕ n-4l«icn-n-1, then 
о = — ° 


с = à(s) = tle) and 
o 

Ba an S = 1- за 

itl— mn, ng = 1 т(є) 


and because of (5) and аа > 1, we conclude 


< - - 
(11) |г,|<С max (titir %,-4%, 1). 


ізі 


When 1<i< ntl, we have t, «0.5, and e lexp(- (1-t,, у)5(1)/© 


is bounded uniformly in e.Fromthis and because of 


c 
т e(t, ir t) (ite exp(-t, ,b(0)/e))« 


<CKA“(K(it1)) (1+ lexp(-t, 16 (0) /є)) < 


< © 


o 


Now let us show 


c 

(12) какы . 

Since 

(13) A (s) <j (a) <w (o) = 1/ (1-2q) , 


we just have to prove 


(14) A (K(i+1))e lexp(-t, 1Ь(0)/е) < C 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


= 
|. | se? Шах dct cue Сехр (== b (0)/e) 


п A (K(441)) (1+e Vexp(-t;_,b(0)/€e)) . 


fi 


-— 
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Е 1. аҙ < K(i-1). Then we have ле, ‚ апа 


exp (-6;_ n2 (0)/c) < exp (-à (a5)b(0)/e) = 
о. 
from where, using (13), ме get (14), because ac < а and ad» 1. 


ы Е 92: Now we consider two cases. 


2502 KCi-1) < min(a,q-4K). We conclude 


е 
| exp(-t, jb (0)/e) = [(a- x (i2 1)) /g] 2? (0) Mud 
х(к(ізі)) < y ^ (K(i*1)) = ає/(9-К(1+1)) < 2ає/ (q-K(i-1)) , 

because from K(i-1) < q-4K we get 0.5(q-K(i-1)) < q-K(it1). Тһе 

above relations imply (14). 

2.2. min(a,q-4K) < K(i-1)<a,- Since о> оа, ме have 

q-4K < K(i-1) < а: = qae, 
que 
| (15) Е < 4К/а am 
| Now consider the inequality 
2 =? 
lx, | < 2-2 пах Ix" (Е) | < Ce (Ite "exp(-t, jb (0) /=) + 
Td =: 
tele е 
2 
+ € expt (1-6, )b(1)/e)) < C(e“+exp(-t; 1р (02/60). . 

| il = 
| Because of 
| a b(0) ab(0) 
| exp(-t, 1р (0) /є) < (4K/q) < (4/n,) 

and (15), we get (12) directly. 
| For the case n-nc-1 < і <п-1 ме can prove (12) analogo- 
EC the theorem 
| From (11) and (12) we get the statement of e еогеп. 
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THEOREM 2. Let b,£eC?[0,1] and ad» 2. Phen | 
Nese Оо) 
1 
where г ts given by Pi from (8). 


Proof: When notl < 1<п-1, we can prove relation 


(11) in the same way as in Theorem 1. For other values of i we 


shall prove 


2 
(16) [Бү ес ше 
Using (6) we have for 1<і< n, 1 i 


Ix, | se^ co, 


= 1 = n 
Р = Cin en |x!" (ti) le 
EL 2 у 
© = 15 (tit ti) 2 Mm DA л [еу] | 
1-17 “itl 


We can show that 20 < C/n? analogously to Theorem 1. 


| 
Now let us consider P. We have ) 
| 


ON ane 2 n a 
tip titti- SK A" (K(it1)) <K V (оу) 


D 1 


= k^ac/ (9-0) 2 < C/ (n? Borm 

= ° 
2р < c/n? when | 
Ki>&,, in the same way as in part l. of the proof of Theorem 
l. | 


Using the above inequality we can prove that € 


When Ki < 92 and Кі <піп(а,а-2К), we use 


A" (K(i*1)) = ae/(q-K(it1))? < 4ає/ (q- Ki)? 
to conclude the same fact, analogously to part 2.1. of the | 
proof of Theorem 1. | 
| 


When 4-2К< Кі<о., the proof is the same as in the pre 
vious theorem. 


For n-no-1 <i<n-l the proof is analogous. 
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Case B. 


THEOREM 3. Let b,f ec^[o,1] and ad»2. Then 


2 2 
WRI, * C(1/n$ +В; ) 


PTE ов: When i-1,2,...,nj and i-n-ng,...,n, we 
have 
IR, | Ir, | < C/n$ 
The proof is the same as in the previous theorem. 
For other i we have, because of (10), 
2 25892 -4 
EN ie max (25,24) (1*&€ exp СЕ; (ype), i-ng*l,...,m 


2 2 2 -4 
IR, [< СЕ max (25,25) (1+6 exp(- (1-ti,5 (1) (1) /e)) ; 


i=m+1,...,n-n -1 
° 


p(i) 2 t (8) and ti+p(i) < l-t (£), and from 


But here we have tic 


(5) and аа > 2 we conclude 


IR; | «C max (=.- 2 


Же АУ, ПИЯ пелі 
n *2«jem-1 J 3 P0) PUE =, Жао 
о — 


This completes the proof of the theorem. 


5. CONVERGENCE UNIFORM IN = 


Discretisations of (1) in both cases of paragraph 3. 
Can be written in the form 


(17) ea x, ч B h = fn , 
where AL, Вр eR ey xf, em?! are defined as in para - 


graph 3. Let xh denote the restriction of the exact solution 
ntl 
9f problem (1) to mesh In; and let r,RER 


in the previous paragraph. 


be the same as 


Now we have 


(18) г?л х? E врх? = f, = 


for case A and 
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тышы a E: 
2 h ПЕ С 
(19) Е Арх + Ве = fn R 
for case B. ше, 
From (17) and (18) we get anc 
° ШЕ Их = 5 
(20) £^ A, (x хр) + By (X -Xh m 


and, analogously, for case B: 


h 
(21) б О + вр) (xm) =-В. a 
res 
9 2 4 ( sat 
THEOREM 4. The matrices € A, +В; in both cases A 


and B are regular and 


lle? +в) Il, < 1/min (82,1) 


: *1,n*l f j 
Proof: For matrix С, zen ева ln defined by (2: 
С, = c? + В 
h Eno Bh 
we have 
с11>0, at = 0, 1, os, 1 o, 
ena SUr і # Ji i,j = 0,1, n ‚ anc 
| 
Since at tye т Gs = @ p. gN 2 yn and clu 
ddr i 
а, + bi С а, =0, 1=1,2, pH9- 0 
we get Ж ic. 
n n I5. 9 talp2pooagites: 
; ley, | Ге Же ; сіз T 
j=0 j=o LO p 40m (the 
` j#i jzi 
where Б, denotes by or bi. Now me 
Е lane 
уе H " = fa b 
5:= тїп (іс il - } 16131) = тіп (еза) {2 
o<i<n : 1<1<п- 1 
Ет = 1-0 — | 
ії du 


ig we ge 


25 2 
Because of сіі 7b, +b (£1) and b (t) >В, = ры от 
с1мае 
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S > ат (82,1) >0 


i dM dia | i i i 
| Su Theorem rom |9| implies that С, із a regular matrix 
an 


КЕ < 1 /min(02,1) Р 


which completes the proof. 


h 
THEOREM 5. Let x, and xb denote restrictions of the 
exact solution of PEOR (1) = Ty in case A and in case В, 


respectively, and let хр апа za denote solutions to disereti- 


sations tn case A and в, ус с Тһеп 


— 


1/ng + hy (when b,fecl[o,1], ad»1 


(22) Ih = sal е ° i i 
l/nj + h, ,vhen Ь,Ғес [0,1], ad>2 
А h B Zime) 2 
(23) lx, = x ||. SC(1/nj*h$) , when Б,Ғес [0,1], аа>2. 
Ру О 6: From (20) we have 


xh ХАН. < +в) VH. ИЕН, s 


| and using the previous theorem and Theorems 1. and 2. we con- 


{clude (22). 
Using Theorem 3. we prove (23) for case B. 


`6. REMARKS 


l. We use a symmetric mesh and even n just to show 
the main ideas of the paper ina simpler manner. 
| 2. Even the function А(в) need not be centrally sy - 
metric. We can take A (s) for зе [0,0.5] with а-а), аза, 
Ж (5) for зе (0.5, i] with а-а, а-аҙ, where a,b(0) , 
|20 (1) >к, k=1,2 


| 3. If ме take +. =A(i/n), we obtain Bahvalov s result 
| i 
ІНЕ 

| 


n^ 
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4. It is naturally more interesting to consider the 


case s, <@. when we take т(є) = A (0,), ме have s, -0, <а. 


for each e there is К-2,3,... , Such that 


Besides, 
(k-1)/k 


s <a.<a when we take т (Е) "€ 


є— 2 
5. The error of the numerical method gets smaller 
when n grows, but in such a way that ny grows and the maxi - 


mal step od difference schemes decreases outside the boundary 


layers. 


7. NUMERICAL EXAMPLE 


We shall illustrate the theoretical results with so- 


me computational results for the problem 


eee, SAO) = хі) -0 


with solution 


exp((t-0.5)/e) + exp ((0.5-t) /є) 
МӨ) пе —— rss . 
exp(0.5/e) + ехр(-0.5/е) 


This example represents a linear model of a catalytic reacti- 
on and it has been numerically treated in |21, [6], |81. 

Since х(+)=х (1-6), we shall find the numerical solu- 
tion only for te [0,0.5]. The number of mesh points in (0,0.51 
is denotedas before by m. The number m, denotes how many mesh 
points are in Ір n (0,є]. 

Ih tables I, II and III we give the results for п-20! 
q-0.4, a-2. The values 


x (&)-x, (£4) | 


Gje, = NERS ter П (0.є] 
| EC) Е | 
а 
= к | x(t)-x, (t) 
lU xy (ty) | en 


the 


where x(t) denotes the exact solution and x, (t) denotes 
numerical solution to the given problem, are given in % 
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Table I contains the numerical results for case А and 
for case B. Number k is the smallest 


c 0-1) /k 


integer which satisfies 


T(E) : = SISSE 


we used the meshes with points t; =A(Ki), i-1,2,...,n *1, and 
x ° 
t,, i-n,*2,...,m-1, which are given in Table II. 
Ñ o -9 S IIS 
кой mcm 77 2 P2 in case B it is not possible to 


keep the same number (nine) of mesh points in (0,€1, because 


of the conditions that the mesh satisfy (2. Case B). Put we 


used the knots tno+2 and tn +3 with the property 


n ay ë E 


< 
n +1- 
° ° 


n +3 “n Ios 4 
° ° 
and a non-equidistant three-point scheme at mesh points ta +1 


о 


Ë Then estimate (23) is still valid, since for a three- 


п_+2 
point scheme we have 


pra ame 
[z, 1 < Cre max (tip tirti ti) S hg , izn tln +2, 


when ad ?2. 


Table III shows the numerical results for the case t,- 


— 


=\(i/m) (as in |1]). 


TABLE I Case А Case B 
TABLE г — 
3 + $ 
Е k ng m. 95% 9 95 g 
: ga 9 12 9 0.226 0.414 0.126 0.659 
аб 12 9 02596 1.388 2.402 28-514 


23 12 9 1.033 2.200 4.868 7.975 
Гей аф 12 9 1.385 2.232 7.548 12.175 
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y 
TABLE II, Case A T 
le 
FPI у  — —H = - 
22255 s= A mis NE 
CIO T DENN 
ӘП 5-97 Е-2 3.71 E-3 2.51 Е-4 1.42 FEP 2 
( 
Big 1250 Е-2 5.08 E-3 4.61 Е-4 2.61 Е-5 
1 
Cass 9991 Е-2 9.17 E-3 1.41 Е-3 1.23 ЕС 
1 
Eno: 1.34 E-1 2.14 E-2 5.68 E-3 9.19 E-4 Н 
1 
tig 2-00 ЕЗІ 5.82 Е-2 2.49 Е-2 7.45 Е-3 
1 
t 3.11 El 1.69 E-1 1.11 Е-1 6.10 Е-2 
19 | 
| 
TABLE II, Case В 
= = = =17 
Е=2 5 є=2 2 e=2 13 Е=2 
E 5.78 E-2 7.16 E-3 6.92 E-4 7.38 E-5 
tis 6.85 E-2 2.26 E-2 1.63 E-2 1.57 E-2 
Sac 8.77 E-2 3.80 E-2 3.19 E-2 3.13 E-2 
tig 1.22 E-l 6.88 E-2 6.31 E-2 6.26 E-2 
ев 1.85 E-1 1.30 E-1 1.26 E-1 Пе | 
ео 2.97 E-1 2.54 E-1 2.50 E-1 2.50 E-1 | 
LL aL ei uu M M st ( 
TABLE III 
Sas 95% ge 
a 6 0.130 0.119 
2292476 0.132 0.220 
a 19 G 0.134 0.297 
- 7 
d @ 0.135 0.389 
Í 
From the numerical results we can conclude that Js | 


еп” | 
and g do not change much when є decreases, i.e. the conver?" | 
5 
се Of given difference schemes is uniform in є. The гей 
from Table III are determined by є, д, a апа m. Table i 9 


A Я a in 
that it is possible to achieve a greater number шо, than 
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5 and 4 are greater, but still to- 


lerable, especially gs which is more interesting. 


on. The automatical construction of an optimal mesh has 


These are only some possibilities of mesh constructi- 


not 


been considered. 
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zbor 
191 Varah, J.M., А Lower Bound for the Smallest Singu- | Вет 
lar Value of а Matrix, Linear Algebra 
Mots о thls Өлш By UE 
REZIME 
NEKE DIFERENCNE SEME ZA SINGULARNI 
PERTURBACIONI PROBLEM NA NEEKVIDISTANTNOJ ИВЕЙТ ( 

U radu se posmatra diskretizacija problema (1) na ne 
ekvidistantnoj mreži (4). Pri tom se mreža In formira tako da (1) 
diskretni analogoni za (1), dobijeni primenom operatora IKE A 
i i2 , slučaj A i slučaj В, imaju jedinstvena rešenja koja wni- SUE 
formno po Е konvergiraju ka reSenju problema (1) kada nose i SUPI 
h,>0, odnosno hg + 0. Kada se čvorovi ti mreze In odredjuju (2) 
prema t; = A(i/n) , і-0,1,...,п, dobija se poznati rezultat " 

о s 
Bahvalova |1|. Slobodniji izbor čvorova mreže koji se predla- l. 
ec 
Ze u ovom radu omogućava da, u odnosu na mrežu Bahvalova, ve | 
бі broj čvorova leži u uskom graničnom sloju, pri istom ukup- 
nom broju tačaka mreže. 9 
"Au: 
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ON ALTERNATIVE NONSTATIONARY ITERATIVE 
PROCEDURES 


Katarina Surla 
Prirodno-matematickt fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


In this paper the equation 


(1) х = Tk + ЖИЛЕ ЕВ 


is considered in а Banach s partially ordered space В. It is 
supposed that T is a linear operator and that 


(2) u<v = Ти> Ту, (u,v €B) - 


(о solve equation (1) а nonstationary iterative procedure is 
used 
2 SME +Е (п-1,2,..., ос п=2,3,... ) 
ПЕ! 
(3) { 
Tx = Tx+p, 2 0 €B; (25,2, ЕВ) . 


"Auxiliary" operators Ax and B, are introduced so that 


весео ake 


Where x is a fixed element of space B which is expressed зен 
quence (3). In this way it is possible to construct invariant 


intervals for operator Т^. 


| T^x = Tx + f 
o А E ion and an accelera- 
mich allows an a posteriori error estimati 


i i sults represent а 
Hon Of the procedure (3). The achieved re 


i alternative 
ee of the results from ti] concering the 


|] 
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iterative sequences.In Lemmal the idea of proving the statement 
1.2 |1| was used. For the sequence z, it cannot be stated that 
it converges to the solution of equation (1), but for each k, 
fixed by the conditions of the following theorems, it is possi- 
ble to determine a neighbourhood of the point x*, x*- being the 
solution of equation (1), to which 2% belongs. Furthermore , jt 
is possible to determine the point from that neighbourhood which 
represents a better approximation for x* than 2% is. Тһе neigh- 
bourhood diametar depends on the operators Ak and By and can be 


made small up to the extent to which we are able to determine these 


-- 


operators. Let us list some notations which will be used in 
this paper. 


= C TONO 
(5) Xa т +Е, Хо ЕВ (пті ) 
б) { $254 = OZ), 7 224-1 ве ) 
$25i41 221 Т 2541 ЕОР) 
(7) Gz, (s) = рат 362}. 
(8) Iz (s,t,p,q) = [Gm (s) +t, , Ga, (р) + а; 


ы гі 


=- 4 - A 
Шашты з олш ду tB Ay Вх) Uk c PEAK kee 


2 TE 2, 
o (A,B) =T Biz, 2%Аұау (Ау +В) uy ALB 2 


where 
uk = 21 ` (A,+B,)2, 5 for k-2i 
шо) u, = 2 k =2i+1 
k k-2 for 
= - = +A, Е 
б (2,В)-(В,-Аұ)2, 1%(БұА “А By) uy-ByAy 2,9 tA 
(11) > =s ae 242. Е 
Ф (А,В) = (АВ) zy. c (Ау +В) uy +A, By 2) 2%Вұ 
( 
е 2511 
ха : LEMMA 1. Let the equation (1) be given in Bwit^ tne | 


7 ; д 22492 di- 
monotonously non-inereasing operator T which satisfies 29" 


tion (2). Let feb some j in sequence (5) there exist р. ‚а; € B 5° that 
it holds that Е: 
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(12) p; < х; <q, (i-j-1,3) and 


eau tate Ís: + 7 

| Pa 25343-15 544 
ера + oD 
2j € 94P421 7 53Р4 


where 5} and 5. are real numbers and 


(14) 0<5.<5 


137 


Then, for j=2i operator T° maps the interval Ix, (-8,0,-s,0) 


into itself and for ј=2і+1 the same operator maps the interval 


IX (5,0: 5,0) ZZto ТББ CURS 


P т olosi Let j=2i. From (12) and (13) we get 


(15) 5.0. + S63 < OX < SIE Oe + 5.6х. 
J = jm Jo 


By ¿pplying operator T onto the inequality (15), because of 


б = тоху ‚ we get 
x. = 5.6х BO SIRO S ЫН 
J о МЮУ ay 3p 3 
Voz To RE 
= x. = $.6х. 
Yo =F au 7 3 
м = х = 5068 
o J а eJ 


From (15) it also follows that 


+f =u 
Ug 5290 1 


Because of (14) Чо < Vo so that 


Ul. tee < CONV 
Oo = 


1 LSO 


For an arbitrary s € [uo Yol it holds that 


ui = Ov, + боле e une Š s = m 


Hence, operator Т^ leaves 


In a similar way, the 
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COROLLARY 1. The quantities Pidi (i=j,j-1) determi- , 


ned in Lemma 1 are nonnegative. 


THEOREM 1. Let the linear monotonously nontnereasing 
operator т be defined in B. Let for some k»2 in sequence (3) the 


following hold 


= =k,k-1 
ihe als (T Ap) up < TU, < (TB Yk (n=k, ) 


epi б = Ak eR) 2-2 


1.2. There are 9,» Gy ЕВ such that | 


0«g, < G 


k k 
a). Гот k=2i 
(1-6,)6 ZT 9,6 7% ү >(А tg, By +С By wy + 9. (A,R) +3, .% K (А,В) 
суб 20-17 (1 -4,26 Bn È (By *gy Ay tC Ay) wy + a (А,Б) +9 % (А,В) 
© = йл т р 2 
b) К=21+1 


E = Ф- 3 
(1-©,)6 2-96 z, , > (By +, Ay IGLA) z, 2% K (A, B) +6 % (А,В) 


Sits ^ 2 
бб Zk] (1 9,25 Zk > (Ay +9, By +6, By) Zk „+ $ (A, B) +a, & (А,В) 


Then, tn the case k-2i, operator T^ maps the interval Ix, (75, 
0,-5,0) into itself and, when К=21+1, operator T^ maps the in- 
terval Ix,(s,0,8,0) into itself. In addition $2=9› $2=бк > and | 
x, 78 determined by (5) for Xon o: 


JD) ke © © o For k=2i we shall determine the quantites 
hee Cur (i=1,2) which satisfy the conditions of Lemma 1 for р 


determined in the above way. Let us introduce the notations 


б E = Ë | 

ЕЕ 1557 22-22. (п=сї/2,:> ) | 

& = (т+(-1)^ 2-п п-1 E | 

n ( (-1) (Ay) (BL) М, 1-1 + f, %5 2, f 
(16) = n=l n-1 2-п ЕР 
Жа (SV) (AL) (BL) Wag mos Mg "e 

^ Alpe) | 

Xn Tx 1 БРЕ a | 


° 
S = (By)? =Е , E the identity operator: 
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According to condition 1.1 
(17) 2 би 


Let us show that 


220200200 


Because of 1,1 it follows that 


(18) L 


= TZ £ +0 = c. 
A. = Tag Лаос 252225; 


+ +£ +f >Z 
$4» T2, By Wy. > T£ Oy 4 +Е>2 


2272, - NG AES TATE +f = Yo 
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On the basis of the above inequalities we get the following re- 


lation between Xn and 2% 
т п 
= - * (-1 
хы 2, 52 (ЕП) а, (1) |ы 
x, = 2 x (= bn = (=й) Ch 
where 
n 
= + (-1)*k 
( Xn Е ( ) 
- n-1 
zada it (7-1) Cn 
E n-1 
уг = Za + (-1) an 
- n 
= - b 
| kh 22 + (-1) b, 


(n=1,2 ) 


(n=1,2 ) 


In view of (17) and (18) £t holds that а, >0» Б. 20, 


Since 4 
TZ, < 21 Е Ам 
(20) { = = (H=A,, Ву) 
-THz <-Т, үн2о + Вук іру 22423. 
- = + Е 
cj = B,TZ, = TAZ - В.А * Pk 
e» 4 : : э 
Lk, = A,Tz, вре + ABko “k 


д t 
after introducing (20) into (21) we ge 
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с. < Ф, (А B) у 
(22) { ОС | 
k. < Фу (А,В) 
From (19), (22), (6) it follows that the quatities 
Py c SON EU 
р = ŠZ, T мүчү T Ф (A,B) 
(23) | qi = 52, _1 + B Wy 
i q, = 62, + B.W. + oy (A,B) 
satisfy inequality (12) for 1-2, while х is determined by (16). f 
The quantities (23) also satisfy inequalities (13) for 
S576: $2=9 у, hence after applying Lemma 1 the statement is 
proved. 
In a similar way, it can be shown that for К=21+1 the 


quantities 
а т ВК 22 | 
Dy = Guy = EE ш 7 52,8) 
(24) x 
EZ Zi» \ 
4, = 6ш + Ао + Ф (A,B) | 
( 
satisfy inequalities (12) апа (13) for 3-2 апа 8476. S579y: 
COROLLARY 2. Let condition 1.1 of Theorem 1 hold. 
Let Hu, > 0 (H=A,>B,), where чү is determined by (10). Them, 
% (А,В) >0 апа ФК (А,В) 20 . | 
THEOREM 2. Let the operators A, and B, be commutati- 
ve with operator T. Theorem 1 is valid if % is replaced РУ | 
Фк and $K by % : | 


Pro o f. The theorem can be proved in the same way 


as Theorem 1 but the following majorizations have to be used 
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Ф 
Cy < y (А,В) 


к <%ұ(А,В) 


THEOREM 3. Let а linear monotonously noninereasing 
operator T be defined in B. Let for a k?2 in sequence (3) it 
holds that 


ола (T+A, ) uy, < T uk < (T-By)u,  (n-k,k-1) 


2 


uy = (2% 2! ENT (Ay By) zy , ) 


3.2. There exist such real numbers чк апа с, that 


0 < SG) and 


k— 
a) for К=21 
(1-6) 62, т 462%) z (AL FG, By, +o, By) Yk + $4, (P,A) -gy oy (В,А) 
= = с - TG Y - ¢ 2 - ф 7 
Gy 62,4 (1 ax) 62, > (By +9, Ay. Gy Ay) vy. 9 (P.A) Ik x (B/A) 


b) for k=2i+1 


+ -07 -G. Ф 
(1-с) 8z, 7g, б2р > - (Ар +6 Ву +а Ву) zy. 570, (B, A) Gk y 3,2) 


(1-9, )6 2-6 62, < (By 4G, Ay tay Ay) 2, 284% (В,А)+ % (BLA) 


Then, operator Т” leaves invariant the interval Ix, (-S, 
0,-s,0) for k=2i, and interval Ix, (s,0, 8,0) for К=21+1, respec- 


tively. Here S =G 8:54, and х is determined by (16). 


The proof is similar to that for Theorem 1 


are defined in the followina way 


(n=1,2) 


I> 36 (©) @ зге 
where sequences § and Уһ 


: k DE DAE nn 


Reet Коса 25 


D (me 717 


n 


U 


(AL) 


II 


n-1 
Y, (T+(-1)” (A) (By) 


=2i antities 
Afterwards it is necessary to show that for Kis he 


= 


1 
о 
N 

ж 
і 
= 
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po 52, - о (B, A) - P Wk 
= 52 A) + Aw Ше 
a, = 62, + Фұ(в.А) UM | 
and, for К=21+1 the quantities | 
D 
Dy OUI MU 22 
кк 
Б? = 52, + ByZy 2% $4 (В,А) 
2 as 
чу = 62, - AkZk 2 $ (B, A) = 
satisfy inequalities (12) and (13) for j=2, S570,, $576. | 
THEOREM 4. Let the operators Ax and В, be commutative 
with operator T. Then, Theorem 3 holds tf ° ¿s replaced by % 
and oy by %. » 
COROLLARY 3. If condition 8.1 is satisfied by Ауа <0 
and B u <0, ük is determined by (10), then, 
$4 (B,A) «0 and eX (B, A) <0. 
Е‹ 
In the above theorems the invariant intervals for ope- | 
rator T^ were determined. The interval boundaries were expre- 
ssed in terms of a function of хы апа E Using the relati- 
on between Xn and 2, we shall determine a somewhat wider in- Sc 
terval Iz, (U,m,V,n), so that 
Ix, (u,0,v,0) < Iz, (U,m, V,n) = 12, 
We shall show that for k=2i 
| 02 
{ m= -c + Uy (ғас) 8) 
ny =k -“к(с+рү) 5 
and for К=21+1 | У 
| mee ccu Uk (-kK-py) d. 
D =k + Vk (сар), where | (; 
0% - Us у Mie E V5 B 
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The functions which we can introduce for c and k as well 
as for Р, апа а, differ from the theorem to theorem and should 


be determined for each theorem separately. 


For k=2i we have 0, <0, Vy. < 0 (Lemma 1.) and 


2 
so that 
x) + UL 6X5 > ZL - с +U, (62, +k+gy) = Gz, (U) tm 
х + Vy 8X5 < Zk TEREE Vy (62,7 c7 P) = Gz, (V) +т;. 
For К-21-1 we have UL > 0, Ух > 0 and 
i WEE c] v © 
Ba = C«X4«25 +k, 
So that 
3 V + 
x, + Мух) < Gz, (V) + nk 
907865 
х + 0, dx, > Gz, (U) k 
THEOREM 5. Let us suppose that by means of Theorem 1 
ni а 
| Or Theorem 3 the interval Iz, and Iz, ,, are determined, an 
that 
5578 e 
| Sk Эка T G бк 5 
| 5.2. рг>0, q/»0, (i=k,k+1), where р; and d, are 
а= aho 


| determined by (25). Then, 


1 (26) 172, Sue 


k k+1 
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; 
Proof. we shall demonstrate only a part of the E: 
statement concerning Theorem 1. Theorem 3 can be proved in an р: 
analogous мау. Accordina to (23) and (24) for k=2i с 
NONO 520, 15-129) Pkt- 150, C 


hence because of Corollary 2 ФК (A,B) > 0 and $x ‚ (A,B) > 0. 


Consider the difference between the lower limits of th T 


intervals TZ. 41 and 12, В 3 


—— 


2 - +G 
z унау на Te Zk SK бк me 762+ (1 8x41! "було 


me py Me = 782,44 0794,44) 6,44482,7944 (А,В) Hq (0 (A B) + 
wl 
* NE a - 
а 
= 0 
yan AB) S, ($ Xa AB) В рар) +9), (А,В) +G (Oj 4 BM) 20) : 
since, according to 1.2 b) for К+1=21+1 
exe = АВ 
СЯ (1 8,43) 9244 gem Bk+l k+l k. ) | 
Й 
а т е eis п ЭШЕ К 
For the upper limits 
башла 15-102 п ба) 021 7 a 
= 4,192,614), | (А,В)-б Ae 2k- 1 OK (AB) + = 
+ PB (A,B) + Ip (9. (A, В) “Аум >) 50 o A 
ce 
In thisway we have obtained relation (26) for k-2i. The PIO 
dure is analogous for К=21+1. 
e 
Relation (26) for the intervals determined bY Theor | 9 
е 
2 and 4 can be obtained in а similar way, if it can be stat fa 


that k and c are nonnegative. 


ye 
ВЕМАВК»1. When А, - B, =0 and B=R", Theorem 1,2,3 and e 
reduced to Theorem 1.2 |1|. 
U 
| 
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ВЕЕТ ЕЕ ЕЕ In Í4| ana І5| а nonstationary iterative 
Experime RM 


procedure for solving the Fredholm integral equation of the se- 
cond kind was described. 
Б 


(27\ (в) = J K(s,t)u(t)dt + f(s), (s,te [a,b] = I) 
a 


f(s) eC(I) , K(s;t) ес(іхі), (арен). 


he The approximate solution zy (s) is determined from the formulas 


Z к= ЕЕ 
| ° 
( Zin = KA ZEE 
1 m1 
(28) 9 
2% - Kim Prin 2—1 + fi ОЧ 39 WS) 
4 where 
- t :C=C(I)>R" , r_u={u(s;)}2 
a) Ta operator, r,: , Еһ m 
! 
b n = 
) 0225 operator, Pn в — Ç, Pu? =5 (2,5), 
SA (2185) - third degree spline on the grid 
\ Аза = sys 505 56, = 
с) К:с-с 
b 
Ku = f K(s,t)u(t)dt 
a 


The operators K approximate the integral operator K and they 
m 


arise as a result of replacement of the integral by some qua- 


dratic formula. 
d) KA: СЕ 
m 


p=2"+1 where а, (m)- wei- 


m : 
2-0 


' ghting coefficient of the ар 
| determined by 


Ku = ў à; (m)K(s,t;)u (©), 


plied quadratic formula and m is 


| = LE g»0 given. 
re Пк, (кч Ka-1”? | <=, 
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The iterative procedure (28) has the from (3) if it is taken 
that | 


| 
| 


Px бүлеп 3 2и 

In |4| and |5| the conditions were given which enable 
us to get the estimation of the form 
(29) lel <=. * e, Е, (6, || All, м, 9), 
where а is the order accuracy with which the calculations were 
caried out. If an estimation of the form (29) is possible, tha 
Theorems 2 and 4 can be applied onto (28) where it has been tar) 


ken that 


Я -1 
(30) A. = В, = (е) / mite 2, 50) ШЕН? 


An application of Theorem 2 is demonstrated on Love s equation 
Sil 


ë OM SES 
f(s) = 1 


K(s,t) 


‚ -l<s,t<l 


The computation is stopped when for some р 


Š / 
т 7) ae eels . 


The extremes were determined by means of the cubic spline 50 | 


that an error of the order o (Il alb) has been introduced (qaos 
The results are shown in Table 1. DG, denotes the low, 
interval limit obtained after the k-th integration and ce 
upper limit, while AS, denotes the arithmetic mean of ene ШУ 
ned interval. For а comparison, we give the results of Braklif 
(Uber die numeriche Behandlung von Integralgleichungen nach 4# 
Quadraturformel Methode, Numer,Math. 2, 183-196, (1960))- 


Sk &(s) ) 


0 0.6574172 
0.25 0.6638282 
0.5 0.6831709 
0.75 0.7148688 
1 0.7577358 


ES 27 
where lu* (в,) - &(s,)] «0.0024, u*(s) is the solution of ed" | 


tion (27) 
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9r 0£8T £L" 
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LISZTPL” 
0826867” 
8708551 * 
88/9ЄЄ/.` 
59р61Т©/.` 
70905 £* 
6/%96с/.` 
vSLO6CL" 


6%8882/” 
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дг т T 
taita (1% (Fs) “бұ (?ѕу ә (?ѕ) әт (Тв) “оу (so (Рв) Соат 
I 
= 3 = = 3 
СО 9-01- 9 > ОП 
“Т N'ISVL 
= M uei n SS РР — —— ~ = 
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REZIME 


O ALTERNATIVNIM NESTACIONARNIM J | 
ITERATIVNIM POSTUPCIMA 


U |1| su date teoreme koje omogućavaju ubrzanje staci- 
e£ke. 


onarnih iterativnih postupaka i daju aposteriornu ocenu gr 
ite- | 


U ovom radu su dokazane analogne teoreme za nestacionarne 


rativne postupke. 


| 
| 
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In |7| and |8| some possibilities were described for de- 
termining invariant intervals for positive linear operators by 
means of nonstationary iterative methods. Here the application 
of these results will be demonstrated for approximate solutions 
of the systems of integral and linear equations. In this way im- 
portant information about the equation solution can be obtained 


on the basis of two iterations alone. At the same time, an асс- 


] eleration of the iterative procedure is achieved. 
We shall first define some operators and list notations 
and theorems which will be used in the present paper. The inte- 


gral operator K: C(I) *C(I), 1=[a,b] 


b 
(1) Ku = f K(s,t)u(t)dt , u€C(D. 
a 


n 
The restriction operator r,: C(I) +R 


= 5 TEE 
кч = ЗЕРЕН 7 u € C(I) 


n 
The prolongation operator P, : В *-C() 


n 
Pn 2 = 5, (2,6) , ZER , 


amm TIE IE 


where $ (z,s) is a third order spline on the guid 


A 
=b 
А-а sn MT 


| With the ordinates z; ( i=l,2,... n). 
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The operators K, and Кр approximate the operator К ang | 
they are obtained if the integral in (1)is substituted by the New. | 


ton-Cotes quadrature formula. (2 
Ky! Kn a C(I) > C(I) | thi 
| 
2m+1 (SE | 
K u = 7 d.(m)K(s,t.)u(t.), | 
al 2 | 
ч j=o 71 В th 
where m is determined by 1. 
|| rz, (KU - кат) | esso 10210, is given, 1. 
2a [ 1 
қаз 1 а, (m)K(s,t,)u(t,), 
m j=o 
where m is determined by 
I| Kcu - Kc ull «0, 0>0 is given. 
T^x = Tx + £ Th 
Si 
б2ұ = Z) T рі 
Gz, (s) bez St 562} | 


Iz, (S,t,p,q) = (Gz, (Syst, ‚ Gz, (р) *a 


2 

m 4 +A NAR an 
в (А,В) = Т Byz, 2 Вур n. m o - 

| 
RU) = heces t AD) | c 

2 

= - B. Е | 
£ Ri B) 2By Zi. nit ye 2 + BkZy-2 k 1. 

x o - 2h 2 КЕТ +422 _ 2 TAk f | 

ps || = мах |u(t)| , we e (E) | 

ter | 

fei max la, zem | 

1<1<п )! | 

-t) В 

м2(Ғ,һ) = sup sup |£(x+t) - 2£(x) + £ (x 

It|«h. x-t,t,x+te [a,b] | 
В - Banach/s partially ordered space, w 
Е - identity operator. R 


+ 


THEOREM 1. |8! Let the Linear positive operator Д 


defined in В and let for some k>2in the sequence 
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25 - Th ^n-1 f f (j (Е,2 € B) 
(2) е esum. (0, Gin) 


the following hold: 


There exist positive linear operators AL and в, such 


that 
ШІ. (T-AL) Zk_2 < T Zk-2 < (T+B,) 2, 2 (n=k-1,k) 
152 6Zk-1 > (лұ%В,)2, 2 ; 


1.3 There exist real numbers S: Sy such that 


a) 0 <s, < Sk 


b) 62 (6 -62,) > (1+28,)А %(145,)г, (A,B) 


26-1 kŽk-2 
-6z,)-6z, > (1*28,) Byz, * (14S, ry (A) 


к 5k 


c) (82 


5ұ(62ұ-і 
Then “ле operator T^ maps the interval Ix,(y,0,",0) into itself. 


Simultaneously Ho 25, 12 = Sk апа 


= = ОВ) 
Хет ТХ 1 + f, Хо 2-2 (n=l, , 


Іп |8| it was supposed that the value of operator T 
and, consequently, the sequence x, can not be calculated exa- 
ctly. For this reason by the sequence (2) the wider interval 


(3) is to be determined. 

(3) Izk(U,a,V,b)2 Ix, (u,0,7,0) , where 
Bo < 4,0 1% = Mie p 
ТЕ - (1+U,,) Ry (А,В) = U Ak 2-2 


k = аққа) + VyBy2k-2 


т 
и 


o 
II 


8 а commu- 
THEOREM 2. !8| 27 the operators? A, and By ры 
bt t ible 2 асе 

tative with Т, then in Theorem 1 it ts possible to rep 


2 7 (A) . 
Қ (А,В) with r (А,В) and Ry (А) with xy (A) 
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THEOREM 3. |8| Let the intervals 12, and Iz, | be al 


termined by Theorem 1 and let | 


3.1 S. yap ' SL > Sk+1 
Í >; 
3.2 Ay 2,9 2 0 f By 2,5 20 К 
= 
Then 21 S І2, 
1. We shall now consider the integral equation 
(4) u = Ku +f, a,beR. 
In order to find an approximate solution of equation X 
(4), we shall use the nonstationary iterative procedure 
= K + = = Seo a 
(5) ZU Rie} £, == (ке1,25 ) тн 
ii 
| Ж 
ТНЕОВЕМ 4. Let for solving equation (4) а nonstati- | z 
nary iterative procedure (5) be applied with the Newton-Cotes С 
quadrature formula, which ts exact for polynoms of the order | tt 
p,p x2. ) 
Let pi 
Q+1 
4711 KEE) 20, K(s,t)ec ~ (Lx) 
44 Qa) 207 f(s) ест) | 
| 
NAZI Ж .. 
Әз Nem [k(s,t)z, (tY] — (pek-1,k-2), whieh does not uc 
the sign on 1. Га 
Let for some k>2 in sequence (5) it hold: | G 
| v 
4.4 52, 1? 262, , p where | " 
(6) e>o(min 2, ,(t)) 1 | 
= k-2 
С 
4.5 @ <i < M 7 where ar 


m-min m(t,c), М-пах M(t,e) 
t t 


m(t,€) = (62, (t)-F(t)) (82 


, 


1 


(t) + ez CODE 


k-1 k-2 
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2 
= (6 Б) - 5 - 
| M(t,€) = (62, (€) ее 2€ 2-2 (t) (62, 1(6)-ег) „(ш 1 
| F(t) = 2ez,_, (t) a (CS, +E) 2) (6) - ef(t) 
| Then, equation (4) has a solution u*(s) in the interval Iz, (s, 
6,5,9), where 
S, = т,/(1-п,), Sy = М./(1-мұ) 
- 2 
tk = -(136,) (2ez, (6) te zy. 2(t)-ef(t))*syez, ,(%) 
2 
qk = (145,) (2ez,. , (t) 43e 2, .2(t)-ef£(t))*Syez, (t) - 
| 
Рт ОО Since Е>0 then 2, 2>0 (k»2). According 


to Theorem 3.1 |6! 


|| Kz; 7 Km,442,!] <о. 

If we put Ax = Ву = Е, e being determined by (6), then onto the 
| iterative sequence (5) Theorem 2 сап be applied from which fo- 
llows the existence of an invariant interval. The existence of 
a solution can be obtained from the monotony of the stationary 
Sequence formed as in Theorem 2 or from Shauder’s fixed point 

| theorem. 

) For an application of Theorem 2 оп the nonstationary 

procedure of the form 

| raži = “Kn, f + raf 

| г 2+1 = 1 km, Pn*n^k + rf (КЕТО) 
ni see 191 ana |7]. 
| 2. In |5|, the solving the system of integral equa- 


| tions was described 
= Ү -AKY + F 
| where У and Е are vector functions 
| Y = {уі (6)} zig АН cio) da 
and Ка matrix nxn whose element are operators Кі)! 


2 - І 
Kij : C(I) >C(I) 
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b 
к = д (бх сорав 
К“ a ij , | 
4 3 | 
It was assumed that £^(t) and K, , (srt) are continuous and регі. 


odic functions with a period b-a for all variables. For Solvin 


C 


system (7) an iterative procedure is to be applied 


(8) NES Ке (500700, YQ = F kei 
where 
i n 
В тие) = (s, (уу іе) i=l” 


For this a periodic cubic spline and an equidistant grid were | 


used. It has been shown (151) that procedure (8) converges if 


i (1-3 /З)|л!К п (b-a) <1 
р 
Ко > max IK, (s/t) | o (ih ШЕП pAp ecu 04); Е 
Siac А 
If the integral operators in (7) are positive, then Theorem 1 
can be applied to procedure (8). Note that operator Ер defi- 
ned as L 
b 
K, 48x = J K,5 (s/t)S, (x, Е) 4 ; 1 
is not linear. Let us define the operators T, and Тү, in this 
way: 2 
T.Y = AKY + p. Е ARE (32k, k-1) 
j À Pj r Ps 3-1 , 
(9) 
За = Sy (Мал) = М 0 
3 м j 
According to Theorem 1 in |5|, it holds that 
2 2 
Рае EM (Ж e Res (Gu == Jw. B) x 
3/3 ° J 3⁄3 3 
5 E n 
W» run) = {м2 (уз)? i19 | 
ге 


! 
Furthermore ] 


а -CKW, (Y; В) АКВ: < CRW, (У; ,h) ‚ where 


13 (s,t)dt, C=A(1+ 2. gd 
t 
CC-0. fn’ Public Domain. Gurukul Kangri Collection, маг 
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Before proceeding to further Theorems 


ce some mew notations 


we shall introdu- 


Н=СУ ‚ а үу matrix nxn with the elements ?.. 
i 


= K Ç i i Т = 
913 = Ку max “2(Уұ i rh) м. (ук бат уу 200) 1 
1 d i 
Ф (6) = Ty нур 2 (C) E Hoy e ен она 


i i i i ; » 
mk(t,H) = (dy, (t)-Hyy 5(£)-9, (t) (буу (t) + Hy, (8) | 


i * i i Nd i 
My (t,H) (бу, (Е) *Hyy 5 (t) +$; (t) 2H Yy-2(€))- (dy, 1(6)- 
i =i 
- Ну, 5(€)) 
THEOREM 5. Let for solving system (7) the iterative 


procedure (8) be applied and let the above assumptions on the 
TERI D e. c ИЕ = "o i 

continuity and pertodicity of the functions f (s) and K,5 (s/t) 

hold. 


Let Ki; (s/t) 20, EX (sj SON ПИ АЫ) 


Let for somr k>2 in sequence (8) the following hold: 


a) буру ? НУх_2' b) 0<т<М<1, 
1 1 
i i >max(max M, (t,H)) 
пс шіп (min my(t,H) , eI Rue 


Then, system (7) has a solution within the interval 


(11) Iv, (U,a,V,b) n where 
RS ku а а by are defined by 
= = па a, ап 2 
Uk= тет, Vk 7 т-м skoka E 


k k 
(8) for 


(1 = =Н. 
2) Ak B H 


Proof. By a direct application of Theorem 1 the 


à А LOK 
existence of an invariant interval for the operato 


кү = KY + F 
is obtained. For this the relations (9),(10) and (12) are to 


с - chau- 

be used. The solution existence is obtained by means = x t 
i i an 

der-s fixed point theorem. Interval (11) contains invar 


int à eorem 1. 
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In a similar way, Theorem 3 can be applied to give the 


relation between intervals (11) determined by steps К and k+), | 


3. Let the systems of linear equations be given by 


ДІ 
п 
x=Tx+f, ЕЕК pom 
(13) 
z = TZ + f 
Т апа Т* are matrices пхп with elements tij and tij respecti- 
vely. Let us suppose that 
* 
= 5 + 
eaa tij fij 
IET | Ge | 
ij'— 
The following theorem gives a two-sided iterative procedure for t 
tha approiximate solving of systems (13) via matrix т 
x S 
THEOREM 6. Let Т>0,Т >0. 
Let for some К in the sequence E 
p E Er (п-1,..., ) the following inequalities hold 
| в 
a) 52, 20 | 
b) пұб2ұ < 52, <Мұб2у | R 
my and M, аге real numbers such that 
i V 
0 < m, <M, <1. 
Let for some j in the sequences i 
UE s M мб: ам) (22... ; 
(14) | j j-1 Ú Мор к k Je gcn 
.-2T*u. 24 E E 
u, m р Vo z +m) 62 / (1 my) ° 
it hold that 
š Ё 
c 
у Еру, | 
(15) I gel j j-1 
- p u > ep u Se с 
D matrix nxn o Clas = (ЕЛ PE) | 


р^ matriz nxn , 
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a.. 
a a=) [apis E 
1337 0 terre 


* 
Then, system (13) has x" as a solution and the following esti- 


mation is valid 


= ED. v. 
ko j- 


T 1 
Р 54 (о) (о) 15 ТЕ we introduce the notations 
У. = (т^ + ED)V ЖЕ 
152 Е ° f MET Уз-1 
Ж 
= = Ay = 
п-п єп Меч ЕЕ Чио 


then, because of (15), 


Since 


Т - cp^ сттер; 


after applying the Theorem (|3! p. 346 ), it follows that 


Because of (15), the statement is proved. 


REMARK 1. 


The conditions a) and b) determine the invariant inter- 


val for т (|2|). If such an interval could be determined in 


another way, then for u5 and v5 in (14) the limits of such an 


interval can be chosen. 


REMARK 2. 


The two-sided procedure (14) 15 performed with one ma- 


trix only, i.e. with the one for which is supposed to be given. 


i i tri- 
In |3| a similar procedure is obtained for two different ma 


ces. 


The monotony is preserved while the conditions (15) re- 


Sulting from the given matrix T are valid. 
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В.а 
ВЕМАВК 3. | 
Im Theorem 5 the errors are not taken into account ein, 
her with which f was defined or the rounding errors. A control of 
these errors is possible if the following matrix instead of the 
matrix єр, is taken 
D = Gm жер , where 


242256 mn vici. 7 О 52 j 


p.=p.+r, 05 are rounding errors, and г is the error Бу which 
2 2 
the vector f was given. Instead of the matrix ер”, the matrix ¢ | 


should be taken 


- * 4 

puo | Gat ase for t,,>€ t£. 
ii 0 otherwise 

* A а 
Е 9 Í Е for tig Ze ij 
ij 0 otherwise 
Е = о. (min u у" 

j : 1 
i 
REMARK 4. y 


The application of Theorem 1, 2 and 3 for solving а sys 
of linear equations in the case when both the matrix and the vec- 
tor are given by an error and when the rounding errors are pre. 
sent was demostrated in |7!. The ideas about the determination 


of operators Ak and В, for such cases were given іп loll o n 
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y 
syst 
(99 1 ) ji 
u |7! i |8! su date teoreme koje omogućavaju odredjiva- 
re- А с і і і 
nje invarijantnog intervala za pozitivne linearne operatore pri- 
on 


menom nestacionarnih iterativnih postupaka. Dokazi se zasnivaju 
na egzistenciji specijalnih pozitivnih operatora. U ovom radu 
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| WEYL - OTSUKI SPACES OF THE SECOND AND THIRD KIND 
Mileva Prvanovié 
Prtrodno-matematiéki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuritida 4, Jugoslavija 


| 1. INTRODUCTION 


Тре basic objects of spaces defined and investigate Бу 
T.Otsuki !1| are as follows: a tensor field P of the type (1,1) 


(det (P5) #0) and the coefficients T and 5, of the соппес- 


tions “Г and "Г respectivey . These connections are the contra- 
variant respective covariant part of the regular general соппе- 
\сёіоп T , i.e. Т is the ordinary affine connection with the help 
of which is defined the covariant derivative of a contravariant 
vector: 

M а 


Sie: 
k + KASNE 


9x 
"Т is the ordinary affine connection with help of which is de- 


fined the covariant derivative of a covariant vector: 


| эу 
а 5 а 
| Юу = (== - aM, Е 
к) 3 акси) 
while for the tensor Vit for example, we have: 
= . 
i W зан БС 
a а 8) O а pipbp? | 
DkVie TW вс + “Tsk “be l'okVsc PokVbs)Pa Е 
эх 


U The connections “Г and "Г are not indepenđent; they sa- 


| tisfy the condition 


| әрі i 
(1.1 325); Duke uie a салары @с 
и jk а 


| This cindition is equivalent with 
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o 
0,0: -0, 
where Q=P Ы коше. | 
1 5 Ej xat 5% 
ӨШСЕ РУ = 6 
(1.2) EI PU. = в, 


The Weyl-Otsuki space (4-0, -space) is defined and in- 
vestigated by A.Moór (|2|, !3|). This is an Otsuki space end- 
owed with a symmetric positive definite metric tensor gj; 

(det (9; =) #0), and a recurrence vector Yk such that the folloy- 


ing conditions are satisfied: 


a) the metric tensor is recurrent, i.e. 


pola es) = Ук (XI Sy (x x) ; 


D 
b) the covariant part "T of the regular general ce 
nnection Г is symmetric; and 


= PB = EE 
e» (159) Pag Е-Е Set POT " 
In W-O, spaces, coefficients of connection "Г have the 
form |2!: 
i leis a b a b ab |, 
1.4 puc -= 7 = :Q.) i 
` | Tjk E к} 29 (%5Fap%25 + Ук9аъ8з 03 YsSap?5 К 
мһеге P } are Christoffel symbols of the second kind with res 
pest to de tensor Se Substituting (1.4) into (1.1) we оргай | 
the corresponding connection T. 
In this paper we investigate some differently defined 


Weyl-Otsuki spaces. In fact, we investigate the Otsuki space 
a) 


where condition c) is satisfied, and instead of conditions Ë « 
and b) - the following conditions are satisfied \ 
> } 

a^) Dyg a (x) = Е (x), 


ST 


where m, 4 x) is a field of symmetric tensor; |! 


2 Д ес” 
b^) the contravariant part “P of reqular general conn 
tion is symmetric. ! 
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| the case m, =P. P? , we say that the considered space 
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‚ last section (i.e. in section 3), 
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We ve co 14! і n 
ha nsidered 10 4 а special Case of such W-O 


spaces, namely the case Ук 70. Sime results obtained in 14! can 


be generalized for the general case а”). In fact, in exactly the 


we find that the regular general connec- 
tion satisfying a^), b^) and c) has the form 


same manner as in !4|, 


"ті d 1291 
(1.5) Dx = "PI. чо ОСУ ОНОН GE ey. Pot 
jk ә арке") 7 Тұла 53 7 Үъпру0504) 
m, 
> zd 1 : 
(1.6) p = СГ VE > g (үш 00 х Pot 
JE Here q'jk's"t 7 ҮктрјО50 ~ үт 50), 
where 
m. i ; о 0 A ° 
ipt carr Оо: В pun EE psa n: 1 аз а 
(225 Гк tj к) 7 ГаРк] 2j V Гак Q gr 7 Em Q Py 195 


is the metric connection, i.e. the connection with respect to 


which 


0,9,3 = 07 
о 
while 7% denotes the ordinary covariant derivative with respect 
i 
to E к}, 
ai а si i ба ia 
О 059 = 950 - 0 , 
ала 
m ° 
п асат 
(1.8 abe = Кере V Р Р 
) DR (s k) ЗЕ 7 (КР) ба [a kj? n ji 
о п ав 


Connection (1.8) is not a metric connection; it is only 
the connection satisfying, together with (1.7), condition (1.1). 
We say that space satisfying conditions a^), b^) and 
С) is a Weyl-Otsuki space of the second kind if mi; =P,;- In 
is a Weyl-Ctsu 
ki ij 
i space of the third kind. 
0. spaces of the second 


In section 2 we investigate W-O, с 
ѕрасеѕ of the third kind. In this 


Kind, and in section 3 - W-0, 
we generalize some other re- 


Sults obtained in 141. 
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2. WEYL-OTSUKI SPACES OF THE SECOND KIND 


a : 
i . = PS, and connection (1.5) h 
In this case LE Jia j ) has the 
form 
1 m. : 
і і і 
" = " Я + H. 
Ше M: 
where 
i 1 i Hey 01" S = а а 
ЕС ences + -— á =Y о., = 
(2.1) AS 2 kj SkY) Y 95" с аб И 
m 
In this section we denote: by V the ordinar covariant 
derivative with rescpect to the metric connection " Г (i.e. | 


jk 
with respect to connection (1.7), Бу "В the curvature tensor of 


m 
the connection "T and by R - the curvature tensor of the metric 


m 
connection "T i.e.: 


Sn 


"рі = Яо О ge Теб та 
E rkj ma Tij 522 Tek * Tej Гек Гек S 
m. m mi m m: m m. 
Ree = а "pi = ° BE NC ENT Тыр ы 
rkj эх rj 7 r rj sk Е j 
It is ease to see that 
y 
1 m. m s m . А 
н ES i SN 2215 i 
Кук) Riek + VHT 5 Ук +H H H H 


rj sk rk sj 


m 
Taking into account (2.1) and the fact that "T is a me 


tric connection, we obtain 


E m тм m m 1 m 
Rirkj Бішкі 20 уук 7 Vk Y4)04, +5 klir 72 Ys kir 
m 1 m = 1 m 1l In 
2 9;ijVkYr * 5 Чак” Ух * 7 Sijr"kYi 7 Skr'jYi 
(2.2) + 1 (ү.ў ора, - Y.Y,Q +y Ý Q. - v, YPo 
^ 4 tj prik 'j'i*"rk ' YkYr*i3 ` ҮКҮ 9ірдік | 
ber’ Y Y . а. oe К; SP 
ud 
>> НЫ = .9. 53 АЛЫ y 
1 es Sine 83r9ikYpY x dE 
l <р 
YeYy813 Y Skr9ijY 1,190) - 
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interchanging in (2-2)! thempldceson the indices i and 
r and that for the indices k and j and adding the obtained re- 
lation to (2.2), we get 


m 


irkj * Prijk ` 945%kr 


2.3) "R. DAR SOS 
( irkj rijk =R + 


+ 4,10. д 
9ik9je * 93:06: С 9:034 7 


where 
m 


E mE Сом 
Оке 7 VkYr + YyYy 7 2 Эк 
Introducing the notations 


De sa Mm m 
" = а) (= n 1) 
R g (СЕ, R ), (Ауу * Rega 


rk irkj Reign?’ Кук = g 


rk m 
"R=g "Rox n R=g 


гк 
Rok 
and transvecting (2.3) with 43, we find 


m ji 
(2.4) Rok = R,x + (270) Okr - 910319 


Transvecting (2.4) with qui we obtain 


m 
9 ар = 1 ("R-R) . 


2(1-п) 
Substituting this into (2.4), we get 
m Jrk 


" -R ) + 
BAS EK dcn) (2n) 


m 
(2.5) опа ("R-R) . 
2-п 


Taking into account (2.5), we express (2.3) as follows: 


5 1 КЕР RA а SERIE ААН) 
В. a "R an + ——(954"R Jik rj jr ік “kr ij 
irkj rijk 2-п 842) 9s 
(2.6) [ESSE (9;j%kr  $ik$rj) 7 
(п-1) (n-2) E = Ё 
m m ) 


1 tok Pepi GIRO Ug UR 
ux Beige 52cm Sig eke ЫШ о 
m 


m 
SR 


R = 9-19.) 
+ Tn-1) @=2) (g;jSkr Sik?rj 
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The tensor on the right-hand side of (2.6) does NOt de 


pend on the vector Үіс Thus we have 


| 
THEOREM 1. The tensor | 
| 


: 1 й U 
" " L ВЕ. ed, AR та. в Ë : 
БЕЗ бак 5-2 Эк rj 9713 "rk U jr 4k Yer 810 
"R 
+ (g, .9, 7 Giu 9,4) 
(ПЕШ (mo?) ij"kr dies 


does not depend on the vector field Ys t.e. tt is the same fo 


all W OE spaces of the second kind. 


3. WEYL - OTSUKI SPACES OF THE THIRD KIND 


д = а à 

In this case myj Pia? and connection (1.5) has the 
form: 

i Ern 1 i i 1 

" = n 2, у) 
(3.1) Г k Tok + 5 СЕ +PXY P кї ) 
мһеге 

Е ет sad 

Ya d Yali , = Vee , 


while connection (1.6) has the form 


Š m. š л Е 
ЕНІ. 05801 ьа 
( ) jk Tik 5 НУ Е Ya 050 P;aPk) 

Let the metric tensor 443 now undergoe the conformal 


transformation 
Sin 2026 233 28 13 
р Um 9 


Then the Christoffel symmbols formed with respect to the wie 


tensors are related as follows % 

; š ? iS. | 

(ана ae sig. rabo lg ot оо 
ЕК я о ey m 

пуа” | 


Obviously the basic tensor P and the basic vector y are i 1 
ant under conformal transformationm because these аге indep® 
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"d "E 
mendin гапе ЗК can be expressed in the form 


"ТІ 2 "Гі gl i iç e 
2 Tjk S itik a ve о. 
дісі, ті 1 aut i 
4 Lee SPO S aa 2 = 4218 а 
(3.4) jk jk 2 (185 + 15% ¥q252 PjaPk у 


° 
Denoting by V the ordinary covariant derivative with 


respact to(j k); and taking into account that 


On 2 (S) 25 A , Ç 
= ТРУ 1 1 Sua TNNT is 
УКР = 7Р3 %бұс-Р; Р ко Ро. * g;kPs9 г 
ме easely find 
m. m. : 5 Я 
Е Е і і ар” ai 
Гк = Гк + 9559р + P0405 ТА " 
m. m. А " л 
ЗЕ желі і ge fal Ў, qois, ра . 
Гук = Гук in 550% + бұс, 51059 За 


Substituting this into (3.3) respective (3.4), we get 


с ze mt, О 15 + Qa Pi (o hy ро 
(3.8) "Pi s К pei dcr Daten cm CI Rue 
xs m, A i 1 a а_15 rail 
5 i Е M т 
(3.6) Тї = "pi. velo ole) Op © Во A 274) 


Comparing (3.1) «ЕН (952 ала зо ата 


; й of the connecttons 
Under conformal transformation, eacn o; e t 


2 ліра ki transforms into the 
ре; "Г пора м -0, -зрасе of the third kind tra sforms 
Connection of the same form. 


We suppose now that one of the conditions 


"cart le^ 
(A) УР "PS; lcm 
Т.рі-тір, em, Pl) 
(B) V.P: =T Pki +T PL (or equivalently, KP 57 jk "3^ к 
i 
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First, we investigate connection (3.5). Taking into / 5 
account (1.7), it is easy to see that 
i quique са | 
шр = ү + єт а93 pi ET 0 Руј 0 | 
where Е =+1 if condition (А) is satisfied, and е=-1, if соп. | U 
dition (B) is satisfied. Substituting this into (3.5), we obtain! 
Тї = ( Í i = i += кет.) 
"Гук = E к} + Sa (© бу Yk) Е 2 Ya A Q 
1 а1 
(3.7) - Pax (ба +5 Ya TET )Q , | 
| 
ТЕ we put 
c na =5 (c Ya жет, )05 =s., 
KS EE +5 3 
we пау express (3.7) in the form қ | 
al i T ее) 
" A + рабах 
Тік” E ydus $38 PkS; kj | 
Let us denote by "Ri 25 the curvature tensor of connec- | т, 
tion "Г ‚ and by Ky - the curvature tensor of connection ) 
i | 
Ü x! . Then wë =") | 
о о в Si 
uD = | 
Rirkj Kixkj t gan VES Vas) | 
y Ves с РР 1 Ре) | 
- c S | 
Pag (Ук5 + €S Ty SPP Sp +5 PLS | 
© ~ ~ “рт E Fi 
= с _ e pP 1 Pg ) | 
(3.8) Pik Sr t eS Tj SP 439p + 22. 5 р 
° 
ci 5 a _ a pP&à 1 SPS ) 
Par KS. + ESj Th S PLS, + PP к р 
o = С 
š zelite сыре Е уе | 
P с (591 + ЕБ т. 51255 + 5 P435 p | 


If we interchange the indices i апа г and the indices К and J 
add the obtained relation to (3.8), we get: 


= = у 
и +" : E у, +P.,*kr 
( Rarkj* Raya Kee)" Prk ja 7 Hag ua T Pka Jr Ja 
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| 2 я іа 
or, transvecting with 9 
LHR РВ ) ia 2 
2 arkj rajk g = 
(3.9) i a A 
= Kum рези pas ү i 
ЕК) “ҰСЗ E rj RE 
„| where 
| ON x 2 
dn уу. =V.S, +ЕБ. т. - S,PbS. +=р. «Рс ye en ai 
| S ей TJ j Ja ; ke VERS 
Introducing the notations 
> De 5 ab =e = 
"px = П " желге ar 
) R ie 2. Rarkb Rrabk/9 , Rep = Rea 9 L 
| 
| * rat cB жү ^ ar 
| Kkr 7 Кекьба , Кк Заа 
| Е aa) k = k. o 
R R xx? , К = кұ, ‚ 
and transvecting (3.9) with oj ‚ че find: 
(3.10 De = É -2)v : je 5 
) Ro = Ку, аа Py 3,0 
š Transvecting (3.10) with ОБЕ ‚ we have 
) vt = —+— ("R* - Kk). 
| J 2 (n-1) 
| Substituting this into (3.10) , we get 
P. * 
{ о к О = Je) 
йй Em үф - К, )- ( © 
kr 1-2 Rkr kr 2 (n-1) (n-2) 
1 
| Finally, inserting this into (3.9), we obtain: 
| 1 "5 "n ia ЕЕ (Р ."Rü-P "RI + pK "RA = 
| 2( arkj rajk/9 и ПЕ к жат a 
-х 4 1 
сал "В 1 _ == 
olny = BEERS = (Pes Рк Pee Py) 
1 J r (n-1) (n-2) 
i) i д, 
af si xi жі : Pf em) 
| = Р + Р K 
| Кек pea) “сул = 
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The tensor on the right-hand side of (3.11) depends ол. 
ly on the basic tensor P; and S35; Therefore, we have | Е 
ТНЕОВЕМ 2. If condition (А) ор condition (В) is e 
| 
I 


with respect to the conformal transformation. This tensor does | 


9% 


not depend оп the vectors T; and y, 48 well. 


We are to investingate connection (3.6). Taking into 


account (1.8) and condition (A), we find 


d RE i zb i zet T 
Tik = { к? + 5. (0) р. Пк) y (9 2*5 т.) | 
9 а qa is aj dg E 
Р ja? kes? (ce 2 Yq та) 


Putting | 


we may re-write this connection as follows: | 


жар аран a soe а-а-із 
(3.12) Dae i jai or Ук + OV; РАР Os? Va á | 


Let us denote by Rs the curvature tensor of the coj 


š j | 
nnection T . Then we have 

-i i EEG 9 | 
Rr - Ki + 5. í У - У: Ук) | 
NIKO | 
i X 1 1 рз a | 
+ И У Ук %271У,00 DD ) | 
T l l.ps a | 
(3.13) = 8x ( S EVO +> 915950 ВВ) E | 
а 2: ДЬ m. ps. pije € | 
+ PP. ( У уут + 2m pos” Рта ј | 

д. © 1 m.ps aj pito) 

- Р аР)! VkV3 7 УУ UV Oso PiaPk t 


because of 


° * о 

lina b l.i a b 
V P : = 5 = 
k (Зорро) = V. (ототРаРр) = о 
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and 


ac dc^ NET 
, РуаРко бе = р . 


contracting with respect to i and r, we get 
° 


о 
с = i -ра 
ДАТЕ 5 


substituting this into (3.13) and putting 


о 
1 l.ps a 
$a. €" rs уұу, + > УуУрОгО кР ME 

we have 

-Бі - 1 біг кї : $ - 51% 

Кк) n ^r Rakj rkj j Pkr к?зг 

а ISAN a іѕ 1 

13514) 3 Pyar, 319 Qs Pra? 42x19 9s * 


REX rka n akr 


and contracting (3.14) for i and j, we obtain 


= TED- pra 
Rey = Kok + (п-2) 9: + P.,Px 2,25% £ 
k we find 


Transvecting this with ото , 
Е) 


CR P 


k V pr 
Бар. * оРГо К Оо 
ооо = rk 

b pa 2 (n-1) БЕ E 


Thus we have 


C 
Р= 2р. = 

= rt k - 
eM (CREE 


Rek Кт) 2(п-1) (n-2) 


2 


ее 
cem | 


in 
Substituting this into (3.14), we piod 
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а 1 e los ph G ase a = 
Бе n бұ Бак) 7 n-2 (93 Rek бұ Prj РЕЗО COR қа” 
Е ba i = | 
+ Perka 0,754.) | 
^R OPERE 3 Қ E | 
ap ` p 1 = x 
+ (6:P ,P бІР ІРІ) = | 
- =2 tak k rt 
(3.15) (п-1) (n-2) SIE 3 | 
eat fo SSL iho nal -p ptoba dG | 
Ў КЕК) п-2 е Кк АЕ Tete gm Как 
$ Ба і 
+ 
x Pett Ke SKa) 
ООО ! 
ap a i CONES t 
к-------- ($ Р Рр SKP Р) 4 | 


to) (шой) 7 


їп case condition (В) is satisfied, we start with (3.6), | 
which, putting 
1 = 
x cmo M 
can be re-written in the form 


(9) 


i m А а A 
cual 2! i Ay a 15 b 
(3.16) TA = ть т.950 ВК 


This form is the same as (3.12). Only, in (3.12) the connection | 
G^ depends of the basic tensor Jij” while here connection 


M, а Е 

Tk depends of the bacic tensor Jij and Pl (see (1.8)). Besi- 
m 

des, denoting by V the ordinary covariant derivative with re 


m 
spect tp Так , and using condition (В), we find: 


m ) s ? 
(3.17 Тї = ( ` + n%olpo. at ib } 
) Sk 5 к} T ОАР + 7,0 CEPR? jb B | 
|. 
° 5 | 
по = = r?oig E m oa i 5 
к=) a^kj as] cert 
1, is a 15.1 at h.l i 
V = | 
( к95)9 ш оне ôk аб ООР Г | 
m a 15.1 ts li | 
V = a s 1 
Q ( x8 ) T4050 бұ + T Q Q O PL , | 
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similary 
m 


cS 
Ук (PPPs) = 0 


Thus, proceeding with connection (3.16) in the same па- 


nner as with (3.12), we find instead of (3.15), the relation 


„51 Dod neni ЕТІ 1553 араа ol t ba ш >= 
Re n ° r Rakj n-2 (63 Rik бұ Rej P,,P_2 оь Rak 


(п-1) (n-2) 
m. 
where Kae is the curvature tensor with respect to connection 
гк) 
m m 
Jo SR ° 
(3.17) and Komm 


Therefore, we have 


THEOREM 3. If condition (A) or condition (B) is satis- 


7 з the 
fied, besides the tensor on the left-hand side of (3 11), 


tensor 
жш балл ран 
Rrkj n Фе akj 
: Е ра + -5 
: Кеш = Ба і 25 pg Зог 8.) 
1 = d = - RESP паа 
= 222055 decor Rj rtP 52 25 ak rt k J 
ел pa b : t 
в. Q О i tos P.) 
4 ab (ев вр ŠkPrt'j 
(n-1) (n-2) 
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E | IS 


artant with respect to the conformal transformation to 
2 0. 


not depend on the vector field Y, and ¿f oon. 


ts tnv 


This tensor does 


dition (A) is satisfied it does not depend on the vector fiel | 


п. etther. 
i 
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REZIME 


WEYL-OTSUKI-JEVI PROSTORI DRUGE I TREĆE VRSTE 


U ovom radu ispituje se ona opšta regularna ko. 
Otsuki-jevog prostora koja zadovoljava uslove a^) i c) i & 
ja oblika 


Зе kontravarijantni deo “T simetričan. Ta je koneksi 
odnosno 


(1.5),(1.6),(1.7) i (1.8). Ako je, pri tom, mx j7P45" 
z a i д 
п; у=РЬ Р, posmatrani prostor је Weyl-Otsuki-jev р 


prostor) druge odnosno treće vrste. 
д ; е 
052 je dokazano da je tenzor (2.6) zajednički 7? ei 

W-O& -prostore druge vrste. 
053 ispituju se konformne transformacije V-Op 


trece vrste. Dokazana je teorema: 
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5 И 


Ako je zadovoljen uslov (A) ili uslov (B), tenzor (3.11) 
je invarijantan u odnosu na konformne transformacije. Taj ten- 
zor ne zavisi ni od polja vektora т, і Үү 
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CONNECTIONS BETWEEN THE DOUBLE ALTERNATED ABSOLUTE DIFFERENTIAL 
OF CURVATURE TENSORS OF THE FINSLER SPACE AND INDUCED CURVATURE 
TENSORS OF ITS SUBSPACE 


Irena Čomić 
Fakultet tehničkih nauka. Institut za primenjene osnovne 


| discipline, 21000 Novi Sad, ul. Veljka Vlahovića 8, Jugoslavija 


1. INTRODUCTION 


The subspace Fa of a Finsler space ғ, is given by the 
equations: 


| a : 
| So ec (nasa NND о ШООГО, 


if the rank of the matrix 
: 9X. 
ИВ: || = || = |! о,8,Ү,6,6,1, |П,...,51,2,...,п 
) и Ра * С 
| ou 
ч ‚@ 2 ч 
is assumed to be m. To every vector u , which is tangent to Fn 


may be associated a vector x^ in the following way: 


At every point P of F there are n-m linearly indepen- 
m 


dent vectors 


М, U,V% Gp n-m*l,...,n 
1 
Which satisfy the relations of |1] 
à х Be ер 
N BL =0 NU def Gu. (x,x)N; 
ieg ан 
12 = 6 


_. (x,x)N 
9:3! KG su 
te diffexenti us which correspond 


If absolu 
Dan er B usan? ) and (u 8. eu u toù 


B 
à ) 
to the motion from (8,08) to (uP sau 


———— rá——€— oral 
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а i * 
іп the subspace F, of a Finsler space F, then as in 12| ме hay 


i = 8 i SNU Е 
а.) [Ав = Q, (a, 6) В + % (d,8)N +D B | 
А : ~ : | 
TENE O i = SY SANE + DNU | 
(1.2) к = 8 (4,8)B + б денс DN | 
| 


2 2 2 | 
= 1-56 Ве S Š Bz.Yl. 1 a 9 7 
(1.3) 9408,8) =2 Ry  fau"su'1+ Py ,, [448827] + 5 S P [rfi 


2 2 2 
c el, Spat SH а |208 
OE (а) = В, gy [gu 5v J+ Bu gy [ач 52 1+5 S, gy DL N 
= + бы ; z 
2 
= x 2X Sy 8. Ya. S N Г.В 2 Yl 16 У ВМ 
(1.6) Я, (9,5) =2 Py py lau 69 ДЕБ ay Fu AR 1%28, py И 


For the arbitrary vector field 6 defined on the subsp: 


се F4 of the Funsler space F, we have 


| 
Teen dje aby pt! 
(1.7) 57 nels 57 аз N E, 


It is known that 


12105 ре 
(1.8) (Ар1Е =5 В, руб (ах ӛх Тар, нкё [ax Һ471% 
Dea ае = wit 
+ > 55 MC [pz A&^] + DE 
where 
(1.9) ax? = Be du? | 


(2.10) pe® = B рї? + HÉ du 


On the other hand 


i А а i i 
(1.11) [А] Е” = Е [ap] в, +6! [авы (64-46) £^ P (8d-d8)5 | 


nn 2n m A 
CE om 
*) One can easelyconclude what the tensors RS BRS M Шш 
) in 


(2.1), (297), (2.18) and (2.19), (2,27) , (2.33 
are explicitly defined in |3] . 
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Substituting (1.9), (1.10) into 


to (1.8)and {1.1)-(1.6) into (1.11) ме 
get two relations for faple*. 


Equating the coefficients of bi- 
vectors 


Е 4 Be зе m. 
[auf &uY],[duPz1Y] ana (DR a, ^ negiecting inifini- 


tesimals of a higher order, we obtain the relations: 


ВК Шы керг) =k i „jzk zk 
B + P, hk - 
(1.12) R; hk? By Е Bre нег + Sj hk* He Hy 
2 € Qu 2 ІП «а Е пая у ні 
= ВЕР. М + 
í Ry By" Be a By" н Ru вү Be + Ry руб Ше) 
mi Ho Sis О ЕЕ 
| (сазва in ME Hank 
| 2 Е od. 2 u qi 2 Е UST 2 v 1" 
| Е + N 
Т Ру By? Be * Ва ау? еле Ве Seay? M 
1 j hk 
0.14.) Sj kh Ë Bg, = ; 
2 T 4 А Я 
= Е (ical = u ai = € Шегі, ау I 
N +S ВЫК О £ N 
к. mE т 
Using (1,7) and putting £"-0,then £^-0 in (1.12), (1.13) and 
| (1.14) we get 
| Tus [UNES i Qjzhzk 
| a ajak i jpglgh gk, + 6.2. pJmH* = 
(0.15) C R Bo gy * P3 nkPaP a y] 3 nkPalgEy 
2 4,212 А 
Е 1 = 1 
= A N 
| Ra ВУВЕ * Ry 8Yy 
4 3 ° : EE: i wg) ЯК = 
(ШЕ i мів Бо қан dl F 92 
16) Ry&N Bg, + P, nx BIg ү] j hk, BY 
2 Р 
= R ex ніз вла 
Ri вүЗє и BYy 5 
j i 
; А і zh „K DIE а НЕН 
(1.17 i ak a B Ра рү?е ^ “а BY 
| ЖЕТ а 25000 5” š 
Н 2 : 2 v i 
J А = i j= k г Е + P N 
(i. i wighk і yiatpk = Ре B р BY 
RE nkN Bey * 93 nk В u By © 
ney . 2 i 
5 z ж eat 
(1.1 i Ее 25 N 
| Е о. 
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E 
2 à 2 ; 
1105-86 ес М 
(1.20) shes kh Bay S), вүЗє u BY. 
The curvature tensors В, P, 2 of the Finsler space Е 
and induced curvature tensors ^, Р, 5 of its subspace F, Fe 


connected by the relations (1.15)- (1.20). 


2. DOUBLE ALTERNATED ABSOLUTE DIFFERENTIALS OF CURVATURE 
TENSORS IN Fy 


If Dy and р, are the =" Pru A which co- 


Me nous to the motion from (ав, а В) to (uf di аб а ан у and | 
(аа, u? т Bta u 2% 8) in the subspace Pn of Es Finsler space 
Fa! a we mus from (1.15)-(1.20), aang (ПІЛІ), (Сау eel 


aM 
2; ae = @ U 2 
(2.1) " : i E 
4- gen s 
а.2 (ву қ, px ay? Sal 
al j =v Ў 
+R, кво (Gg + 0, BEN a Ry ый 


+ 


i zk 6 vy), ве 
[2:22]; eth 2 Py ink Ĉu в; + п, ВЕТА 


+ 


3 5 : - 6, 
1 оК Sen 5- уо (б Ви | 
Pj nko (9 [в EU Jjgk Y] TES B Big 9 й y 6 


+ 


5 5 Ж 
Q, "st ) + (ej КЕРУ Hai + ES ЗЕЙ 


> 
© 
tj 
* 
© 
IL 
2 
I 


ja hk = 6:3 = V 
(2.3) [D,D;]R; px B +в. (8 “By + 8 МВ 
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i Tabs Sas i 563 = Е. 
+ [00,725 нк Brey] + Ру р ві + ü, "i^y 22 А 
а VKE hz = 
ы Шаты ai О-ва бк 
[В E. МЫ аа ЕЕ с 


+ 
is] 
ч 
мау 
я 


+ 
[91 


T pJhk i 5 16-2 à" j 
(2.4) [p DIP, hkPagy * P; pie Oe ва #0, N К 


h k 
j Q Vy p^ б Spk +8, yi + 
Р; ТЕЛЕН в, +7 В Қ ув E hk ag (2, ) 


+ 


к 3 


zh pK 
5 И E 


j 
+2, H + 
boues 


+ 


jak 
[2.55] z м: 


ai s $gh Я, Ум сіз 
B-0 gh (бу Bg t y NB. +8 jhk 


+ 
о 


| н dulce AMEN JE 
- i jzh.k Ao (а Eu уні унћвК + 
| + [рр p А +535 nk (fy oe а 


v_k 


NI 
2 
H 2 = vii 
М”) 
№ 


jg ghe 
(2.6) о рв, hk с. oe буну + Sj wae 6 
2 А jix 2 bai + 6 b + 
= Q B. + 2 
+ NE +S; ОБ, ОЛ У 5, “ay Me NS, 


| Sat о»; 
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A eel aes i (865,2 + 8 Yn) вћк 
(2.7) (о, 22185 вк Ў Bay + 94 nk Ps "E 
EN CRM (ü 58 +о SNI 
+ S; hkl В s: dus j hku "B' y Pa "h^ NM 
2€ q П TEN a 
с Өзі o ме Sh AN Mo p qq SE 
= Su By (2. В; + ge a ДЕ; Sa By | Y 6 V v ) 


In formulas (2.2)- (7.2) 


Q = йа», а.) 


for all indices of 9 . 


| 
3. А SPECIAL CASE | 


If the space and its subspace are Riemannian, then fron 
(2.2), (2.3) we obtain (in case the Riemannian space tensors P 
and S are zero) 
i jhk i = 3 = | 
j һкВавү an R; nk (€ Ву + S BY | 


6h , s vh, Sk i jh 
an 4 ar Ша 
в Bs + dg NB R 


(3.1) [D,D,JR 


al 5) = 
+ к. nkBg (€ 


(3.2) i mol a У + RÍ (8 95) + nijet“ + | 
u 


In the two above formulas 


26. 
9% = 


Si 
R 
= 
u 
Nie NIP Nie 
e 
то 
-2 
ғ Tank 
о 
№ 
e 
Оз 
= 
= 
-2 
=. 
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RM озна 

Ra ay Е Ry BY а 57% Я 

x Ry gy Хы Melty 

Ry ay E Зечар * Tote Tjk 

Ba By Е Ji ШЕШ sig fe 8 hg 

Rev = 26 ^ne] * 8 Shel a 


I wb д) = 

© + T B 
був g; rÜ (Bag ав 
i К 
1161 Мот.) 
НА > 


p 
i K we obtain 
Multiplying (3.1) and (3.2) with ЕЯ апа Ny 


85) 4 9 72 BÉ + 
(à, By + By N )Bgy Bi 
(3.3) (р 12] 8; БВ ie + ву hk 5 А m 
j к EN uM n“ ) = 
+ Ski (Q Ж +Q Noms yt Rg LEE aly Š 
2 = = к 
2 wr 
= Ra BY бе 3 By vu MO e TELE 
i ee pw в) + Q "N7)N, 
(3.4) ([D,D5] R5 nx) Ba М, Ba. + Bj Hi (ig Вр Br BINGE By 


h Q v k = 
1 j = B 56 вк +Q 
+ x pin, (б°вЁ + a Nye ar Бы i во in, 89, Yo 

u 


2 
a BY $e a BY и 


hk 
(Q, 53 + б, ум DEA + 


hk i 
+R. Y 
(3.5) ([р ы КО BB &v ВК 


\ 


3 mo pk +2 ук 
PURGE wt + б умову + By P Š 
j BEY 2 


De ` 
и By Е H hk E 
NON SE) +Q M jy, iP ay 


ЕЛІ + бум) 
woh, (бв; +R; ak 


u 


+ В. hk 


2 м = 
ео 2 
UCET eme 
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Let us define the tensors 


2 : aul 
2 : А hk = үр = i 3 hk 
СЫ і Ink R = В. B-N.B (E 
Ru ey = Ry nxPoPi By а By 5 hk a i By 
2 с : 
2 д hk = к a 1 J ENKAR 
Sie Е RC = Б. B-B.N `B | 
Ri By = 8; һан Pi^ey RN MC | 
2 1 ; k SAU. Ур d. it pik | 
(3.7) É қ i SER? R = RSQQN-N,B | 
Ro au 7 B3 nkPaPiPp, v By 73 hky i By 
2-4 A. се nds 2 3 =p, BIN Bonk 
2 © N = : 
RO koa, ву о = 
2 f : 2 1 39 пк 
Sy. v s k ВУ = R,,,N'N,B.N 
Ry чу = Bj ВК NaN BY н BY j hk, 1 gv ү 
ti 
some of these tensors appear in (1.5) and (1.6) and for 
the Riemannian space and subspace are the same as those (above) | 
defined. | 4 
Now (3.3) - (3.6) have the from | 
БАШ s к | 
(3.8) ([b,D2]R; yy) Pai Bay | 
2 6 2 = Y 2 2 = 5 2 K 3 6 + ( 
5 Ou Keres K = ( -R 3 | 
TONS BY as Re BY Va Ry бү 28 с) e Y ; 
2 2 2 = её 5 1р0 + 
= u OBS GNIS o Hpk нк g | ZE D.D.JR f 
+ RG ay Su Ru ay "a Вы uy в Ва ви “у [р ү 
о | 
(3.9) ([p55]R; hk)B N Вву | 
| 
2 2 | 
= 6 a 95% < OLS NM = 9 xw 5 6 | 
Ry BY % Ro BY 90 Ry ôy 96 Ry 86 : + 
2 
-4: 
2 v = || 
„u m Wm gu iv RUNE g def 0,0314 
m ow mmy в a Bu Y | 
| 
š іі j sk abk _ | 
(3.10) ([b352]R; nk) N BE Bay = 
2 2 
250 әс Se mS 2 = 6 
= R 9 - -RCOÉ 
u By 5 "Bs BY gy ЫТ бү ао ey 
2 М 5 2 IS mW) 2 к v 2 к у def 
+ R. Q K =R, -R Я В 9 ==: 
и BY v v ayy Ri уүйв 7 Ry вучу 
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ge nokata 
(3.11) ([p, 5518, ЕУ = 
2 2 2 2 
56 5У =v 56 Ня = Z dE 
R Q 2 R Q = x б = 6 
w вує 7 Pe ay u ~ Bu вүйв 7 By ву * 
eS 2v aY іу gv £V 5 * def 
+ 0 = R: Di GE с 5 дей 
н u y Y BY u u жүзе R evi. == 
= = 75 V 


р. | В 

р, Zon 

In the Riemannian space the double alternated differentials of 
the curvature tensor of the space and its subspace are соппес- 


ted by (3.8)-(3.11). 


4, RECURRENT RIEMANNIAN SPACE OF THE SECOND ORDER 


If the surrounding Riemannian space has the property 


i 


i 
4. 2 = а RE 
үн Rj nk|pla pq j hk 


then from 


= i { а хР,а х9] 
[2152]; "nk = Fj һер] [ауа 
it follows that 
: i “1 = 
1 = 1 -а у = Г. хР,а Хара 
M2) (рр 8; вк = 2 pa e ар 1 


= i P а х9 

= bog В hk [a, xP 4, x*] 

where b is the second order antisymmetric covariant ЕЯ 
BS 


zd: 2а 
Бра 23062 (ара ар 
In this case (3.8) becomes 
2 р nd xh K 
(4.3) (5,5. R Ec = bog la, х d x A R; “hk BaBy 
a 


Denoting 
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we have for (4.3) 


2 
pi «hk = KR 


2 А 
= = = АЎ 
(4.4) (D,B,J Ra gy 7 KR nk ба gu a By 


In a similar manner (3.9), (3.10) and (3.11) become in 


this case 


2 2 | 
(4.5) [5,0,1 Ra ву = KR, By 
К 2 к 
(ШЕБІ [6.25] Ry gy "KR, ву J 
2 2 
(4.7) [2.5] В gy -кк/%, 


From the above we can conclude. 


If in the Riemannian space the curvature tensor В has 
А у 
the property (4.1) then the curvature tensor Ro 8 "m 


2 2 Tm EUM 
к, By! Ж ie defined by (3.7) have the property (4.4)- (4.7) ; 
where the left hand side of these formulas are defined by (3.8) 
-(3.11). 


Тһе formulas (4.4)-(4.7) are valid if instead of con- 


dition (4.1) we have the weaker condition 


- А i 
(4.8) [2,23 JR, hk КВ, nk 


d 
D 2 
From (4.1) follows (4.8) for every motion djX' : dX ! 


but from (4.8) only (4.2) follows. 
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[Al H.Rund: The differential geometry of Finsler space, Springer» Ті 
к 2 Я гра“ 
121 |.Comté: The induced curvature tensor of a subspace їп а Finster 
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Connection between ri soluts ТН 
= E —— 


REZIME 


VEZA IZMEDJU DUPLOG ALTERNIPANCG APSCLUTNCG DIFERENCIJALA 


TENZORA KRIVINE FINSI PROVOG РРОЗТОРА T INDUKOVANTH ЕРІУІМА 
| 4 ы M VII 1 ave LI 
| 1 
U uvodu su date | 
В. tenzore krivi па prostoru F | 
| ze izmedju duplog alternirano | | 
> = Т f 
) tenzora krivina. Te formu I |] 
| što je odredjeno u 3. Ч 4, i 
| - тайа važe formule (4.4) 
й nnov prostor i njegov potprostor. tace : | 
i M 
(4.7). I 
| 
| 
Д hi 
| | 
e 
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CONNEXIONS IN f-MANIFOLDS 
Jan Djuras 
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uricica 4, Jugoslavija 


1. K.Yano |6! introduced the notion ОҒ an f-structure on a С” ma- 
nifold М as a tensor field f of type (1,1) and rank 2m (2m «n -dimN) 
satisfying g? +Е=О, the existence of which is equivalent to a 
reduction of the structural group of the tangent bundle to the 
group Gl(m,C) xGl(n-2m,R). A manifold N with an f-structure is 
called an f-manifold. Almost complex (2m = п) and almost conta- 
ct (2m-n- 1) structures are well-known examples of f-structu- 
res. 

Let N be an n-dimensional manifold with an f-structure 
of rank 2m. If there exists on N vector fields 5, a-1,...,n-2m, 
Such that if ny аге dual l-forms, then 


(1) > 


2 
(2) f^ ыы 1,9 Ea 
we say that the f-structure has complemented frames. Аз an ошер 


diate consequence of (1) and (2), we орама 


{Ча = 0 


п of = 0 
: structure with complemen- 
the structural group 


On a manifold N the existence of an f- 
ted frames is equivalent to a reduction ОЁ where E 
ОҒ the tangent bundle to the group €1(m,C) X E, _2m* n-2m 


Е 141). 
denotes (n-2m) x (n-2m) unit matrix [see 4!) 
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NDS TD E 
of this paper is to consider affine conne 


The purpose 


xions in f-manifolds. 
ten 
2. Let N be an n-dimensional manifold of class C^ with frc 
an f-structure of rank 2m. Then the structural qroup of the tan b= 
gent bundle can be reduced to the group Gl(m,C) x Gl (n~2m,R) ‚апа pas 
conversely. gin 
Let (fB(N), Gl(m,C) xGl(n-2m,R),N) be the principal bun- ВИ 
dle of adapted frames of f-structure оп М, і.е. the principal EA 
bundle of frames with respect to which f has components 
0 En © ; . 
011 
(3) f = = En 0 0 
0 0 0 
where En denotes mxm unit matrix. With respect to every co- 
nnexion on the bundle fB(N) the tensor field f is parallel. 
Indeed, let Үү: [0,11 +N be а curve of class С” оп the manifold 
N, and let + be a horizontal lift of y in the bundle £B(N) with if 
respect to the given connexion. If we denote y (0) = (y (0) ,u, (0), Si 
.. -u (0)) ала У (t) = (y(t) u (Е)... u (£)), where (u (0),... 
ON u, (0)) and (u, (t),... uu (£)) are any frames from fB(N) at ds 
points y(0) and y(t) respectively, then it is obvious that 
components of f with respect to frames (u, (0) ,...,u, (0)) and S 
(u (t),...,u, (t)) are equal and given by (3), which means that 
tensor field Е is parallel along the curve VEO 
If H^ is a connexion оп ЕВ(М), then it can be extended = 
to a connexion H on B(N) by the right action of the group Gl(n,R) Ja 
(B(N) is . bundle of basses of N). Hence, H gives rise to a pa- 
rallel translation along curves in N. Further, it is clear that bu 
with respect to this parallel translation, the tensor field £f me: 
is parallel. Indeed, let we have parallel translation along a wh 


curve y. We may choose a horizontal lift Y of Yso that Y (0) є £B(N)- 
Then we have Үс £B(N), which follows from the definition of the 
connexion H. 
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1 , : ы : 
Conversely, if Н is а connexion оп B(N), such that the 


tensor field £ is parallel with respect to H, then H comes 
from a connexion H^ оп fB(N) in the above manner. Indeed, let 
b= (mU ree rU) € fB(N) and let y be a horizontal curve in B(N) 
passing through b. Then every point on Y must belong to £B(N), 
since f is parallel along the curve Ү= тоў (т is the projection 
B(N) +N), by assumption. Therefore HL S T (fB(N)), so we may de- 
fine H^ by нр = Hy + 


Thus we have 


THEOREM 1. For an affine connexion H on a manifold N 


with f-structure, the following conditions are equivalent: 


(a) H ts the extenston of a connexion of £B(N) 


(b) The tensor field Е ts parallel with respect to Н. 


An affine connexion on N is said to be an f-connexion, 
if it satisfies any one (and hence both) of the conditions abo- 


ve. 


From the general theory of connexions (see |1|) we know 


Я thet every principal bundle (P, G, N), with N paracompact, admi- 
ts a connexion. This means that every paracompact manifold N 
V 


"ith an f-structure, admits an f-connecion. 


Let the f-structure on N have complemented frames. Then 


the structural group of the tangent bundle can be reduced to the 
Soup G1(m,C) x E оп апа conversely. 
the principal 
Let ((£,&, ny) BIN), G1(m,C) X E, 2/5) be p P 
bundle o£ adapted frames o£ f-structure with complemented fra- 
3 i ames with respect to | 


mes on М, i.e. the principal pundle of fr x 


i i components 
which £ has components (3), while n, and e nave COME 


ғ 4 
] 
| 
| 
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0 
0 
0 18 
£ = е 
35 оо 0,) 5, : = 
2m ° 
2 пе: 
Іш со 
It is obvious, that the tensor field f,vector fields 5a and 1- wii 
forms ils are parallel with respect to every connexion in the Thi 
bundle (£,Ë gn )B(N). 
The proof of the following theorem is analogous to that 
of Theorem 1. 
: (4 
THEOREM 2. For an affine connexion H on а manifold N 
with f-structure with complemented frames, the following eondi- Fri 
tions are equivalent: 
(5; 
a) H is the extension of a connexion of (£, Бола) 
5 It 
b) The tensor field f, vector fields 29 and 1-forms Та 
are parallel wtth respect to H. (6 
An affine connexton on N ts satd to be an (£,& n š 
wne 
conexton, if it satisfies any one (and hence both) of the con- 
ditions above. (7 
As a consequence of the above theorem, ме have that eve (8 
| ry paracompact manifold М with an f-structure with complemented С 
( 
frames, admits an (£,E urna) -connexion. 
We shall now prove the existence of a connexion of amo 
re special O 
P type AE 
А THEOREM 3. Every manifold М with an f-structure vi^ 
2 complemented frames admits an (Е,Е ee ) -connexion such that 
Si 
. its torsion T is given by ч 
| Sar 


АСОВЕ ЕАС. 
+ [£,£] (x + E n (MEY + Pon ЕВ), 
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Уа ОТТЫ ОБ. E 5 
shere Е. = ts the Ntjenhuts torsion of f, and X,Y e Z(N) (X(N) 


is the set of all vector fields of class С” on N) 


puso ОЕ Consider an arbitrary symmetric affine con- 
nexion on N (if N is paracompact, such a connexion exists) with 
covariant differentiation B. Let V be the covariant differention 
with respect to a desired (£,6 ng) -connexion, and let Х,Ү6 X(N) 
Then 


VERO for any a 
vana = 0, for any a 
МЕ =0. 

(4) Vy 0 

From (4) we obtain 

5 V = fV 

(5) x (FY) Е = 

It may be written 

(6) = - 4 
VY ByY H(X,Y) 


where H is a tensor field of type (1,2). Now we have 
(7) H(X,& ) = BYE 
а 


(8) (H(X,Y)) = n, (By¥) = Xn, (Ұ)- 


Па 
From (5) and (6) we obtain 

H(X,fY) - fH(X,Y) = Ву (У) - fB Y . 
After applying f to this equation and to Y, we obtain 


2 2 
eu(x,£?v) - £°H(X,£¥) = fB (£ Y) - £ By (EY). 


Since by applying f to this equation and to Y again we have the 
Same equation, the general solution of this ecuation is given by 


ЕТТЕР 
2 : : 
itu (x,e?v) = 228 (^v) - 28 By (EX) авас ву ВО 
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ӘЖ eee - 
where W is a tensor field of type (1,2). From this equation ar. 
ter applying f, and from (2),(7) and (8), we obtain 
-2 
-2 Е -4 У) ЕВЕ + 
AH(X,Y) = 42. (n, (BY) Xn, (Y)) EL 4 DLE ) xb, + 
2 (в £) (fy) - £2W(X, EY) - W (X, £?Y) . 
+ 2f (By W(X, Е E. 


Let W be defined by 
W(X,Y) = (B f)X - n. (X)B 


Then we have 


4T (К, У) = AV4Y - 40 X - 4 [X,Y] 


X 
= 4B y - 4B xX = 4[X,Y] - 4H(X,Y) + 4H(Y,X) 
° 2 
= -45 /)- y tp m By Sais 
ix (по (By) 3n. (8. А5 nag YE ж TOM 


а 


25 2. E 
еі) Хало (8) £ ВЕ2у 


е О uen тела Ы 


= 2£° (ВЕ) (гү) + £^(B 


2 
= ZW WF c ee A Sei X)f^B,£. + 
+ а (nj (ByX) Үп (X)) r - 4E n. (X) 6 


: 2 ых 2 с 2 MEL E 
X26 (By E) (EX) - £^ (Be, f)Y +2 n, (Y)f В А 
ое. 


= 45 CNN 
4% Qn, (X,Y) 5 


2 
+ 47 Г) Е = 
% PM as By a 
2 2 2 
a c TEM Ym A = 
4 nq OO f By a 2f By (Е Y) 
с CBT (EY) E 2£°B, (£^x) + 2£B (ЕХ) + 


5) 
4 ^ fX) + Е d = 
+ f Bey (EX) + fBeyX+ Ёёв 2 (fX) 


= £BeoyX - f^m. (ғу) -ев, у- FB 2} (EU) + 
+ fB 2Y EE n ФЕВ, F = 

y Ey EBs na (уу Б, кп (Х) Beya 7 
š EOM (ef Bye. + Т 865% Ж 


= 


т Хала (Ү)ЕБ;, = 


Since it may be written 
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| 

! 

| 

2 2 2 x 
-2f£“B (£Y) =2Е Let 2 Е 

x ) BLY 2Е Bx (Z Ng в) x 

| 

| 


= £2 т 2 
2f BLY - 25 n У) = r 
x а (рен Е 


2 2 2 2 
2f (Belfi x) e-2f ЖРО = 
у ) ByX +25 п, (Хав 


ие have 


4T(X,Y) 


Ш 


= š сет 2 А т ОИ 
4r dn GG Y)E, b nd (Е By£ 4 -Z ny (X) £ Bye a 2s 

2: 2 5) | 
+ 2£"BY - 2f ByX - 2£,X(£Y) * 2£B, (£X) - £^[£x,£Y] + j 
+ fBeyX- fB 
2 


2 
= 5222 = 3 
+ f BX Lang Е ВЕ а n) 
P2 


ху - ЕВ 


Е 


y (EX) + in, QD ЕВЕ (£X) + 


2 
= 5 = £ = ” 
Zon, (X) ЕВЕ, (У) - £'ByY +E n(x) ВЕ Y + 


а?а 


2 > = 
+ E гала 00 ng (У) Е (BE Ee Bree) + 


= Я п (X) ВЕ, - Ein, (У) Ву, 


= 4® dn, (GY)E, +E png (VIE Do&g] + 
+ zn, G0 £^ Е 7 - Zong (Y) £[£X, £g] - 
| zn OVE Е +10267, (X)ng GO £^ [Eg Bg] - 
| - £?[ex, ev] + e?px,v] - £[x,£Y] - £[£x,¥] = 
= 42 dn, (X,Y) E. - £2 (rex,ev] - eoe] - ex, Y] + 
+ £?rx,Y]) +r na OD [££] 0,88) + 
+ En СКЕ, (g X) + Z,Egn, (Ол, (Y) F£, £] (ЕЕ) 
= 45 ап (Х„у)& = e? re,£] (X,Y) + 
+ [£,£] Gt Zgng (Y) £g) + ГЕ, f(r n G0 £, Y) + 
+ [£,£] С n ОЕ, Zgng 06) = 
= 42 dn GG Y)£, 7 r na (ГЕ, (X,Y))&, + 


+ 


+ EE] (х,у + Zgng (D Eg) *[£, 8) (z n, GO £X 


* Zeng (У) Бы) Е m 
= ат ап, Gt, Y)&, 7 qty (TELE) (X, = 
+ EE, Gt Z ny ODE + Zgng (X) 5g) с 
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Now we can prove the next theorem. 
THEOREM 4. A manifold N with an f-structure with con. 
plemented frames admits a symmetric (Ё, 62 ng) ~connexton, tf and 
only tf 
(9) [£,£] = 0 
(10) СШ ал 6846. = 0 Fo 
ЗА z dn 
(If an f-structure with complemented frames satisfies (10), we 
say tt ts normal). 
, Th 
Ре © © чо (9) and (10) imply an, =0, so that Theoren ў 
8 
4 is а special case of Theorem 3, і.е. the (£,E rng? -connexion 
from Theorem 3 has the torsion T=0. (1 
Assume that N admits a symmetric (£,&, ny) -connexion 
and denote its covariant differentiation by V. Then, for some 
X,Y e X(N), we obtain (2 
Га (СУ) EE 25а EX, EY] + £7 [х,у] wh 
t] 
> Vex (EY) - Vey (£X) S + £V (ЕХ) = d 
= 2 2 
ғу, (У) + fV рух + £ VyX - Е УХ is 
= = = = 0 
(Vex£) Y (Veyf) X + £(V,£)X £(Vyf)Y i 
dno (X,Y) = Xn, (Y) = yn, (x) - n, CX, Y]) 5 
ал (CE An = = = ge!) vi 
oq gro) = Son (5. En, Gg) ny (Еву 


=n (V = = 
nf EB” Y УЕ 5g) 0 


2 | 
| qn (-£°X,6,) = (-£?x) a, re Em, (Е) Е s (ee xb yl) ( 
o = (-£?x)) с 
= = (ma СС | 
uS ОЕ) ао (ер (кх 


il 
° 
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25 41220 n 2 2 
dng (-£"X,-£'Y) = (-£"x)n_ C£^v) = (жууп (-£2x) = 
n, (2х, =e Mee 
= =n, («ХЕ жр 
= -n, (£ (Ex, e] + £[£x, £ Y] - =2 ГЕХ,ҒҮ| + 


T BEDS 545) = © 


2 5 
For апу Хе X(N) we have X--f X +E ny (XE, so that we have 


dn, (X, Y) =0 for any X,Y € X(N); 


THEOREM 5. Let N be a manifold with an £-strueture. 
Then the torsion T and the curvature К of an f-connexton sati- 
sfy the following identities: 
(ale T(fX,fY) - ЕТ(ЕХ, У) - ЕТ(Х,ЕУ) + £ŽT(X,Y) = 


= -[£,£] (9270). г 


(2) R(X,¥) Of = £OR(X,Y) ; 


where Х,У € X(N) If the f-structure has complemented frames, 
ny 5 1e 


; urvature f £ n )-connez- 
then the torsion T and the curvature R oj an (=, 655 2 


ion satisfy some more identities: 
(3)* m. (qp = GI 
a 
(4)* R(x,Y)&, = 0 
(8/2 п o R(X,Y) = 0 
a 


where X,ye X(N). 


J) 2 ©) © № Let RG NT e x(N). Then we have 


+ =: их wal 
(1): Follows from T(X,Y) = VyY Ие 


= V 


- т E 2-7- 2 
(2) Follows from R(X,Y)Z = Vy? 2 түүх [x ya 


хх 
= V (92) cs 
(ag 


- 


[x yl 
(а оту (ee) =, ТО = ny Yy”? о 2 
= ууп CO -n Go YD = xn, (X) - Yng 1g (2 


хта 
Fi) 
= dn, (X, Y) 
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Y 
е күз. as Е Е = 0 
(4) ВУ), = VyVybq ~ Уұ?хба 7 "Tk, У] о р 
1 
5 z = - V = У < 2 
(5) (1, 9 R(X,Y))Z = ng (Уууу) Па Vy xus nat р 5 
5 
E - ЕУ, yn, (2) . 
= лыс ung (2) [x, Y] "o ' t 
ы - ; = (Rie sl = 
= X(Xn (2)) - (Xn, (2)) - [X,Yin (2) = 0 9 
k 
j 
5 
n 
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REZIME 
KONEKSIJE f-MNOGOSTPRUKOSTT 


U ovom radu se razmatraju afine koneksije na mnogostru- 


kostima sa f-strukturom, kao i na mnogostrukostima sa globalno 


5. Yano K., Differential Geometry on Complex and Almost Complex Spaces, 

generisanom f-strukturom. Prva teorema daje potreban i dovoljan 
uslov da afina koneksija na mnogostrukosti sa f-strukturom bude 
f-koneksija (tj. u odnosu na koju je tenzorsko polje £ paralel- 
no). Druga teorema daje potreban i dovoljan uslov da afina Ко” 
neksija na mnogostrukosti sa globalno generisanom f-strukturon 


bude (£,£,,nj)-koneksija (tj. koneksija u odnosu na koju SU: 
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1ja 1-formi na) + О treéoj teoremi se pokazuje da svaka mnogo- 
strukost sa globalnom f-strukturom dopušta (£,£ ‚п )-koneksiju 

sa tenzorom torzije koji zavisi od same васее četvrtoj 1 
teoremi se daje potreban i dovoljan uslov da mnogostrukost sa | 
globalno generisanom f-strukturom dopuSta simetriénu 5,5 na)" | 
koneksiju. U petoj teoremi зе daju neke osobine tenzora torzi- | 
je i tenzora krivine neke f-koneksije па mnocostrukosti, odno- 
sno (£,Ë ,ngy)-koneksije na mnogostrukosti sa globalno generisa- 


| 

| 

| 

] x 
pored tenzorskog polja f, paralelna i vektorska polja £ , i po- | 

ah iit | 

| 

nom f-strukturom. i 
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ON THE ORTHOGONAL SPACES OF THE SUBSPACES OF 
A RIEMANN - OTSUKI SPACE 


Djerdji  .Nadj - Führen 
Prirodno-matematicki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuricica 4, Jugoslavija 


INTRODUCTION 
In this paper we suppose that a Riemann-Otsuki space 
R-Ou (see |1| ) with the symmetric metrix tensor satisfying the 


relation 


(1) Dg =0 (det(g..) Z 0) 


ij 713 
апа the рі (det (рі) #0) as basic objects is given. By our inves- 


tigation 95 апа P4 satisfying throuchout the relation P gr. = 


ab 
D Chae 
SEC) 1. : 
The Otsuki s covariant differential of a tensor Tj is defined 
by 
i ilk. ТАСЫ, mat не реа ax 
(2) pTj;- тутах := РАР) 0 Тр ате cc БЫ) 


where the coefficients of the connections (T and "T and the ten- 


sor рі satisfy the Otsuki ^s relation (see 12| (3.13)) 
J 


1 ил 5 2 1 


- Е = 
(3) вре В hr Tek Ша = Фо 


Let as usual by sat (qud ud) (m<n) be defined an 


k llaxi/an* | = | 
m-dimensional subspace Su We suppose that, the rank 2 3 | 
=m/" З і i. = 9x+/au%. Let the metric tensor | 
TM and use the notation 50: 2 

| 


I —— oP— F c (d— ' › 
р 


RE ZLE AM сас DE 


05, а 
/* Іп this paper Latin indices run from 1 to n, Greek indices GN ОЕА 
‚ш run from (m+1) to n. 


pe co-or contravariant so as the original 


the following the 
run from 1 to m, but U,V;-.-- In g 


index runing from (mel) to n will 


index was. СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar | 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Djerdji Nadj- Tuhrer 


` 
D 
N 
П 
! 
! 


of 5n be the projection of 815" that is 


(4) G 


We define, us usual, the contravariant components of G ав Бу сЁ 


і.е. G NG = 51 and the contravariant components of the projec- 
tion vectors 5 


(5) 65 аә ы 


«ag ар М5 р 


Obviously we have С “-4 БА ‚ where we use for the tangent 


and normal vectors the Sree 


i u i 2 (67 і і 
(9) ES 05 №, MESE ИЗОТ. 
н 1% Y uJ 699 aJ u uJ J 
where N, are mutually orthogonal unit vectors (see |2| and !3|). 
ut 


This relations are very useful. 


Let the P-tensor of Sn be the projection rensor P^ de- 


В 

fined by 

(7) 5 РЕ y cam 362 d 

The covariant differential over Sn of a tensor ТО of S we de- 
fine by $ 

* * 
(8) DT, := У тац! = pÜpl(o те + TE pS _ «Rt теуда/ 
В Y 8 e f уа Te YT ess 
In |1| it was proved that the relation 
ч = А 
9) "г © ge np фрі а Wyse) peak алдык i 9 i 
( В G О rn Ea, i ва) 
gu 
is necessary and suficient condition to be DG = 0 and it is 
easy to prove that the generalization a 
x i i 
(10) тн tn de pm 
ipo o. a) ак ied 
a a 
of (22) in |1| holds i = xk i 
121 не 
k 1 k ел К 


it is a tensor of Th 


In Paragraph 1 we determine a Sufficient condition, 
that a subspace 5 of а Riemann-Otsuki space will be an RzOn 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


5 


fe) fe) n I} 


) 
> Бм— ——————————————— 


И 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


On the orthogonal spaces of the subspaces of 203 


and consider some consequences of this condition. In Paragraph 


aa Orthogonal to 2p and determine 
the coefficients of their connection. 


2 we consider the spaces Sh 
At the end we prove that 


the condition considered in Paragraph 1 is sufficient for S 
to be a Riemann-Otsuki space. 1 


1. THE BASIC CONDITIONS 


In |1| it was proved, thet if the covariant differen- 


tial of T , which is an element оғ Ты is defined by Dr^ ec apri 


ГД 
then it must be 


a A i 
Ga 


cu 2 777 Ie — zu qvi 
(TU) Tg NET Ip у + Sayed Sen З= n k 54555.) - | 


Since we observe ап Otsuki space, the connection-coefficients 


* * 
due and DE and the tensor P“ must satisfy the relation ana- 
logous to (3), i.e. both sides of (27) |1| must vanish. This 


relation we can write in the form 


i.a 2.0 а Б Наз Өр р Ро 
(1.2) PLESN ( Tg. + Еву) Ма РЕМ о аР Еу) 
H u н u 
? i E 
Using the relations (5) and 25945 ^P.945 we get 
а reece D 
(1.3) D Es Y = с РЕМ: 


Е А z 
or in the projection notation 2a = @” БЕ . Substituting (1.3) 


іп (1.2) ме get the condition 


i.b wg pP а a _— s€ ("pt + Е@ )NT| = 0. | 
ее | G Тв у + ву) Ма Sg ( Try Ery u | U 


In the following we suppose that 
(1.4) pigPyt = 0. 
b £y 
i i а =0, and it is 

From (1.3) it follows that in this case Ра = я 

а sufficient condition for S, that Otsuki s relation between 

-k a "a 
Coefficients of connections Гв ү and fiz ,. and the tensor Рё 


Could be satisfied. 
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Now, we prove some consequences of (1. 4). It is known 


that in Otsuki spaces there exists a tensor o} satisfying the 


relation 

И ата 
(1.5) Pj (Qe = бе 
Let the projection of P in the direction of the vectors ortho- 
gonal to 5n be 

u M 

:= РІМІМ 

(1.6) P, SNAN 


хо, ~ 
Now, we suppose that there are tensors Qg and o so that 


(uS e m HEY = gU 
(1.7) РО; = 99 В PO 55 
hold. 
x s : 
THEOREM 1. From (1.4) it follows that Се = ВЕНЕВ = 9. 
ОН = 3 = gp 
and 0; = QjN N ©, - 
P r o o f. Substituting (7) in (1.7), multiplying it 
by 5 ‚ using the last relation of (6) апа (1.4) we get 
ziea - = 5 
Multiplication by oes according to B SE = P gives the affir- 
mation of the theorem. The second ise of the theorem follows 
in the same way, but we must take the vectors ut , instead of 
i 
the 25 
THEOREM 2. From Ph = 0 it follows that 0% = QW = 0. 
u 
Proof. According to the definition of РИ and (1.4) 


Ш 2 = Hd eC UNE TM 
we have Рв PN ite 0. Multiplying it by Ea using (6) and 


(1.5) we get Р 


N = 
us я 


Further, multiplication by 05 апа BS gives 
a 
ks RG, 
DN 5 р = 02 
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THEOREM 3. From the relation (1.4) it follows that 
ТЕО, с.В 
Pity = РЕ. N. = PN 
; ER BEJ ESNI ҚЫҚ 
(1.8) а at а _ E: B b) i 
ізі 823 Е 
іа aB i ) i i 1 
(10.9) МЕР = Е min, = м т =ptp?; mi -p*p*, М = pp? 
ірі 823 Ый MN; Е Wu cUm en 1 xr 


The multiplication of (1.4) by = aocording to (10) and 
(1.6) proves the statement of this theorem. Relations (1.8) and 
(1.9) are very useful and they will be often applied in the fo- 


llowings. 


Relations (1.8) and (1.9) mean that they hold an eigen 
quality in all the space for the vectors 27 апа Nt . The sub- 
space Sn is an eigen space, and its orthogonal space 556 іѕ 
ап eigen space too. If т=п - 1, then relation (1.85) is a sim- 


ple eigen property. From (1.4) it follows directly that 


is that the relations (24) 
(1.1) holds. 


One of consequences of (1.4) 


and (26) of 1 are equivalent, 1.е. 


2. THE CONNECTION OF THE ORTHOGONAL SPACES | 


In this paragraph we extend the definition of covari- | 
but defi- 


ant differential D on the elements orthogonal to Sw | 
The coefficients of the connection of co- and con- 
we denote by Зе 
tions that the 


ned over it. 
t of the orthogonal space and 
ely. We must determine the condi 


fficients of connections 


travariant par 


е respectiv 
Otsuki s relation (3) between this coe = 

; li s J | 
and the tensor P will be satisfied. The tensor PS is the pro | 


= st In the 
jection of the tensor Р; 


д be | 
following we consider a covariant vecto | 
It is expressible in the from | 
| 
| 


on the orthogonal subspace S E 
r Y; orthogonal to 5, 


and defined over it. 
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доз SET EM 
(2.1) Жа E Nie: (2 
* 
Now we define the covariant differential DY, as a projection of д 
W 
DY, onto the (n-m)-dimensional direction orthogonal to Sw i.e. Ў 
u 
a : it 
X ij i i 
О := N.DY. = N DY, 
(2.2) DY) g idet i i 
According to (2) and (2.1) it follows that (2 
бу, “In spew, (2. Y. )du"-g" IN PECTS NRENT BON yy dui j: 
SG; noma ak pos °ү Ура p 2 (2 
А A p k 
.6 nd the notations Na"ÀA :- "г? - 9 
Using (6), (1.6) а сё "ov ак бу У а 
or à 
S k a di 
(2.3) 00 ае (Фр у Кае OU N. )N 
сү (Ta k ps ^y Ура о on 
we get 
Sh 
(2.4) бу = PP (ay -"APygdu') = V v auY 
u “рр Төре Уо 
* a 
In the same waywe define the covariant differential Dy" 
a 
of a contravariant vector YH which has the contravariant com- 
ponents in the basic R-O4 Space. Let ү be orthogonal to Sn . (2 
Now we define: 
д A 
(2.5) py" ;= N DY" 
7 р 
ч qe \ А i i 
Since У is expressible in the from y? =N v, usinq (2) it is 
not difficult to get, that if RE 
ar, p жа S.k а 
N := Т N° £ I 
prape vat Үу И 
or 
(2.6) “A P is CT 8, МЗЕК 49 қа 
V Y Sky БУ УМ а |2 


then according to (2.6) relation (2.5) has the form 


* u № 
(2 27) DY" = Pha Su ра = v ац 


Relations (2.4) and (2.7) show that in the subspace $ it is 
n-m 
possible to define a covariant differential, like in the Otsu- 
ki^s spaces |2|. 
к ^j Р 

Coefficients ^A. ү and KG are coefficients of connec- 

tions i 
of the space Sn-m* In this paper we consider an Otsuki 

Space, and so we must determine conditions that Otsuki 75 relation 
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Саа 


3 p р 


У, У 
(2.8) уРо + Ро se 


- н, = 

Y Fy 5% Qs 0 

will be satisfied. Substituting (2.3), (2.6) and (1.6) in(2.8), 
using the fact that ie, ES. and РЇ satisfy (3), ме get that 
jt must be , 


S 


do 4 a 005 а Ту 5 а 
(2.9) РЕМ. Га у 65 Ме = PREN а з ссср 

г a i а 5 ay G j iç y бау) Na 0 
According to the supposition (1.4), using (1.3), it follows that 
(2.9) is satisfied. It means, that the following holds: 


THEOREM 4. The assumption (1.4) is a sufficient con- 
ditton that Otsuki's relation between coefficients of connecti- 
u 


5 H Ae : 3 
on “А and "MA and the tensor P' will be satisfied, and so 
v Y 9% v > 


S is a Rtemann-Otsukt space 


After all we can define the covariant differential of 


a mixed tensor involving there kinds of indices, for instance 


a tensor ТІ! Now it is 
ЭВ» 
* i i n: 2 ат &сер eee aang 
2 зот о HOG jn таер г т +1 т 
(2.10) ОТ ву := АРВ И ОУ BAG + T. vTbnc X Y по 
-, рхтаєт cas в таер ant X maspas T тар) ди 
+ AL yTbno “bh y snc р y bxc oY bnt 
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REZIME 


RIEMANN-OTSUKIJEVOG PROSTORA 


U paragrafu 1 dati su dovoljni uslovi da je potprostor 
Sn jednog Riemann-Otsuki-evog prostora isto Ко i date sy neke ‘fo. 
sledice ovog uslova. U paragrafu 2 uočeni su podprostori 5, 


О ORTOGCNALNIM PROSTORIMA PODPROSTORA 
ortogonalni na Sa! i odredjeni koeficijenti njihove опека 


i dokazano je da su uslovi iz paragrafa 1 dovoljni da bi S, m 


bio jedan Riemann-Otsuki-ev prostor. 
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ON A STRUCTURE ф SATISFYING (6°+1)(6¢-a)=0 


Jovanka Nikić 
Fakultet tehniékth nauka. Institut za primenjene osnovne 
discipline, 21000 Novi Sad, ul. Veljka Vlahovića 3, 


Jugoslavija 


In !1| and |2| a unified notation is given of almost 


complex structure and almost contact structure by the introduc- 


tion of a tensor field of type (1,1) on M 


П such that £2 + £= 0 


and the rank f-k is a constant everywhere The necessary and 


sufficient condition for an n-dimensional manifold to admit а 


tensor field £#0 of type (1,1) such that ЕЗ+Е=О is that k=2m 
and that the group of the tangent bundle of the manifold can 


ture ф 


SS eee 


(2.1) 


zbornik radova Prirodno-matematičkog fakulteta-Univerzi u Novom Sadu 
| Review of Research Faculty of Setence-University of Novi Sad, Volume 11(1981) 


be reduced to the group Um) XOÓin-2n)' 


4 


dition is given when MP admits such a structure. 
we want to introduce 5 tensor field of type 


fies the condition (Ф 241) Ф 2-а)=0. 


2 
2 
Of the class С” and let $ be a tensor field, ó“ £a, $ 


type (1,1) and of class C^ such that n-2m, 


In |3! and |4! the struc- 


u ae = 0 is studied and the necessary and sufficient con- 


In this paper, 
(1,1) which satis- 


be an n-dimensional D MOERS а 
E = -1 of 


Let мп 


e | 
GNC EO л сл 90%! x 


Such conditions we say that it asmits an $(+1,а 


and rank ф=5 (rank o 4dimM?)-r-const. . | 

For a differentiable manifold with a structure which satisfies | 

) structure. | 

2. $231 | 

(2.2) ic ġ -a 2 т = , | 
ed , қ а+1 
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Then % and m are complementary projection operators since m^ 


Е, om =m2=0, 2+m=1, which can easily be verif ed. 


THEOREM 2.1. Let ф satisfy conditions (2.1) and let 
& and m be defined by condition (2.2). We then have 


3 3 
RS -фа = > +o 
(2.3) ok = ll , om acl 
"RA 
2, _ pirap raat о, „2 Фф _ ф2+аф2+а-ф2 N 
ф Ж = = 2 ОФ = atl atl = ам. 


-l-a 


Let L and M be complementary distributions which corre- 


spond to projections 2 and m respectively. Then, (because of 


(2.3)), ф acts оп L as an almost complex structure and on M as 
a structure for wich 92 is а homothety with coefficient of the 
homothety а. If ф is of constant rank r, then the dimensions of 
L and M are 2r-n and 2n-2r respectively. Obviously we have 

n < 2р «2n. 


REMARK 2.1. If the rank of $ is n, then ac +1=0. Consequen- 
tly, the $(*1,a) structure of maximal rank is an almost complex 
structure. 


REMARK 2.2. If the rank of ф is n/2, then $2 -а=0. Hence the 
$(+1,а) structure of minimal rank is a structure for which ф 
is a homothety with coefficient of the homothety a. 

We shall now examine under which conditions the diffe- 
rentiable manifold admits a ф(+1,а) Structure. 


3. We now introduce a local coordinate system in the 
manifold and denote by $1, 52, mj the local components of the 
tensors %,4,п respectively. We also introduce а positive defi- 
nite Riemannian metric in the manifold and take 2r-n mutuallY 
orthogonal unit vectors vi (a,b,c,...-1,2,...,2r-n) in L and 
2(n-r) to be mutually orthogonal unit vectors v3 (А,В,С,... 
22rc n t J,...,n) іп M. We then have 5 
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3E ies j'y iae 
5 УР Ур; , хі VB = 0, 
(3.1) ды ER А 
jJ m J yt J 
Mb mes 1 = 
mi Vy 0, m; Vp Уы. 
а А JE j j 
Dftowesdenobteup (s, $1) the matrix inverse to (və, vi) 


and вА are both com 


variant vectors and satisfy 


`x 
; i - ga 5а 
(3.2) $i Vp 55 7 94 
Ч алты = 
(3.3) ву ММ = 
ТЕ we put 
жама 
(3.4) Pes Bp Sg 
then Pra is a globally well 
metric with respect to whic 
such that 
ac B 
SX kt Va 
Now from (3.1) and 
MEET а 
(7 эсу Se 
jii NE 
(m; SA , 
which show that: 
IUS e UR 
15] i 
(8/25) l 
mI 52 = 0 r 
81272 
On the other hand, from 
Y Зу а 
2 SE ES = SE Уа ГА 
that is, 
i.e 
(3.6) Re = 5; Va 


ponents of linearly indenpenđent co- 


the relations: 


i А 1 Av l. A 
Ус = 0 530% VEO S. Va = %6 

B у тов с В B 
42 
"bios 

.A <А 

аа) > 


-defined positive definite Riemannian 


= : à 
h (vj; v2) form an orthogonal frame 
D 
Br RU 
к SITE 
(3.2) we find that 
гоз Qe NN 
{ Si ое , 
АСА Hi 
J. = © 
(m АЙЫ в”! 
j А А 
аа Лу 
сыл і 
22 =2 = 0 
R4 84 
vi = v we find that | 
а [ 
Í 
42-224 EK X deg 
- K ЖАС КЕРЕ ANC. 
ag (6: = VA 55-44% ; 
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Similarly we get j 
T B і T 
(3.7) mj = sj VE 
( 
If we put 
= r = m pt 
(3.8) Ака 7 "x Prd ° М: = ™ Pp; (| 1 
we find from (3.6), (3.7) and (3.4) t 
A А 2 
ана Е 
(3.9) fki = Sk Si р м; Sk S; ; 3 
R 
(3.10) n = kik a Hy: = Mjx or Zik + mik = Pik 
We can also easily verify the following relations 
rq = I ml = 
(3.11) i Le Pa ki fi hy m Руа Om, 
а = 
my mi Prq mk; ^ ; 
ГІ . 0 
For апу two vectors x,y with components xt, ү? let us 
put 
a 
(3.12) m* (x,y) = m, хуя (x,y) = ry q ў 
, га y ‚р ‚У = Pyg* y ; 
= 1 
(3.13) g(x,y) = 2(р(х,у)%р(фх,фу) + m*(x,y)) . 
Then we have 
W 
m* (va Va) = Р(УдгУд) = 0, 
= 1 
v == = о 
I (Va Ya? = 2(р(уд,у,) TP (ФУ, Óv.) +m*(v,,v,)) = 0 
Thus L and M are orthogonal with respect to g. Furthermore, it 
15 easy to verify by using (3.8) and (3.10) that 5 


д Ё 
= r h \ 
р(фу,,9у,) =ой еб; 9% Va və ; ë 
plov rvp) + m* = г yd gh 3 Е 
а’ b (фу , vy) Prq th $3 x V5 А Р 
2 2 = < 
р ($ var $ ур) = ат А 
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(3.14) 4(фх,фу) = g(x,y) for all x,y in L. 


Let M, be a space such that for x eM), ф(х) = Жах апа 
let М, be the distribution orthogonal to M in M with respect 


g. choose an orthonorma i i 
to g. We rmal basis Un-ril'tt41U5(n-p) with 
respect to g for M. Furthermore, let ерлер 


normal basis for І with respect to 9. Using 9 we can defined а 


be an ortho- 


These relations lead to the following: 
Riemannian metric q on м? Бу 


gle,,o(u,)) =g (e,,9(u,)), 9(9 (u ) ug) =0, g ($ (и) (ug) )= 


= бой! 255 1) КЕ, п-г%1<а,8 < 2n-r 
Then g is well-defined because if u 


jur is another 
n-r+1 '"2(n-r) 


orthonormal basis for M, then for 5,20 ug we have 
-- - -, В Е Жесбеле ВВ 
Say” g (uy say) = 4(2 15% 24 ч) = Za Zy Sge Za 2, 


ч(е,,е,) = 9(е;›е,), gle uy) = (ец), e(u,,ug) = 9 (а цр) 
апа 


ВВ a spa 
ERO = em 


This means that there is a Riemannian metric g with respect to 


which L, M,, M, are mutually orthogonal and 


g(x,y) for all x,y in L. 


g(éx,óy) 


g (фх, ФУ) a-g(x,y) for all x,y in M. 


š n 
THEOREM 3.1. If in an n-dimension manifold M (n=2m ) 


j я h ist сот- 
а ф(+1,а) structure of rank г їз 91761, then there exts 


imenston 2r-n, and M of dimensi- 


1 = = В Е 
gT) ,6(8,)) alzi Фор) ,25 du) = 272 BO (ug) SUL) 


‚ Plementary distributions L of d 


On 2(n-r) and а positive definite Riemannian metric d with res- 
Pect to which L and M are orthogonal, and, furtnermore, such 


that 


а(фх, ФУ) x,y EL 
g(ġx,ġy) x,y €M. 


g(x,y) 
ag (x,y) 


И 
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ЕАД 


4. Take a vector е in the distribution L. Then the уе- 


ctor Ф(е) is also in L and perpedikular to e, and moreover has 


the same lenght as e with respect to the metric g. Consequently 


we can choose 2r-n=2(r-m) orthonormal vectors in L such that 


,o(e ) =e 


{е r-m4*2'''* r-m 2 (r-m) 


ó(e 9(е,)- е 


1 r-mtl' 


келү ле such that етті 


) = - Y ae 


and іп М an orthonormal basis T 


ер are in M, and that 9 (е 2 (5-м) +1” S ° < 


РЯ 


= ЕС 
i 


Then with respect to this orthonormal frame {е.,...,е } 


i 
the tensors 951 and 93 have components 


Such a frame is an adapted frame of the ф(+1,а) struc- bo 


ture. Let (e) be another adapted frame in wich а and ф have 
the same components as (4.1). 


Put е, = T Gyo Then y has a matrix of the form 


А В 0 0 
-R ED 
r-5 r-5 
y= CE m A n 0 0 
2 132 
AE 0 СЕ a ; 
0 
0 0 pr 
This means that the group of the tangent bundle of the mani - 
fold can be reduced to U 2 
1-25-52 Conversely» 


if the group of the tangent bundle of the manifold сап be re^ 
duced to (2-2) х anaes x O ее) then we сап define а positive 


definite Riemannian metric g and a ф (+1,а) structure with matrices 
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(4.1) with respect to the adapted frames. Then we have 


and it is easily verified that ($ 


THEOREM 4.1. A 
the 
the group of the tangent 


x O 


U x20 
Tl ие 


i 
NIS 


It is known from !3! 


manifold МП is reduced to U 
үкү, 


mits a $(4,+2) structure. 
while 


tangent structure. 


while the complement M of space L in M? admits the structure E 


THEOREM 4.2. 
ts reduced io U 
(2-2) 


and 0 (+1,а) structure. L 25 


D. 0 
I 
2. 0 E 
Qu 2 
0 0 aE 
0 0 
Е 


of manifold м is reduced to U = 
(r-3) 
admits а ф(+1,а) structure. L is the subspace of M 
From this we have: 


the зи 


2.1) ( 


O (n-r) 
: B n 
L is the subspace of M 


the complement M of the space L in M 


From this paper it follows that if the structuralgroup 


If the struetural group of 


п. X9 (n-x) X9 (n-x)? 


9 (n-r) 


- 0 0 
2 2 
0 aE 
n-r 
0 0 a£ 
n-r 
а =0. From this we have 
tetent condition for 
a) structure te that 


group 


that if the structuralgroup of a 


n 
, then М ad- 


? (n-r) 
on which $ =-1, 


n = 
admits an almost 


х а then v? 


2 
7 on which é“=1, 


for which 92а. 


= n 
then M 


Тов both 


struetures. 


Complement M 


` 
"its 


D UNA 
structure for which Ou M 


=0 or Ф 
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REZIME ; 
| 
f 
1 
0 STRUKTURI ф КОСА ISPUNJAVA USLOV ($241) ва =0 i 
f 
: ` ‘ 
Potreban i dovoljan uslov da se n-dimenzionalna mnogo- , 

à с 
strukost može snabdeti ф(+1,а) strukturom je da se grupa tan- ? 
gentnog bandla može reducirati do U хо xO . Ako 

(-5) (n-r) (n-r) : 
se strukturna grupa može reducirati do U О xO : 
_п (n-r) (n-r) 

(527) ( 
tada зе mnogostrukost по?е пардан i %(4,%2) i ф(+1,а) struk- ‹ 
turom. U prvom slučaju je 92 =-1, а па komplementarnom prostoru с 
M je 92-0 . Ü drugom sluéaju $2 =-1, a па M je 92 =a. 
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Siniša Crvenkovid, Gradimir Vojvodić 
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| 21000 Novi Sad, ul. dr Ilije Djuricica 4, Jugoslavija 
ABSTRACT 
An algebra with a type Q and a carrier A is an 2-subalge- 
bra of a semigroup S if Ас S and if there is a mapping шека of 
Q into S such that ш(а,,...,а„) = оа... а, Еог еуегу п-агу оре- 
rator ше and the sequence of elements а ,...,аг Of B. ЕР С 
is a class of semigroups then by С(0) is denoted the class of 
Q-algebras (i.e. algebras of the type Q) which are subalgebras 
\ 


of semigroups belonging to С. It is well known (see |1| р. 185 
or |4| р. 78) that SEM(Q) is the class of all Q-algebras. It is 
also known (|5|) that ABSEM(2) is а variety. The object of our 
investigations is the set V of varietis V of semigroups such that 


V(Q) is also a variety. In Theorem 1. of this paper we show that 


С (Q) is a variety only if r=1 Or Q does not contain п -ary 
ym? 


- š fe 
is the class of commutative sem 
Operators for n» 2, where Co 


r =m 
groups which satisfy the law x =x . 


0. MAIN RESULTS 


First, we note that if 2 is a set of finitary operators 
ГА 


then 0 (п) = (ше0|ш is an n-ary operator). 


15 an Q-subalgebra of a semigroup S iff the’ correspondin 
S. Thus, we can 


Obviously an Q-algebra 
g restri- А 


ction 0-.0(0)-а1ідерга is ап aN2(0)-subalgebra of 
assume that Q(0) -2 i.e. that Q does not contain nullary opera- 
tors. 
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THEOREM 1. © (0) іс a variety iff r-1 or 


u 
> 
= 


ТНЕОВЕМ 2. Let А be a nonempty set, r and m two ро- 
sitive integers, and L a subsemigroup of the semtgroup їй, of all 
transformations of A, such that еса Then, there exists а | 
semigroup МЕ with the following properties: 

(5) г te a subsemtgroup of М; 
(tc) AGM ; 
(iti) “(Na eA, 36 €L)ó(a) = фа. ( фа ts the "product" of and 


a tn M) 


Before qiving the formulation of the last theorem, we 
have to give some preliminary definitions. Namely, if А 15 a 
nonempty set, then by O(A) is denoted the set of finitary (not 


nullary) operations оп A, i.e. O(A)= U о (А), where o, (А) = 


n n=1 
= АА consists of all n-ary operations оп A. If LcO(A), then 


L(n) =LNO (A). An infinite collection (4 | eite pine sedie Opa 


tial binary operations can be defined on O(A) by 
a) ФЕО, (A), y eO. (A), i<n = 


i 
ф+ ф(ху,...,х УД 


)=ф(ху,...,х,_у,ф(х,,...‚х, 


min-l al itm=1 
) 


"Xi+m'"""'%m+n-) : 
(See for example |6| p. 7-49 or |3| p. 9). We have that (ota) ,9) 
is a monoid. Further on, for the operation + a usual multipli- 
cative notation will be used. An operation 9 ЕО, (A) is called 


commutative if 


(2) $ (ауга) = oa, Oc ae 
1 n 
for every sequence ayri... za, € A and permutation vei, Gu NG 
гі Ы с s mOn ha 
` 
THEOREM 3. Let L be a commutative subsemigroup оў 
the semigroup O(A) such that all the operations belonging tO s 


. if 
are commutative and ф + у= фу, for any ф,феь and ie {lies 
...,n] where ф €L(n). Let m be a positive integer and assume 


that L satisfies the following statement: 
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Я а 
r 
i 
then the homomorphism $ = $ is not a monomorphism, for $ =$ 
b 
of finding the set of varieties V O 
s 
e 


( 
(3 
а 
( 
t 
( 


is an identity equation on А. 
МЕС and а homomorphism %* 

-і,п 
1 
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j- su PED $,€L(n +1) and зе go I a yapma 
5, ы анн are posttive integers such that: 
3) i) = Je (поат), a, = 8, (modm) 
nd 
4) 1+1 п, еа п, = a, Pao = 
L4 jon. оо р В 
hen 1 1 p 1 q 
1 m а a 3 ] B & 
i yep x Ч ва 1 
5) $1 i (x) 2а ) = $1 UD (xi озо ) 


hen, there exists a sem 
from L into M such that the fo- 


tisfi 


lowing statements are sa 


(i) (Vé e L(1)) $ = 6; 
(Con) AcM ; 
(21/1) (Va, ,...,aQ ВА, Ф €L(n))$(a,,...,aj) = фау.. а 


Obviously, the part of Theorem 1. for г=1, is a speci- 
1 case of Theorem 2.. But the CV - generalization for 
>2 is not true, for, by Theorem 1. е 2) is not а variety 
f г 22 and Яя 2(1). It should also БЕ а оа that if L euet 
ut if $ €L(n) п>2, then ,;F*l 2%, This suggests the problem 
f semigroups such that every 


i = А |i be 
ubsemigroup L EV of O(A) (or more special of T, = 0, (32) eus Um 


mbedded in a semigroup M eV. 


l. P roo Е of Theorem 1. Identities in C И? Obvi- 
i t 2) the satis- 
Ously, if А is an Q-algebra belonging to Са) then А | 
fies the following identity equations: d | 
=o eee e) 
**) ф Gu ree eX) із? 222% 


| 


і i f i.e. the all 
Ог every ç eQ(n) and permutation уњ i of Каб і.е 


Perations of the algebra аге commutative, 
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(***) фу = Уф = ei у | 
` for any $,)e9 and іє (1,2.,,,.п} where Q € 9(n) ; ; 
апа (%7) which is obtained from (*) іп Theorem 3., replacing 1 
L with 0 and (3) with š 
t 
(3^) ІШЕ о: (4/2, >: and i, = jy (modm) ) 2 
+ > = 6 A 
а; E 85 or (a, Ë, >r and a, В, (modm) ) 
It can be easily seen that all identity equations, which 
hold in all Q-algebras belonging to ce п(9) ‚ аге consequences у 
of (*^), (**) апа (***). Namely, let Е be an Q-term (а termwith = t 
operational symbols from Q) with i, occurrences of the operator 
Wr and а, occurrences of the variable ху. Then, by a finite nv- 
mber of applications of (**) and (***) we can obtain that ( 
i i а а 
eed р, 1 q 
Е 1 “ы (x, , "Ха ) f 
is an identity in С. ш(?). We have to show that if (37) is not Е 
, | 
Satisfied then (5) is not an identity in C m (2) . Let F be а E 
—Y, 
t 
semigroup in с. т Which is freely generated by 0 U fe, „ез: 
ер.) А ete e, É Q. By putting 
h 
w (ure. uy) = wu, s+. Uno, 
for every ше Q(n) and Worse UL ЕЕ we obtain an Q-algebra F , 
which, obviously, belongs to с. nE ТЕ (3°) is not satisfied, 
then 
i ab ү) 
1 1 SN Jp 8 
Na Sls eu. P g 
1 шы еу е йо ое, Es 5 
in the semigroup F, i.e. 
al i a а j 3 B 
1 p 1 а Ji J 81 
Wo” oo dt. (©. ооо „Р 4 
і р (91; (eg) “шу ---6 СС ) С 
in the Q-algebra Е. 1 
This proves that (*^), (**) and (***) is an axiom SYS^ s 
tem for the set of identities which are satisfied in all Q-al- E 
gebras belonging to C (Q). a 
—r,m 
a 
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which does not belong to С 
= 


identities (*^), (**) and (***). 
Let wé€2(n+1), where n 


2 
tive integer such that іп +1-г=р>0. Thus, 


А be the 2-а1деБга with the presentation 


ai г £ 
<E; w Каада у= шз (еги... ео ет 


n OD. although it satisfies all the 


1, and let i be the least posi- 
L< t< yr; Жер ва 


= (ej, reuse) be a set with гп+1 distinct elements and 


Fr rn (**),(**) , (***) 


where the indices (*^), (**),(***) mean that А satisfies all 


the identities (*^), (**), (***) 
In algebra А the folloving inequality holds: 


i T 25 +m + 
(6) w(e,,---,e,,e") #ш (е mer pa bu 


5 Е р 


for neither the left пог right hand side allows а proper tran- 


sformation by (*^) and, by applying defining relation оп 


i г r 
(A) (е|,...,е ,e ) we get o (ei, «7 erai), SO we can only turn 


p 
i r š a 
to w (е асы ie ). But, if we assume that А ес) 1.е. 
that A is ап Q subalgebra of semigroup S ЕС. n then we would 
: 7 
һауе: 
і y =: 12 
= ...ее’ = 
ш (er... ep re ) oe, ES 
-1 r+mn i yas o mm 2 
= 100 622565 шош (Әл go Oa RS де = 
ve mn l+mn _ 
EMU) (ет, ерее = ш есере 
= 1+mn rim l+mn 
= urne God ере = ш (eres 18g; hos 


This example shows 


(Q) is a proper quasi variety. 


у 1.3 г-і. Let A be an 9-algebra, апа let 9 


Such that different operators of 9 
Оп A, and for every ш €Q(n), there is an o 


and w^ induce the same operation on A. Then;the 


an Q-subalaebra of a semigroup 5 
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that, if r>2 апа 2#(1), then 


Q^ be a subset of 2 
Q induce different operations 
^eQ^(n) such that o 
Q-algebra A is 


S iff the corresponding restricted 


let 


—————— RT 
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Q^ -algebra is an 2~-subalgebra of S. Morover, (A,Q) satisfies 


the identity (*^), (%%) and (***) iff (А,27) satisfies the Same ( 
identities. Therefore, we can assume that 2 is a set of finita- f 
ry operationsonA,i.e. 9 XO(A). i 
Let L be the subsemigroup of O(A) generated by Q апа М 
let an Q-algebra satisfy ED PR SO ME uS Tien) the L-alge- ; 
bra A satisfy the same propositions and bv the Theorem 3. the Ч 
L-algebra is an L-subalaebra of а semiqroup M € Ci mo hence, we 
, 
obtain that the given Q-algebra А is an Q-subalqebra of м. 
1.4 г>2 and Q= Q(1). In this case ап 2-algebra satisfies | 
all the idenitities (*^), (xx) and (***) iff the semiaroup Lof T 
transformations (generated by 9) belongs to ec ms By the Theo- 
, 
rem 2. ме have that if ап Q-algebra satisfies all the identiti- 
es (%7), (**) and (***), then it is an Q-subalgebra of a semi- s 
group SEC . Therefore, C (Q) is, in this case, a variety. 
=r,m =r,m 
e 
Thus, the proof of Theorem 1. is completed, i.e. it is с 
reduced to Theorems 2. and 3.. = 
= W 
2-P r o o f of Theorem 2. If r=1, then Theorem 2. is а corolla- 
ry of Theorem 3.. Thus, we have to consider only the case r>2. 4 
We may assume that L is a submonoid of T, 79, (A) , for S 
if it is not we can add to L the identity transformation c,:a^^ 
Let B be the monoid in the veriety €, п’ Which is free 
ly generated by A; iege the elements of S are "commutative pro- 5 
"421.92 а 
duct of powers а, ‘а ооо ‚ where ас А, а ғаз for 3 
17) and a, 20. r 
L 
ati 8-2 sm elec euntis a 4 3 
q 1 2 q M 


iff 


(зе (1,2,...,q)) (a, = B. or (а В > r ana a, Е 8, (modm)) - 


i a 
Let C be the direct product of L and B. If u- (бз = 

a 
Dea then we denote u by $a, where a =аў! ei р 
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ЕЕ (кола, ую леер a=¢(a), then we say that 
(u,v) and (v,u) are two pairs of neighbours. Two elements u,v 

g em S u, 
from C are called equivalent, which is denote by а%у, iff there 


is a sequence Ug ree Uy of elements of C such that u-us, 
у= цу, к> 0 and (44 4) is a pair of neighbours for each 
ie{1,...,k}. Obviously, & is а congruence оп C. Denote by M 
/% 


We can assume that L is a submonoid of M, for we have: 


the corresponding factor monoid с 


(i^) ф,фе = (фар = $=). 


If а-ф(а”) then аў фа“, and thus the proof will be co- 


mpleted if we show that the following proposition is satisfied 
(ДЕ) a,a єх = (afa aa 


Let a € A and Uj Byres uk ре a seguence of elements of 


C such that а = ц. апа (4% 1/4) is a pair of neighbours for 


each ie (1,2,...,k). We are going to show that each u; has a 
form u.=gp.a. where ф.(а.)=а. First, this is true for i=0, a=u = 
pip ТУЙ Lae о 
= = 2 =ġ ф tig U 
ta, e(a)=a. Assume that Oy =o, An] and 1 Gy 1) a. Then, 
we have 
(I) офф уак, Ф (а) арр, and thus $y-19 (ах) =a 


ог 


(11) шуф уау, Фк-а 9-1 


фа арафа Ма = ір) 


This completes the proof of Theorem 2. 


3. P r о o f of Theorem 3. L satisfies the assumptions of Theo- 
rem 3. iff Lu {=} satisfies them, and thus we can assume that 


L is a submonoid of O(A). 


Зое Let = be the least congruence on L such that L-Ly 5% ae 


More explicitly,= is defined in the following way: 


Let ó,U e L, then, ф Еф iff there exist Фу s $. € Land 


n j h that: 
Onnegetive integers i}: jjj SUS 


(3.1) 37 153,59 or (42% 20 and il, jy, (modm)) 


x 
| 
| 
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< 


and the following equalities are satisfied: 


i 


i 1 
ШП? 1р 
ф-фі $3 Фр 
9973 3 i a 
ДМ! 212 ly 2217 222 2р 
(asm ЕЙ 75% % % 
За-11,34-12 Moe giu». 4 «с 
$1 2 p 1 72 P 
Jeon 3) j 
9 314 92 о Ви 


From the given definition immediately follows 


3.1.1. $$ e Lin?) V eLm N), ф=Ер = п“ = п (тоат). 


3.1.2. фе L(1), UV eL, фЕф = ф = у (Thus, we assume that 


CI = 
L(1) SL 172). 


Now, ме are going to show that if ф Еф, then $ and у 


have the same action to "similar Sequences". 


3.1.3. Let $=, ó e L(n +1), 0 € L(n^1) апа Onee erag Вул... 


“Ва аге such that arb, >0, a, š 8, (modm) 


(359) a, Teo bse Фа = ntl, Byte. Ва = n + 1. 
Then, 0 
a, а By B 
VN 
(3.4) ф(х pe) = р(х) жа) 


is ап identity equation оп A. 


Proo f. ТЕ n'-0 or n^-0, then by 3.1.2. $zV. 
Thus, we can assume that n^» 0 апа n^»0. Let (3.2) be satis- 
fied and let фе L(n +1). From n^» 0 and n^»0 it follows that 


for each y there exists a А such that 2,120 and n, » 0. We can 
u ee 
ass j i 
ume that j,) >0, п 20. Let 5) be the least nonnegative in- 


1 
teger such that 


3.5 tj j T 
(oy em Santa aa e о) =t, 20 
Then 


t. = 1+j j j 
i 211817712828... (6 +...+8 ) (пойт) 
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Li 
= ізі ti 4 ; A К 
1 1j nj*í,*n5s. 2 ВеО (тойт) = 0 (лойт). 
Now, by (*) we have: 
Oy a 1 i а 5 
- TETT ST l š o 
О = фр афр Рона 


31135 j j 
= numus 
- $1 о 


Bi, +t, 8; 8 
1 ,% pene p X 


ШЕ Jan, п, > 0, then in the same way we obtain: 


4 š B Əi+t B, g 
1 3 s.m 2 c 
n ха = Qu E - (x) 1X Cp 


where S3 is chosen in a similar way as s Finally, we should 


1: 
obtain 

a а 8 8 

з а Z ed Ë 

$ (xi peeerX 7) = U(x 


Sid If ¢=wW and ф,уе Һ(п) then $=). 


РАО ОЕ This is an immediate corollary from 3.1.3.. 
Further on, if o €L then by ó shall be denoted the ele- 


ment of L =L such that ó € $ 


\ /= 
952 As in 2, denote Бу В the monoid in the variety Cim which 


is freely generated by A, and by С the direct product LxB. An 
аі 


а Ж ; 
element u=(6,a ag) shall be $a. The relation of neichbour- 


H 
hoodness shall also be defined in the same way. Namely, if 


u=u ʻa, у=фи “aaz: -âp ġeL(n) and а-ф(а),...,а,), 


of neighbours generated by 
and transitive extension of 


then (u,v) and (v,u) are the pairs 


$. The relation % is the reflexive 
the relation of neighbourhoodness; & is a congruence on C. De- 


; Note the factor monoid Бу M. . 


If әурет, then фф iff ò =V, and thus Lc M. By 3.1.2. 
we have 1(1) сМ. In further considerations, we are going to 
Prove the following statement: 


(11-2) а,а“ЕА = (аља < а=а), 
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which implies (ii), and as we have a=$(a),-+-+1a,) => ah фа... а 
this will complete the proof of Theorem 2. 


550 In order to prove statement (ii ^), we shall consider a 
special subset Т of C, and a mapping u" [u] from T into А. I 
и ЄТ then u is called a "term", and Tu] the "value" of vu. 


Let u=ġa â]: .-а € С, $eL(n*1), a 6 A be such that 
nz p(modm). Then, ue T iff a) n» 1, or b) n=0, and there is a 


decomposition $7659, n such that 


$ (ag) - $ (24) =m = быс ва. 
In case a), there exist nonnegative integers i,j such that 


(іп+1)п+1 = jm+p+l 


and then we put 


а, 


pay 
In case b), value [u] is defined by [ul =a. 


The value П оға term u of form a), does not depend on 
imon оп % Бу (*) апа 3.1.3.. But, we have to show that the 
same is true for a term of a form b). 

Namely, if it is possible for @ to have another decom- 
position о ео such that 


Ho (bo) = V) =...= VL) = b 


where Козар = БОБ -bo іп B, we have to show that a=b. 


First, we can assume that p-q and that a,=b . Then, we have 
v 


а = ф ( 


In 
Ug 
= = e = 
=...= Е SER ОА) Е yP*lgm,, ута 
+1 m m 
р 1259 дос 


"o dw 

€ c 
= 

u 

= 

{1 

lI 

o 
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797 


Thus, the value [0] of a term u is unicuely determined. 
Now, we shall state some propositions concerning terms 
and values of terms. 


293. 1 ТЕ фаевТ and $eL(sm+l) for some s >o then $ja € T and 
C *(9a]] = [99a] 
5) 2715 ТЕ $aa e T and аз-у(а,,...,а,) Еһеп yaa, са єт and 


(ova а,..-а,) = (баа J. 


3.3.3. If Ффаь,...ь єТ апа (b,,...,b,) =a then pý aaen 


The proofs of 3.3.1. and 3.3.2. are straightforward and will not 
be given explicitly. If фф is not unary, then 3.3.3. is a coro- 
llary of 3.3.2., and we are going to consider only the case when 


фф е Һ(1): 


Assume that $v ab, € T and [6v ab] - d, і>1. Then, 


$yi7050, ++ Фр, ab, =a, a by p = 0 (modm) b ra 6А, p (bi) EX 
а = Фо (54) = $4 (aj) = $p (a Ja 
and 
(a) = $ (U (5-2) = 09 (ау) ----- уф (а), 


where we obtain 


Boti : $ baa] = (у. аа] = %(@) 


= pu Em $1 Таает and a-v(b, ), by 


ov 


1441 
Teo G ë and E Таа] = [pv abi]. 


for a=y(b, ), and ó 
3.3.2., it follows that ou 


Thus we have 
n*l We aw 
(ov? Maa] = [ov^ ab] = ЕЕЕ | 
| 
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4.3. Here statement (ii^) (from the end of 3.2.) will be Shom 
and this will complete the proof of Theorem 3. Ç 8 
kd 


First, we prove that 


Abas roles ise’ AS ug А59 is a sequence of elements of С such 


ure: 


that p» 0 and u;_y:u; is a pair of neighbours generated by 9. 
for each іє {1,...,р}, then ner D ui ЕТ for each іе (1, 24 


апа: 


m t m m 
(3.6) еза] = Dieto 
1) Fel Cl (ө) 150 Assume that (3.6) is true, and that i <p. 


i dn = $ub,...b. " 
or 


(II) u 


I 
= 
= 
(og 
(og 
с 

"I 
£ 
o 


where ф=ф; +1, b= $ (birr b), uec, 


In case (I), by 3.3.2. we have that 


m m,m, A m 
E io шы p J = а, 


and by 3.3.1. 


[Фа] 


ІІ 


mm 
[41...94] = Г"... mus] 
= m,m 
= [5 Фү...фүфчЬ...Ь] = р", 


In case (II), we have: 


ug iua = 


A m m omm m, 
a [01...99] =[Ф\.--Ф%үфчьу...ь] апа Бу 3.1.3. 
this implies that 


а = рт » 036 ub] -= BI 


We also have 


[D "al 


3 


m 
2144] 


Бшш m à 

E'I. otu] = guo Nt aue] 
m m 

DP. ры Чыл] = D 


1 
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quence of elements Uo Uy u, of С such that a-u,, a =u and 
(а,_у/ч,) is a pair of neighbours generated by 6. ет. By 4.3.1. 
2. 


we have 


which implies that а-а”. 
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7 and this complete the proof of 42321 
РА ОШО КЫЛ эт Se. us y 
Assume that a,a^€ A and афа”. Then, there exists a se- 
) 
REZIME 
PODALGEBRE KOMUTATIVNIH POLUGRUPA KOJE ZADOVOLJAVAJU 


Je r+m 
3 ZAKON x = X c 


Algebra tipa Q за nosacem А naziva se O-podalgebra polugrupe 5 
ako je A cs i ako postoji preslikavanje ur ш Qu S takvo da je 


«(ау ree rag = sa... a, 
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=, 


za svaku n-arnu operaciju шє 9 і niz elemenata а, 5% аң iz А, " 
Ako je K klasa polugrupa tada sa K(Q) označavamo klasu Q-alge- 

bri koje зи podalgebre polugrupa koje pripadaju K. Ako je к 
varijetet polugrupa, tada je K(Q) kvazivarijetet Q-algebri, 


U ovom radu daju se potrebni i dovoljni uslovi da 


с. 5 ( bude varijetet (Teorema 1.). U teoremama 2. i 3. dat 
, 
je opis polugrupa operacija koje зе mogu potopiti u polugrupe 
а (© o 

=r,m 


) 
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TRANSITIVE n-ARY RELATIONS AND CHARACTERIZATIONS 
OF GENERALIZED EQUIVALENCES ^ 


Janez U&an, Branimir Šešelja 


Prtrodno-matemattéki fakultet, Institut za matematiku 


21000 Novi. Sad, ut. dr Ilije Djuricida 4, Jugoslavija 


Pickett |2! defines generalized equivalence relations 
and relates them to the partitions of type n, given by Hartma- 
nis |1!. In this article several types of generalized reflexi- 
ve, symmetric and also transitive relations are defined and pro- 
perties and connections between some of these relations are gi- 
ven. Finally, some characterization theorems for generalized 


equivalence relations are proved. 


* 
1. (п+1)-агу relation В on the set 579 is (i,j)-reflexive, 17), 


ооо y dE 


j- n+l 
(Vajs ee eaj ry nr Е S) (CE > а, ‚а; XR 821) 6 В). 
а ; Я 
В is reflexive iff it is (i,j)-reflexive for all i,j € {1,... ntl}, i£ j- 
š 3) 
2. (n+1)-ary relation В оп S is T-symmetric, т ей,..- mt H, 
iff 
) eR). 


a es) ((aD*1) єв = (ac (3) *****95 (n1) 


(Wa ress, ST 


АА 


3 .. 
%) Presented april, 27, 1981. 1) а5 stands for XEM а 


i i fa 
Notes an empty syllable when 4 <р; consequently ар 15 ар» and instead of a, 


AA E S. ) 
a,...,a (n тез), че write а; а Is, clearly. empty- 


2) In 12| (п+1)-агу (1, n+1)-reflexive relation is c 
" is used for the reflexive relations. 


alled "reflexive"; in 
13) the term "strongly reflexive 
) If M finite, M! is a set of all permutations on M. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


TT 
Digitized by Arya Samaj Foundation Chennai and eGangotri 


Janez USan , Branimir Šešelja 


(|2|) R is symmetric iff it is m-symmetric for all те [2528 


TISSU 
3. Let R be (п+1)-аку relation оп S and bu 3 
Е "n j 
2% ES КЕТЕ Б.Б variables. Let also 1 
1) keNN(1); 
2) а is the k-ary relation on the set R; and 
3) (pots) is taken by the given nullary operation in 
1 3 
(1 1 k k ji 
ео , ам! " Apre antl = i 


R now belongs to the class of transitive relations iff 


the following implication is satisfied: 


Ca S) ORA л (AP ев A 
1 
(1) 
1 n*l К _n+1 ny 
ues (bo) eR , 
1 1 k k 1) 2 
for all SUE a... ау 65. i 
In this article we shall be concerned with some relati- 
ons belonging to this class, with k=2, and k=n+1. 
31) (пғ1)-агу relation В on S is iA,-transitive, і6(1,...,п?. 
iff id 
(va a ев atl i +1 
gas Canis A HU ЫЛ (ау а а ERES 
(2) ae i- n+l R 
(а; 2 Ант) ER) 
(п%1)-агу relation R on S is iAt-transitive, i€ fl, 
ЕЕ 
ri 
Каа © Slat Та ап dd n+l A 
T. ° ал+] сана ORA авала ат) екы 3 
A (a, fal "exe ооо) = (arn egi ЕВ = 
1+1 Р 
) 
+ 22 1 A qi * 
(n1) ary relation R on S is 1A,-transitive, — 
fe (57... ді, if€ E 
i-] n 1-1 n+l 
(Yasri ra € S) (а> га аз) ERA (aj гаа) ЕВ A 
1) In the transitivities considered here,a shall always be such that 097 3) 


n=1 (1) reduces to the usual transitivity low. 


*) In |2!: "transitive" stands for “nA - transi tive 
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(4) (afa, for j=k, кең шу = (al aptly eR) е 


+ д, 1 EE 1 AR 144 ) 
(ntl)-ary relation В on S is iA,-transitive, 2 +@{Д s 


4 i~i n jx 
es Р Жеб ant № 
)((a 27 га татр) ERA (а,,ат , a;;j) ERA 


(a4 f ay, for jfk; j; ke {1,...,m}) = (а yap yal ee 


34) (п+1)-агу relation В оп S is iM,-transitive, i e (2, — mb 


iff 
(Sar... аа 85 xil Dco 97 е5) (x P? # 
X xU), ror 44k, КӨШІ ай Й (ігі, Ва M 
$=1 
Gy и ЕВ = (ay чату) ев .3) 


34) (n+1)-ary relation В on S is iM,-transitive, де (27 ре 


iff 
(1) , (n) (Ез 
(Ways. парта рари и ‚у € S) ( (x; £ 
n 
k : - А: i- *1 2 
# xÍ ya for jzk, Шы (ay р Wc ен 
1 T= n+l 
\ (xí ЖО ш QUEE ЕВ = (aj 95 ау) ев). 
REMARK. 


In the case п=1 all notions defined in 1), 2) апа 3) 
reduce to the usual binary notions. 


4) |1| For set S with at least n elements, the family P. of 


Subsets of S is a partition of type n, iff (1) each member of 
P. has at least n elements and (2) each n different elements 


ITINERE i | 
i : ^ | 
2) The notion of ап iA,-transitive relation is from!4!. It is obvi Lete, 
n 
one can define transitive relations without or with one star i 2 d е 
and 3,) as in 3,). It has not been done here since the purpose о 5 
cle 18 to treat the transitivities connected with generalized equivalence 


relations. 
3) M-transitivities appeared in investigation of 
А A EA 
A, P; denotes a logical conjunction P, A... kr, 


generalized orderings. 
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$ belong to exactly one member of Pv 


4.) |2| (п+1)-агу relation E, on $ із a generalized equivalen- 


ce relation on S iff it satisfies: 

Eln: (1,n*1)-reflexivity, 

E2n: symmetry, and 

E3n: nA,-transitivity. 
44) In |2| it is shown that (п+1)-аку (i.e. generalized) equ- 
ivalence relation Еһ оп S induces оп $ a partition of type n, and 
contrary, that each partition of type n on S can be connected 


with the generalized, (n-1)-ary equivalence relation on the sa- 


me set. 
г хх 
PROPOSITION 1. If (п+1)-ару relation В on S ts (1, 
i-1)-reflexive and iA, -transttive, then it ts iA, -transitive. 
1 32 © (e) во Let 
atl n 
a) (x 1X] "ХХ у) ек апа 
abi уй 
b) (x; rx] (X341 Xna) ек, 
where Xi Z x; rire Ml Fo ap al pa) G уп}. Then 
= i-2 n қ M 
cj) (тих: X) "ХІ 0X 344) ЕВ ((1,i*1)-reflexivity). 


From (c,) and (b), by iA,-transitivity, it follows 


b.) (x лата rM. )€R. Applyi LA itivity 
1 ЕО . Applying ia -transitiv 


on (bj) and 


i-3 n ; 
с) (х ИХ La X; x) ,X;_ 2 rX; 1) € R ((1,n+1)-reflexivity)' 
we get 
DON 
b.) (хі 25 X; XT жі) ER o 


This procedure leads to the conclusion 


= 1-1 n+l E — :А.- 
©) (x) ,хі,хі,1) ек. Finally, from (a) and (Б), by i^ 


transitivity it follows that 
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(© Q1 х0) ев hi 
o Хар] ; which was to be proved. 
COROLLARY 2. (п%1)-ағу (1,n*1)-reflezive and nā,- tra- 
nsitive relation R on S ts ПА. -transitive. 


2 
REMARK 2. 


(1,n+1)-reflexivity and nA,-transitivity do not imply 
nA,-transitivity, which can be shown by the following example, 
for n-2. В is a ternary relation on {a,b,c,d} consisting of all 
triples with equal first and third coordinates and of (a,b,c), 
(c,b,d),(a,b,d) and (b,d,a). It is easy to check that R satis- 
fies (1,3)-reflexivity and 2A,-transitivity, but that it is not 
2A,-transitive. 

The following corollary is a conseguence of the proof 
of Proposition 1. 


COROLLARY 3. (п%1)-ағу (1,141) -reflextve and iA, - 


transitive relation В оп S satisfies the property 


B (KEN m ooo pc es)((aj#ak,j#k, ке Uy coarsely) A 


1 n+l 
ntl 
(a 1 ) ЕВ = (а тауа (ағ) ев), 
Yi i 
dez (d оо, о вое) е (ДП Ts ШЫ 
PROPOSITION 4. If (п+1)-аги (1,1+1)- reflextve and iA, transiti- 
ve relation R on S satisfies (Y; ), then R ts iA, -transitive 
(al CUM ooo pal) c 
Proof. TE 
i- Il хн E 
(хо lox x? )eR and (хі ‚ху (Xu) ев, X x; for ifj, 


i,je{1,...,n}, then by (y,) it follows that 


i n 1-1, хі Aino 
хі хха) ЕК and (х.хү Xii e 
к E transitivity implies 
xL om €R , completing the proof of the lemma. 
Aie 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


о _ Ия 


TT 
Digitized by Arya Samaj Foundation Chennai and eGangotri 


236 Janez USan, Branimir Šešelja 


Proposition 1, Corollary 3 and Proposition 4 imply the 
following proposition. 
4 


PROPOSITION 5. If (п+1)-ару (1,n+1) -reflexive rela- 
2029 В on S satisfies (ү), then R ts iA, -transit stve iff it di 
iA, =transttive, (ie{l,...,n}). 

PROPOSITION 6. If (n*l)-ary relation В on S satisfies 
li+1)M -transitivity (iz1,...,n), (j,i+l)-reflexivity for all 
ЛЕП 2722-71) ала (451,К) -reflextvity for all ke {1+2,.. .,n*l), 


then R satisfies iA,-transitivity. 


РАС ОНО Е: Let (х2) € R and (К Ук, x их ud 


u,ve{l,...,n}. Then 
(x x 


17-577 ру 


en 0х) ЕВ ((2,i+1)-reflexivity), 


291-5000 


E ИИ € R ((3,i+1)-reflexivity), 


1-Х 1 ри ža) € В ((i,i+1)-reflexivity), 
,X r... X. _ ns "Жи Хр) ЕВ (by assumption), 


А ) ER ((it1,i+2)-reflexivity), 


Ех 0) ЕВ ((it+t1,n+1)-reflexivity), 
П ОВИ х 1) ЕВ (by assumption). 
Thereby (i+1)M 1 transitivity implies 


Хо и. 
(хо; n" "х <1 iar Xr? хуу) ЕН, which was to be proved. 


EORONLARY 7. If (n+1)-ary (n+1)M -transitive relation 
R on S satisfies (1,п+1) -reflexivity for an ie (2, ,n), the" 
В satisfies nA,-transitivity. 


REMARK 3. . 


The following example is a reflexive, nA, -transitive 
ternary relation on (a, b,c,d,e), which is not (eum -transi- 
tive. Let R consist of all triples with at least M REIS eo 
ordinates and of (a,b,c), (b,a,c) ‚ (a;,b,d) , (b,a,d) , (c,d,e) and 
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(4,с,е). ТЕ = DONC that R is reflexive, 2M,-transitive, Bue 
not 3M,-transitive, since (a,b,c) €R, (a,b,d) ев, 


put (a,b,e) ЕВ. 


(c,d,e) ев, 


COROLLARY 8. If (п%1)-ағу relation В on S satisfies 
(i+1)M, ~transttivity (i-l,...,n), (j,i*l)-reflexivity for all 
je{2,.--,n }, (1+1,К) -reflexivity for all ke{i+2,...,n+1} 
and y-symmetry for ү = (1,...,i,n*l,i*l,...,n) есі, A pipa 
then R satisfies iA -transitivity. 


PROPOSITION 9. If (n*l)-ary relation R on S satisfies 
(1,3)-rPeflexivvty Yon ай пейте iA,- and (1-1)Ат?гап- 
82%:90%5у, 3 e Ul... nl БИЕПЕН 2В (i-2)A, -transitive (i-2,i-1, 


еа т) 
P rotors. 


i-3 n i 
(a) (aj X Ies and (ay газ 274441) ЕВ, а лау; 


+ “сй, LE s 
i) Suppose first a fai i-1,...,n. Then, by using the 
well known properties of permutations, by Corollary 3 and sin- 
ce R is iA-, (i-1)A,-transitive and (1,i)-reflexive, (a) im- 


plies 
= sica n TT ntl 
(a) (ag ‚а; 2,24) ЕВ and (a 
x |2) nt 
Ву (i-1)A,-transitivity then (ас ‚а;_1) ЕВ. 
(ii) Let ата; 2, апа ub d 
b i- n ai n 
(b) (ат Oe ме) €R and (a, „а; 2441) CIE 


By using (1,i)-reflexivity and by the procedure used in i), 


СС 


а дз п 

(с) (а, олау 15184-9744) ЕВ and 

a =з) n+l 

(a) (ат ‚а, га; 2,9; ) ER ` с 


= 5 : = + : Лу : £ = th t 
From (c) and (d), by (i-1)A,-transitivity, if follows a 


i-3 n+1 
E ЕВ 
(а, ау a; i ) 
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iii) Let a,=a,, ЕБВ апа 


where t<i or t>i, te {1,...,п). (1,t+1)-reflexivity now gives 


i- Бе n+l 
(агат дар руа pc 


i), ii) and iii) prove the proposition. 


Using the fact that each permutation on {1,...,n+1} can 
be produced by two cycles jm 4417 O5, 2-0 ) апа Үһ= (n1, 
.,n-l,n*1l), one can Seer Dos that the FoI vins propositi- 
on is a consequence of the previously proved statements. 


PROPOSITION 10. If (п+1)-ару relation В on S satis fi- 
ёз Y. and Y,-symmetry (ү. а] 


1) Re reflexive iff it is (1,n*1)-reflexive ; 


and Y are given above), then 
n 


2) Е 78 iA, “transitive, іє {1,...,п}, tff it is nA,- iran- 


sitive ; 


аҚ 


$) R is iA, “transitive, іє (1,...,n), iff it is nA,-tra- 
nsztive ; 

4) Ris iM, -transitive, іє (2,...,n41), Bip ie oS 
(n*1)M, -transitzve ; 

5) Ris iM,-transitive, ie{2,...,n+1}, iff it is 
(n+1)M -transitive 4 


i-3 t-1 n я 1-3 t=] nl t 
ооа аен) е8 and (ау оа озар аа уе р 
6) R zs nA,-transitive, Va 95 wa nA -transitive. 
PROPOSITION 11. (п+1)- тағу relation В on S is the gene- 
ralized equivalence relation on Sin the sense of 4 2? iff 
I Ris reflexive ; 
ТТ В satisfies the property 
ntl 
К Megan 0 (lay) e RA (ains, ізі; d, e а... 
о) ЕВ „where т = (MPL 00 озь) P 


III В 15 nA - transitive. 
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c 
Pr OO ee The only nontrivial part of the proof is 


the one in which the Symmetry has to be proved 
, 
ption that R satisfies I, II and III. 


under the assum- 


Suppose (а1+1) е В. 


ТЕ а; Зар for some іў ӯ, і,ј є {1,...,п+1}, then this 
part of the symmetry follows directly from I and the definition 
of reflexivity. 


If there are no equal elements among ai, зеп 
then Corollary 3, І, апа III imply that if 
nl 4 T 
(aj ) ER then all (n*1)-tiples produced by the cycle 
(n,1,...,n-1,n-*1) also belona to В. Since this Cycle and т pro- 


duce each permutation on {1,...,п+1}, usina II, we get that for 
each permutation T € {1,...,п+1} ! 


(ac (1) (** „ах (41)? €R , proving that T satisfies the sy- 
mmetry. 
There is another characterization of the generalized equ- 
ivalence relation, depending on reflexivity and two transitivi- 


ties. 


PROPOSITION 12. (n-l)-ary relation В on S їз a genera- 


lized equivalence relation in the sense of 4,) iff 
1 2 


(a) Ris reflextve ; 


(В) В ts (n-1)A, -transitive 3; 
(y) R ws nA, -transitive 
ID ae Xov © Ро Let (а аре 0) ЕВ. By (n-1,n+1)-re- 
Е ET -2 
H n longs to В. Thereb for 
lexivity (a ,a 1'85r8p- 1? also be g у, 
4 n+l 

different Apress an gy (8) implies that if (a, ) ЕВ, then 


1 
the procedure used in proving Proposition 11. 


The following proposition shows that, assuming (1,n+1)- 


(ат ase) ЕВ. The proof of the symmetry now follows from 


Position 6 one gets the conditions for the equivalence of the- 


о 


Se two transitivies. 
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PROPOSITION 13. If (n+1)-ary relation R on S E - 


AS Xe nd Ga -symmetry (Y. gi 5171, . n), Y (п, 1, A : 


n-1,n*1)), іл, -transitivity (і є {1,...,п}\ and (1,n+1) -re fle- 
xtvity, then R satisfies (i*1)M, -transtttvity. 
I2 Se (e) (e) f: 1) R is symmetric, because it Satisfies 
Yes and ve symmetry (see the text preceding Proposition 10. 
2) Let Гароха лев, rason (арх, )ECUR ЖЕ 1754 for qe 
i,je€(1,...,n]. Now, if there are equal телес among а,,..., 
airy , reflexivity implies (а? ry) ЕВ , proving (із1)М j transi- 
tivity for R. 
Assume now that a, waj. Б еп .n}. Also let 
а -хі, 1=1,...,К, ke{0,...,n} ieee k=0 there are no such em- 
al elements). Assumption 2) is now given by 
k _n И 
(à) — Gap ix) ER, (xT ap. ух) ER, 
k n wm 
и: 


From (b), by symmetry, it follows that 


КИП k 
(3 11 хү,ау |1) € R and (атар л) ЕВ, ЕЕ {К+2, ПНЕ 


nA, -transitivity now implies 
k п-1 
ТЕА R ве. ny. 


From this, by symmetry and nA, -transitivity, it follo- 
ws that 


k _n-2 
(а) (42 а Ху rakiy Xy) ER, уе {k+3,...,n}. 


Continuing this procedure, we finally get m ak ) ЕВ, i.e. 
+1 


(e) (a apal T) ER. 


Since ха. k, from (а), (b) and (e) it follows that 


k on k on 
(Ay 4178) Xk+) € R апа. (ay.xy iy) ЕВ, and applying nA,- -transi- 
tivity, we get 


k — 
(£) (ау ran Y) ев. 
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Applying nÀ,-transivity on 
К n-1l k п-1 
(akarak ar Лев (аура oy) e R, 


(the first (п+1)-Е1р1е is from (d) i.e. from the procedure ex- 
posed there, and the second is (#)), we get 


k | n-2 
(9) (ак 4278,41 781 žk] ,Y)€ R. 


Continuing this procedure, we finally cet 


k " n 
(аа. ree Ap yy) ER, i.e. (ayy) € R, proving the sta- 
tement, if i=n. 


In the case when izn, suppose that 
nez n+1 Жегі: nl 
(h) (а, ‚„ху,а,,у) eR,... (ат X15 7) €R and 
Р п cte AS 
(1) (x) y) ЕВ, x, fx fon 1x35, ^6 Ula тя 
Since R is symmetric (1)), we have (from (h) and (i)) 
a i=) теі У TET 
(60 (ат [8341 7X) €R,..., (ат (8344 7X5) €R and 
(k) (xy) eR, x, fx, for 193, i,j e (1,... n). 


case is the same as the one given for i=n. 


COROLLARY 14. If (n+l)-ary reflexive relation on S sa- 
tisfies (палата and nA,-transitivity, then tt is (n+1)M, -tra- 
nsitive. 

19 49 (о) (о) ағ This is а consequence of the two previous 


Propositions. 


COROLLARY 15. (ntl) -ary (1,n+1)-reflexive and зутте- 


; trite relation В on 5 ts nA, -transitive iff it te (n*1)M,-tran- 


sitive. 
РЁ (eX O oen Immediately by Proposition 6. and Proposi- 
tion 13. 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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of Proposition 13. concerning the symmetry, one can put " (1+1) 
M,-" AON © "(ізі)мі-" into the formulation of Proposition 
13., which will remain true. 


* * * 


In this part we shall show thatthe condition of n different 
elements in iA -transitivity ((4) in (3 1), given by Pickett |2] 
can be weakened ((3) in 31) ‚ giving о та new in the pre- 
vious characterizations. 

The following lemma follows immediately from the defi- 


nitions of 1Аү- апа iA )-transitivity. 


LEMMA 16. а) iat -transitive relation is e -transi- 
tive; 

b) For n=2 the relation В is iñ -transitive ІРР tt ts 
iAT-transitive (i.e. these two definitions to not differ). 


REMARK 5. 


If we consider reflexive relations, the condition a. 373 
could not be weakened more, since for example, for n-2, Prod 
(a,b,b) €R and (b,b,c) ЕВ, its absence implies (a,b,c) e R. The 
reflexive relations would thus always consist of all triples 
((п%1)- tiples) on the given set. 

PROPOSITION 17. (n*l)-ary relation В on S 151122), и. 
neralized equivalence relation on S in the sense of 4 2? iff 
tt satisfies: 

(2) for each sequence of n different elements x 


ооо СЕ) of S, there ts v тп 5,у-у 


go oo 9 


2 


ВЕМАВК 4 
Applying Corollary 8., and the first part of the proof 
2 


n-1° such that 


n-1 
(x,y) ry) ER; 


(it) В is Yn 41 and Yp Symmetric, where 
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Үлгі = (П51,1,...,п) and Yes (21. аш дарлы 


; 
, ж 
(ttt) Rts nA; = transitive. 


REMARK 6. 


For n-l, (1) reduce to the statement that for each хе S, 
there is y € S, such that (x,y) € R, and this is equivalent to the 
usual condition )R=S, in the binary case. 


Proof of Proposition 17: We have to prove that R satis- 
fies (1,nt*l)-reflexivity (the rest is trivial), if it satisfi- 


esi (1), (TD) апа (151). 


Let x r... Xx € S, xx 1,6 10,222 nan menas 
n-1 leo] 
(1), there is уе5, и апа (xo ry) € R. From here,by sym 


metry,it follows that (ха peva) ЕВ, and Бу (111) 


nal : 
a ж) Е R,Le.(symmetry), о” 


From (x аа) єв апа Соо ЕВ, (iii) implies 


(x 


(š dide ) ЕВ i.e. &, и ye R. 
Continuing this procedure, we Е get 
(a) (x px (i- 1)) ЕВ, for each і є {2,...,п+1}, and for arbitrar, 


different хо,...,Хп-1 65. 
Applying the symmetry оп (а), ме get 


al, nud: 


o Amico ii je 
1X5 )eR , and (X,,x) ,X,) ек, and (iii) gi 


2 į „n-i i iji 
ves (KRK aes xj) ER i.e. (X,,X,,X) ) €R, and again,by (iii), 


Gu ,% DERE € R. 


Continuing, we get 
n+2-i-j із 
ев itj <ntl. 
ix, 1X5 ) , — 


can take an arbitrary transposition. 
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io ii ij n+j+l-io-...-i; da xS ) 
(X0, kire 6 50543 3) ев, iot Sm Bd. 


completing by (ii), the proof of the reflexivity. 


REMARK 7. 


Note that the "only if" part of the proof of the prece- 

* А : : 5 
ding proposition shows that "some" of nA,-transivity is included 
in reflexivity, in the case when there are equal element among 


nel) € R. 


x 1 


ous for (x?) €R and (x 
n о 


ee 51! 
Тре fact that reflexivity does much more іп generalized 


equivalences than in the binary case, can be shown by the follo- 


coordinates (i.e. for хе S, (х,х,х) € R), and of arbitrary trip- 
les with еп coordinates ( (x4 X) x.) € R, 173, 17)), pro- 
vided that В is 2A,-transitive. Then no part of the symmetry 
can be produced, since there are no triples in R, being of the 
form (x,y,x), x#y. 
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REZIME 


— 


TRANZITIVNE п-АВМЕ RELACIJE I 
KARAKTERIZACIJE UOPSTENIH EKVIVALENCIJA 


Pickett |2| definiše uopStene relacije ekvivalencije i 


povezuje ih sa particijama tipa п koje je uveo Hartmanis !1!. 


U ovom radu dati su razliéiti tipovi uopStenih refleksivnih , 


simetriénih, kao i tranzitivnih relacija. Ispitane su osobine 


tih relacija i data su tvrdjenja koja ih povezuju. Najzad, do- 


kazani su stavovi o različitim karakterizacijama uopátenih ek- 


vivalencija. 
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Í Review of Research Faculty of Setence-University of Novi Sad, Volume 11(1981) 


SOME PROPERTIES OF LINEAR OPERATORS OF 
DISCRETE FUNCTIONS 


Kortolan Gilezan 
Prirodno-matematióki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


Let (Р,%,:) be a commutative ring with an identity ele- 
ment 1, and let L£( be a finite set; and 1) its Cartesian pro- 
duct. Let us consider a set F = {£/£:L" +R}, where f is a dis- 


crete function. Some operators on L and F can be defined. 


DEFINITION 1. фа: ОВ deers 


where 
= ф j € ce L 
Ех фұх JS Gate хе 


Ce (x)) уни hy) - Ех), x eL. 
jp 


THEOREM 1. All operatore $. >93 әб 
all discrete functions f and g satisfy the following properties: 
(1) 3(£, x, 20 e Е-Е(хі,...,Хі j šj 

= j JEN 
(2) alltag) xi = 25601 + 3(fg)x, ^ 1415 
3 = ж жеры дсп 
(3) 3( (КЕ): y. ka (26) ху ,151< 
і<і<п 


(4) ala (f xo), = 73 (565) xs 
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(5) e = 9°9(%)х, T 


+ d (foj) xi š 9(g4j)x; jp S at mm 


(6) 8 ((3£95)x,) $7 x5 = 900920) х) хі o. ај MOS lcs sy, ljen 
ыы = CIT aE, , m. 
9 їз applied m-times. 

iP 2 © © БЕ: Relations (1), (3), (4) and (5) result imme- 


diately from Definition 1. Further, proving (2) let us use 


Xp Pax, boop. 


Deu iet) 


(653) = (x 
thus 


a ((f+g)#j)x; = £(5%;) +9 (05%, )-£ (x) -g (x) = 


8 (Ep 5) x5 + 2 (903) xi о WS eine 
The proof of (5) 
9((#-9)ф4)ху = £ (63X,)*g (5x4) = 2659) 36) = 


= 38 (6%) o [s (5x х.)- g (x) | +а (x) ` [© (95x Xi x)] + с = 


+ 650-6607 г [e (b,x, )-9 x)] 
Finally (7) will be proved by induction. For m=1 from (5) foll- 
ows 

9( (9 (2%.).). ) = =O (5. ) 

83,7 0) 7%, 
j xi ZE x; Ms Xi 
This equality is true according to (4) 
Let us suppose that (7) is satisfied for each n. Now; 
using Definition 1. again in (7) we shall get 
1 
SG а 2200) = сам 
. . n 9 (Е 
fo. Xi $. Xi Фу x; 


And so relation (7) is proved. 
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THEOREM 2. For all discrete functiones Е and all opera- 


tore 6; (ty at сие following equality is held 


АСЕТ. (-1) £ (x) 
k UPU. Jk к : 4 


where {i,,...,i,} is a subset of Gyr o3 En mins 


РЕ OOE For m-1 equality (8) becomes 


it is true according to Definition 1. 


Assume that equality (8) is true for every m(m<n). App- 
lying Definition 1. on (7) we get 


о. А z 
Rae Xii ?jm Хіт "mei *m+1 
jc E 


= оу im ак ў (əл а уе 
кті onde Ji 


+ (-1)™ E(x) , 
thus, the theorem is proved. 


э, 2,4. ae Oy - 


THEOREM 3. Tefa 


n = 
TOC ОС у 


(9% (će J) = t yxp Xp) , | 


then for all operators ф.,%і» i,j ет and all discrete functions | 


the following equality holds: 


. 4 

Í оен I x 
$j (x) Фі n m=1 іресетір 34 ii x 
р (1,<1,<...<4,)- x 

| 
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ЫИ ШО о ә 
РИ (©) (о) f. For m-1 (8) becomes 
рӯ 
(10) £($5%)) - #(фуху) = 9(f,. (Ф1х1)) 
j 

and it is true according to Definition 1. 

Let us suppose that (9) is true for n-l, i.e. 

n-1 zu = 

(03) ECF (кор) усе (кас) 05) У 
Applying Definition 1. on (11) it will be transformed into equ- 
ality (9). 

Thus theorem 3. is proved. 

In the next examples we shall show that these linear ope- | га 
rators, given by Definition 1., cover partial derivatives of pse- 
udo-Boolean functions and some parts of the following operators: 
partial derivatives of Boolean functions, Newton differences and р 

wn 
lattice derivatives of discrete functions. 
ra 
EXAMPLE 1. Let £:L" +p be a generalized pseudo-Boole- 
an function; and operators $ n 3) Gat 
х= а er, aer, : 
d (s. 
where хі, 1<і<п are variables of generalized pseudo-Boolean 
functions. @perators 9 are generalized pseudo-Boolean functions. 
ti 
9(Е, (x = = 
s, Е а хх) ra 
These operators 3 are partial derivatives of generalized pseudo" 
Boolean functions with respect to the variables x, JU snm 
|2|). х 
EXAMPLE 2. А binary operation Ө with the following 
| properties is defined on L: for every a, b, CeL 
| a®b=b@a MC 
(a®b)@c =*a@(b@c) | 
(Зе ег) еба = афе = а ЋЕ 
(Va е L) (зает) абз Кае со IT 
a@a = a. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
O K 000000000000 


«шәә инн 


Digitized by Arya Samaj Foundation Chennai апа eGangotri 


ç some properties of linear operators o£ discrete 


a real function. If the operators $., ј єІ are defined in the 
following way 


Г С. 
then operators 9 are Newton differences 


x = f(; 
9 (Еф (х), ғ(хі,..., хі рих Ox, | 


i 1%) f(x). 


Lp#9 is a finite set, В is the set of real numbers, f : L, R is 
іе” 
EXAMPLE 3. Let (P,V,A) Бе a distributive lattice,L ZÜ 
a finite subset of P, and f:L"+P a discrete function. If оре- 
rators bjr jeI are defined 
2527 = x, Va, a eL, 
where ху, 1<1<п are variables of discrete functions, then оре- 


rators 3 are discrete functions on the lattice 


і 9(ғ, G0), = Е(х,... хы рех Маха дит rx) V f (x) , 


l^ 
m 
Іл 
[a] 


n 
tity element 1. L9 a finite subset of P, and f:L +P. If ope- 


rator $5: j e I are given by 


- е 1+1=1) 
$4X; хі +1 (мһег 


Xi, І<і<п are variables of-f, then operators 9 are 


хх 417 ccc Хр) - f (x) 


1 


(see 13]) 
j EXAMPLE 4. Let (Р,+,:) be a commutative ring with iden- 
eU =f(x),--- rX; 17 


(see |3|). £ 
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REZIME 
NEKA SVOJSTVA LINEARNIH OPERATORA DISKRETNIH 
FUNKCIJA 


U ovom radu data je jedna nova definicija linearnih 
operatora koji pokrivaju parcijalne izvode generalisanih pse- 
udo-Bulovih funkcija i delove sledećih operatora: parcijalne 
izvode Bulovih funkcija, neke Njutnove razlike, kao i neke la- 


tisne izvode diskretnih funkcija. 


J 9 à 
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Let LZ V be a finite set; ГЛ its direct product, and let 
(P, 0,-,I) be a commutative ring, and I its identity. A func- 


tion f : L” > P is called a generalized pseudo-Boolean function. 


DEFINITION 1. The partial derivative of a generali- 
zed pseudo-Boolean function f: L>P with respect to vartable 


Xi (1<і<п) ts the generalized pseudo-Boolen function 


of 4 
SRA RPS ате (Пела) 
ox. na тал 224 
і 
where 
“fa ) - £ (x) 
ті (х) = (хі, хра, рр, х 
Ш 
ае, x= (Xx. ох), (1<і<п) 


Тһе following notations will be used: 


i ition 
m(a) =a, %0, trodes Cin A; € {0,1} (+ ordinary additi 


in the set of real numbers) 
} > 
M = {alo 70,05. - On? a, (0,1), п (а) >1 } 


k (M) = 2221 
о мара бю (+ addition mod. 2) 
j 013) 
Ql 
> ЧЕМ, 
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The following theorem has been proved (see |1!). 
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U 
p More —_ 
] 1] 1% 
ы91-1, bi] =», a Uds oar beL | 
l'b,=b;" 17b; 
39x, -] 
32 o £ 
224% b,b b 
іші а | 40 ( 2 ) 
О 9х. 9х b 
9X; дх.дх 1 1 
1 1 7 
P i (ak as) лесе аку аи) 


equations 
Maj 
(1) е SA пип, 


ТНЕОВЕМ 1. The system of pseudo-Boolean funettonal 
has a solution if and only tf 


(Boe) P (x r. х\_у,а,х,у,. ЕО E йу 
(2,47) а Ра. 
1 


If conditions (2.1) and (2.24) are fulfilles all the functions 
f are determined by the formula 


n 
(Q COS ao see) f(x) «с = ) = - 
opas orn | ө P. (a, r8, ) ӨР, (х), 
К p. а ig 
where iji, eda are permutations of set Иов exa! @ 29 
а constant from P. 


Om. dco oe y en NR | 
2 
The functional equation 


9 fb 9 fp 2 
(4) AL 2 bib 
a Эх ® b dy Өс ТЕ = 49(х,у) 


2 
инеге Е Ja >P is an unknown generalized pseudo-Boolean func- 
tion g:L°>P is a known generalized pseudo-Boolen function : 
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—... L... U 2 


a,b,c,d are constants from, P, is obtained in '2| , where the 


next theorem is proved. 


THEOREM 2. 


tion tf and only if 


ANE ы 22 5 
The functional equation (4) hae а solu- 


(2) а=ар (a@b-c) #0 


А2 A 
9 g 94 94 

(її) НЕ un 7822; M 
9хду ox ду Se= Va 


Here we shall observe a generalization of Theorem 2. 


Let us consider a generalized pseudo-Boolen functional equation 
with constant coefficients 


Ге Гот! 
9n 0D 01... pcs 
(5) a, —— = amis ОВС 
әле азот (bea 
аеМ 1 


where f:L"+P is a unknown generalized pseudo-Boolen function 
В: re +P is a known generalized function, and constants a, 1 


(a € M.) d are from P. 


For every generalized pseudo-Boolen function with  con- 
stant coefficients and n variables the following property can 


be proved. 


LEMMA 1. If the left-hand side of the equation con- 
tains only the unknown funetton Е and its parttal derivatives , 


2 7 Som mt ta 
it can be written in the form of the left-hand side oj (57. 


The proof follows directly from the properties of раг- 


tial derivatives. 


2 2 
da 

3 fab E: E Рае ое ,n) 
3x; ду 

m 3f 

aff a 

Lo yem > et ае, 0 edem) 

әх" 3 і 
і 
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m р 
ame Carita. Ма 
Ay++ Ay ++ :акә. ak | jm? ky k 
k 
p 
9x om ax, кат 9х: 
1 р 
ТЕ n=2, equation (5) has the form (4), 1.е. 
2 
afb; дер, 9 fp bo 
a Фа — Фа — — = dP(x,,x4) . 
10 ху 01 9х2 11 dX OX 17-2 
ТЕ п-2, equation (5) has the form 
57 9f, => 
Фа Фа ® 
100 ax, 010 9x, 001 9X4 
9 fy ip J fp iy 
Фа 172 ә О 
110 9x, x, 101 8x, 9х3 
3 fb ob a> fp 
9 ag ыс КЕ LR 
11 9X5 9x, 111 9x, 9х. 9х, i Te Hine} 
THEOREM 3. Functional equation (5) has a solution 


ө...ө (-1)k+1 aro: ) #0 


tf and only if 
. oit a 
i 
where ш(а))-...- m (o) =]; аем 


20615 j 
i i 
ge ende 
and 
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TU (oO) EST Б 
a = 
ә вем. роп 
1 п 


(7.0) lo == = ФЕ ОШ 


— В — mE ВВ} Во»... B, ем м {11...1}, 


of functional equation (5) from a system of functional equati- 


ons 


эм (a) +m (8) e эп (8) 


Bp 


Ьй...ь п 
n 

9 
ach. ox 


8 ем \(11...1}. 


System (8) has unique solution 


if and only if the rank 


of the augmented matrix A of the system (8) is 27-1. 


For n=2 the augmented matrix of system (8) is eguiva- 


lent to the matrix 


2 
ЭВ) e 9 Rp, bo 


1 0 0 Re ===- 
3X, 9X 3x, 3x) 
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Thus, rank А; = 3 if and only if 


2 
2,0 201 (491 9 391 - 211) 70 
2 . 
aR, aR, 29% 
1 2 a Л 
ке —3 © S È 3X, 9х = 
5a 2 og) 


This is proved in Theorem 1. 


According to (6.n) for n-2 it follows 


2 
A = 2 
(6.27) a (тт (EV a CY GV oy er ctr 12005700, 
м (4) =1 9 к=] ізі Ci? «2 asta; 


For n=3 the rank of the augmented matrix n is 0821 if and only 


if 
(3-р) 
гы a ЛОО (ва ®... Фа, = 
=] = i= 
m(a) k=2 i-1 a) а; ak 
ос 
( ) Cl 55 O J ‘аа 19 
+ 
ат ау Fay а tas ko 
© озо OY о O © (елу Ua e 
at +a} ғаз 
k-2 -k-1 k таг .+а 
= Г] (а 16а - a ) (a Ф 
zs а 1 Я 2 9а = а 2) 
m(a)=1 i a a> +o 
2 2 94 0: ota, 
(а а 4-42 ) (а. ө = 
3 37473. 3 1 a 1 Фа 1 а = 
a) 25 aj to, a) а; аз alo 
ия Фа ) #0 
ENT: : 9 
Shiney pulley ЖН Зара : 


According to (6.27) and (7.37) mathematical induction 
leads us to the proof of (6.n). (7.n) is proved in the same 
way according to (7.2) and (7.3). Thus, the theorem is proved. 
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REMARK. A new system of functional equations can be 
formed from the system of functional equations if it satisfies 
conditions (6.n) and (7.n) 


(9) b; 


System (9) has a solution if and only if conditions (2.i) and 
(2.11) are fulfilled. 


(2.1) and (2.11) follows immediately from (6.n) and 
(075 

This, the system of functional eauations (9) has а so- 
lution which is determined by the formula 3.1,... ip). 
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REZIME 


GENERALISANE PSEUDO-BULOVE FUNKCIONALNE JEDNACINE 
SA KONSTANTNIM KOEFICIJENTIMA I SA n  FROMENLJIVIH 


U ovom radu dati su potrebni uslovi (6.n) i (7.n) da 
generalisana funkcionalna jednaéina (5) sa konstantnim koefi- 


Cijentima i sa n promenljivih ima rešenja. 
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SEMIGROUPS IN WHICH SOME BI-IDEAL IS A GROUP 


Stojan Bogdanovic 


Prirodno-matema 


21000 Novi Sad 


. Institut za matematiku 


lije Djuričića 4, Jugoslavija 


Semigroups containing minimal ideals are considered by 
A.H.CLIFFORD, |2|. ТЕ semigroups S contains at least one mini- 
mal left and at least one minimal right ideal, then it has a 
completely simple kernel or equivalently it has a guasi-ideal 
which is a group (see Theorem 3.2.!2! and Theorem 5.14. !9!). 
The structural theorem of this class is given in |7! апа |8| 
Here we will characterize this class using the notions of bi- 
ideal and AB-ideal (Theorem 1.). Using Theorem 1 we give a сһа- 
racterization of a semigroup in which some quasi-ideal is a 
Special power joined semigroup. At the end we give а characte- 
rization of a semigroup in which every proper subsemigroup is 


a Special power joined semigroup (Theorem 3.). 


For nondefinied notions we refer to |5! апа |9!. 

A nonempty subset С of a semigroup S is called a left- 
A-ideal (riaht-A-ideal) of S if sGNG#9 (6510670) for any 
S€S. This notion is introduced by  O.GROSEK and L.SATKO, UE 
In this note introduce the concept of almost bi-ideal (AB-ideal). 


DEFINITION 1. А nonempty subset B of a semtgroup S is. 
called an almost bi-ideal (AB-tdeal) of S if BSBNB#G for eve- 
ry ses. 


If a left (right) A-ideal is a semigroup, then TERIS 
an AB-ideal. 
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If В is an AB-ideal of a semigroup S and BcCcsg, then 
С is an AB-ideal of $. 

The union of two AB-ideals of a semigroup S is also Ex j 
AB-ideal of S. 

The proof of the following proposition is obvious. 


PROPOSITION 1. Every nonempty subset of a semigroup 
S ts an AB-ideal of S tf and only tf S is a rectangular band, 


T 


PROPOSITION 2. А semigroup S has a proper AB-ideal D 
and only tf there exists an element ае 5 such that (S*a)s (SNa)q 
M(S\a) #9 for every ses. 


Proof. If a semigroup $ contains a proper AB-ideal 
В апа a éB, then BCS\a and S\a is a proper AB-ideal of S,i.e. 
(SNa)s(S\a) П (SA a) #9 for every = в S. f 


The converse is obvious. 


As the corollary of Proposition 2. we have 


PROPOSITION 3. A semigroup S has no proper AB-iddals 
tf and only if for every a€S there exists 5 65 such that 
(SNa)s(SNa) =a. 


PROPOSITION 4. Let B be an AB-ideal of a semigroup $. 
Then x By ts an AB-ideal of S for every x,y eS. 


Pro o f. First we have Bys xB Bx for any x,y,s°Š ] 
and this implies xBysxByfxBy*zg, 
ideal. 


i.e. that хВу is an AB- 


PROPOSITION 5. If B isa subsemigroup of a semigrouP 
S and a minimal AB-ideal of S, then B ts a subgroup of S. 

Proof. Let B be a minimal AB-ideal of a semigroUP 
S which a subsemigroup of S. Then by Proposition 4. b 1PP2 is an 
AB-ideal of S. Since B is a minimal AB-ideal we have В =b 1ВР2 
for every b, +b, €B. This implies that B is a subgroup of s. 

The following lemma is known. 
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LEMMA 1. |7|. Let B be a bi-ideal of a semigroup S. 
L 


r 
bi-ideal of S if and only if B ts a group. 


Then В ts a minima 


PROPOSITION 6. A group G ts an AB-ideal of a semi- 


group S tf and only if G ts a minimal bi-ideal of S. 


PENTO ORT; Let G be an AB-ideal of S. Then for every 

x SUCI = =: 

6665 there exist 41/92 € С such that 915466 and 91 9) $9292 
€ G, i.e. ese € G, where e is the identity of C. If follows from 
this that gsh ЄС for every а,һ ЕС. Hence, С is a bi-ideal of 


S. By Lemma 1. we have that С is a minimal bi-ideal of S. 


The converse follows immediately. 


LEMMA 2. |7|. The union of all minimal bi-ideals of 


a semigroup S ts an tdeal of S. 


THEOREM 1. Let be a semigroup. Then the following 
conditions are equivalent: 
(1) S has Ab-tdeal which ts a group; 
(it) S has a bt-tdeal which is a group; 
(ttt) S has a quast-tdeal which is a group; 


(iv) S contains a completely simple kernel. 


Р Fe ©) ©) apa (i) = (ii). This implication follows by 
Lemma 1. and by Proposition 6. (ii) = (iii). Let $ has a bi- 
ideal which is a group and let К be the union of all bi-ideals 
which are groups. Then by Lemmas 1. and 2. К is an ideal od S. 
As K is completely regular semigroup we have that every bi-ide- 
al of K is a quasi-ideal (Corollary 3.3. |6!). By Theorem 5.3. 
|9] we have that S contains а quasi-ideal which is a агочр. 
(iii) = (iv). This implication follows by Theorem 5.14. |91. 


nel К, then the maximal subgroups of К are bi-ideals of 5 and 


the assertion follows by Proposition 6. 
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COROLLARY 1. Let S be a semigroup. The following А 
ditions are equivalent: 


ts the union of its minimal bi-tdeal; 


(Coy) 5 
(it) S ts the union of its minimal quast-tdeal; 
(ttt) S ts the union of its AB-tdeals whitch are groups; 
(tv) S ts completely simple. 
COROLLARY 2. Let S be a semigroup. Then some left 


ideal of a semigroup S is a group if and only if S contains a 


kernel which is a right group. 


DEFINITION 2. |1| S ts a special power joined semi- 
group (S.p.j.) if for every a,b eS there exists a n€N such 


that a" = ph, 


LEMMA 3. |1| . S 75 a S.p.j. semigroup if and only 


tf S is a nil-zxtension of a periodic group. 


THEOREM 2. Let S be a semigroup. Then some quasi- 
¿deal of S te a 5.р.3. semigroup if and only if S contains а 


completely simple periodic kernel. 


J 3€ (e) @ G= If some quasi-ideal Q of a semigroup S is 
а S.p.j. semigroup, then by Lemma 3. O is a nil-extension of a 
periodic group G, and so G is a quasi-ideal od S. Hence, by 


Theorem 1. we have that S contains a completely simple kernel. 


The converse is trivial. 


COROLLARY 3. Set S be a semigroup. Then some left ide 
al of S is a periodic group (s.p.j. semigroup) Zf and only 27 
S contains a kernel which is а pertodtie right group. 


THEOREM 3. Те) S be a semigroup. Then the following 
conditions are equivalent: 
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(1) Every proper subsemigroup of 5 contains exactly one ide- 
mpotent; 
(2) S satisfies one of the following conditione: 
(i) |6 Е2; 
(ЛЕЛ 1S tel барыла; 


(3) Every proper subsemigroup of S ts s.p.j. 


Proof. (1) = (2). Let S be a semigroup in which 
every proper subsemigroup has exactly one idempotent. It is cle- 
ar that S is periodic. Let |s| >2. If S has exactly one idempo- 
tent, then S is s.p.j. . If S has two or more than two idempo- 
tents, then S= «e,f», where e and f are distinct idempotents 
of S. If ef = Ғе, then $ = fe,£,ef) which is a contradiction. If 
ef “Ғе, then 


5 = {e,f} U «e£» О <еғе> U «£e» У<ЕеЕ> 


In this case <ef> U<efe> is a proper subsemigroup of S with exa- 
ctly one idempotent (e£)?. If {e} U sef? U<efe> is a proper sub- 
semigroup of S, then e= (e£)? and therefore e-ef. From this 
S={e,f,fe}. As (Ғ,Ғе) is a subsemigroup of S we have that f = fe 
So |S| 22, which is a contradiction. If $ = {e} U <ef>U «efe» , 
then f = (e£) and so e£ = £. From this S= (е,Ғ,Ғе). As {f,fe} is 
a subsemigroup of S we have that f = fe, which is not possible. 


(2) = (3) = (1). These two implications follow immedia- 
tely. 
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REZIME 


POLUGRUPE U KOJIMA NEKI BI-IDEAL JESTE GRUPA 


U ovom radu daju se nove karakterizacije (pomoću bi-ide- 
ala i skoro bi-ideala (AB-ideala) za polugrupe koje sadrže pot- 
puno prosto jezgro. Na osnovu ovoq rezultata opisuju se polugn- 
pe u kojima neki kvazi-ideal jeste specijalno stepeno povezana 
polugrupa. Na kraju opisuju se polugrupe u kojima svaka prava 
podpolugrupa sadrži tačno jedan idempotent. 
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7 FUZZY GENERALIZED EQUIVALENCE RELATIONS 
AND PARTITIONS") 


Branimir Šešelja, Gradimir Vojvodić 


Prtrodno-matematiéki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuriéida 4, Jugoslavija 


1. In 11| , Pickett defined а generalized equivalence 
Š= relation on a set X containing at least n elements, as the 


(п+1)}агу relation E, on X, satisfying the following three con- 


i ditions, where БАТ denotes a set of permutations on {1,...,п+1}: 
Ein Ш жос аш! X yr... X (Кухи . X XQ) € En ; 
En : for all Хи Хот and for each permutation $ € SI’ 
ДЕ (Хо Xa+) € Er, then 
осо Е B 
ее © s 6 
Езді for all хо,...,хі,1) Xi xj; fon Ее ЗО Winco pir 
abe (Хо) ЕЕ, апа (Kp re Xi yy) ЕЕ, then 
(xo Dens pate GR 


2. Fuzzy relations are discussed in |2| in the follo- 
Wing way: : 

Let X be a set and 2((о,11,Л,У, ,0,1) the distributive 
lattice on the unit interval [0,1], where for a,be formis 


* 


йде l. aə < — 
Presented November 10, 1981. 
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аль = min(a,b), a Wb = max(a,b), а GRETA. 
3. The fuzzy n-ary relation R on X is defined by 


,х.)) |x; €e X, i-1,...,n , 


R= {((х,,...,х ), а 


4. Hartmanis |3| defined a partition of type п оп а 
set X with at least n elements,as a family p of subsets of x 
satisfying: 
i) each РЕ RA contains at least n elements; and 
ii) each n different elements from X belong to exactly 


one РЕ о 


As it is shown in Jal, each partition of type n deter- 
mines one generalized equivalence relation on the same set, and 
vice versa, each (п+1)-агу equivalence determines one partition 
of type n. 

In this article a fuzzy generalized equivalence relati- 
on will be defined andits properties will be described. In the 
second part, the notion of a fuzzy partition of type n will be given 
and it will be shown that there is a natural connection between | 
fuzzy generalized equivalences and these partitions. 

* 

DEFINITION 1. Let X be a set and J the distributive 
Lattice given in |2|.д fuzzy generalized equivalence relation 
on X is (п+1)-ару, fuzzy relation Ra on X , satisfying the 
following conditions: 


E 3 ло NOD 5% 


Жіп 17-5", Хр" Mp (Xp... psn) = 1 


=n 
Eon? for at? Х|,.+.,Х 1), and for each permutation S 6 Sn+ 


) =m 


m (< лою Ges (х 
R 1 +1 pese Xx ) 
Da Ra 830) $ (n+1) 


: for all Хи Dap д (x r... xO) = a and 
m (na )=b t 
Ry 1! (Xn+1 Па. залы 


(a and b are from [0,1], and X, FX, for ižj, ij efl,... n)) 
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The following two propositions are the generalizations of 
the Theorems of decomposition and synthesis for fuzzy relations 
(|2 |), connecting the fuzzy generalized equivalences апа (п+1)- 


ary equivalence relations given in |1|. 


PROPOSITION 1. Let EQ be a fuzzy 


lence relation on X. Then 
R = U a-R_, 
n a 
ae[0,1] 
where 
а. <а implies R, <R 


R (ae (0,1) is the generalized equivalence relation in the 


12) bei (еу (о) f Let 

ger = ie es 
R. { (ху, 0х1) | Х; 6 E, рУ 
та. Eyes Е г ае още? 


а ая implies В «R 
3 a.— a, 
3 i 
Ва, thus, is not a fuzzy relation. 


Let now for a and b from [0,1] 


def 


mp ` R. (Хул) = аана 

Then, 
m U AER (Xe уро jus Аа Әле (be. poc oor pum 

+ R 1 n+1 
ae [0,1] aa nid a a 
МШ (С 4 = ше (Жуз р), Ё 
Pes ау Ra l n+l 
Since E 


= { (2 оз а mg, (Xy: - - Хот) 
0, otherwise. 
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is 


The decomposition of R. into (n+1)-ary relations R 
a 
thus proved. Now we have to show that these relations are gene- 


ralized equivalences. 


Since R. satisfies Ед], for all x eee Xo from Х ( 
== x: , 
b 
DR SM =1, 
then (x,,...,X ,x,) belongs to В for each a from [0,11,і.е 
1 п”71 а о. 
is reflexive (in the sense of Е |) 
If (ХХ) is in к, this means that Mp (Xi. 1 
=n 
“Хан) >а, and by symmetry (Е. ) for each se S 
Ta Gagaya о ,and thus 
(xS (ait Xs (n+l)? e R. , i.e. the condition Е 2 15 8 
satisfied. 
Finally if (xo... x.) and (Хи X uu) both belong 
to К, then 
a 
m BOG 
в Xo! х) >а and mg(x,,...,x у) 2а 7 5 
and by Ез t 
"i оо nosa n) eae ; 
1.е. aoo 
(Хо, (X71 1Xg4) eR, 7 i 


completing the proof. 


ТЕ is obvious that the method used in the proof of the 


Previous proposition can be applied in the Opposite way also, 
i.e. that the converse is also true: 


( 
PROPOSITION 2. If Ri(ae [0,11) are generalized equi- 
valence relations such that 


аха, implies ва. eR, > 
then в» defined by ' 3 2 
В = U a-R 
ae [0,1] > 


ts а fuzzy generalized equivalence relation (in the sense of 
Definition 70 
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* oo 


DEFINITION 2. Let R be the fuzzy generalized equiva- 
lence relation on X. The equivalence class of the level p 
2) 


(pe (0,11) denote by Го › for Xy,...,XQ€ X te defined 


ng 
by 
no 
Де = ty [mg Gr, ооох y) 2 p). 


DEFINITION 3.  Fof pe [0,1], the quotient-set of the 
level p for R on X, denoted by У, ts 


(x/B = CL GS Lyre ey ех) 


DEFINITION 4. The fuzzy quotient-set X/R is a fuzzy 
set on U (X/R)_, such that 
pe [0,1] p 
| {xt = Ж m dnt P 
т (xg) (051) sup (p| Кх, Пән ) 
PROPOSITION 3. If R is a fuzzy generalized equivalen- 


се relation on X , then (X/R) 5 » pe [0,11], ts a partition of 


type n , tn the sense of 4. 


i) 42 ©) © 120 By Proposition l, Кр is а generalized equ- 


ivalence relation. From that, and the fact that 


n = 
G1] - ty [ng Gt ^ +++ Xr) >р} = {у!(ху,...,х,у) e R.) 
it follows that conditions (i) and (ii), 4., are satisfied. 


DEFINITION 5. Let X be a set containing at least n 
elements. A fuzzy partition of type n on X 18 a fuzzy set П(Х) 


on P(X), satisfying: 

а) {P| Pe P(x) m(x) (Р) = 1} 
Z8 а partition of type n on X. 2 
b) Let P,Q e P(x), түу) (P) Z0, mr (x) (Q)#0. Nou, tf 


Ee cde rue d = 
* n 
) {ху} stands for |{ хах lD 
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сага (РПО) 2 п then 


Е 
t Qo P 
п (x) (P) ЗП (x) (Q) ул 
(where the equality holds on the left side iff it holds on the I 
right). T 
The following proposition is the direct consequence of 
Definitions 4. and 5. 
PROPOSITION 4. Let R be the fuzzy generalized equiva- 
lence relation on X. Then X/R 13 a fuzzy partition of type n 
on X. 
PROPOSITION 5. Zet M(x) be the fuzzy partition of ty- | P 
pe n on X. Then the fuzzy (п+1)-ару relation Ra on X defined by 
E | 
p, tf there is P e P (x) such that 
Хрл] ЕР | 
* i ES 
(49) а) апа | 
M(x) Р) = P, 
0 otherwise , 
ts a fuzzy quivalence relation on X. 
R. 
1) = © © с Ry is reflexive: (a) implies that 
"i DOR ODES) = 1 
Ер is symmetric: - n 
Rn y i If и) =p, Бу (*) the 
there is P e P(x) such that ооо = 
хі, "Хак ЕР and Ma (x) (02) Ери i 
which holds for each permutation of x_,...,x с 
n+1° 
Rn is tranzitive: Let UR (хол. xU) = 1 
2 
Пад) =q, а р ОЕ o 1 
Then there are Р апа O in (X) such that | 
Хр ЕР and ССО e Q. 
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First let p <q. Then by (b) QGP and x ,...,x 
o n+] 


Е ea 


If p=q, then P=Q, by (b) (the part concerning the equality). 


Then again 


Xr ЕР = О, and thus 


о +++1Xp=17%p+1) F ipa S 
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REZIME 
RASPLINUTE UOPSTENE RELACIJE EKVIVALENCIJE 
I PARTICIJE 


U radu se definišu rasplinute uopStene relacije ekviva- 
lencije i dokazuju stavovi o dekompoziciji i sintezi tih rela- 
cija, pomoću ekvivalencija definisanih и |1|. Раде se i pojam 
tasplinute particije tipa n (uopštenje pojma iz ІЗ! ), i poka- 
zuje da postoji veza izmedju tih particija i rasplinutih gene- 
talisanih ekvivalencija, preko odgovarajućih rasplinutih fak- 


tor - skupova. 
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STRUCTURE OF GENERALIZED EQUIVALENCES 
CONTAINED IN (2,nA,) - RT RELATIONS 


It is well-known that if p is a binary reflexive and tran- 
sitive relation on S, then co =p ma is an equivalence on 5, and 
that an ordering x сап be defined on S/o by: (х7) е X БЕ Суде 
Еог апу ее И CHEN Binary relation с is a maximal 
(in regard to the set inclusion) equivalence relation contained 
in p , and morever, the set of all equivalences in o is a comp- 
lete lattice. 

The class of binary reflexive and transitive relations is 
uniquely determined. In |3| it is shown that this js not the case 
with (n+1)-ary relations, when n> 2. Неге we consider 2-reflex - 
ive, nA,-transitive, (n+1)-ary relations on the given set S, de- 
noted as (2,nA,)-RT relations, induced among some other classes 
of (n+l)-ary relations in |3). The structure of generalized equ- 
ivalences (defined in |1!) included in such an generalized quasi- 
order is the subject of this article. We show that this poset 
always has the maximal elements, and we give the necessary and 
is a complete lattice. Final- 
ngs induced on the corre- 


есе !1|) by one class of 


sufficept conditions under which it 
ly , we describe two generalized orderi 
Sponding partition of type n (Hartmanis, 
(2,nA,)-RT relations. We note that the considerations of some of 


these problems, we started in [24 
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* 
1. (п41)-агу relation? on S is (17) -reflexive, 199 
1’. 
a ri, епт), iff 
(OUR a а S E EROS Je p 
, " j tyros Ce let ical + , 
1 ii 1 іші 1 i, 1 
formal а ,...,а. а, ou - а; DS 1) 
1! , ШЕШ dod в pene ‚а, 1,ае 5 
р 18 t-reflexive, te (2,...,n*1), iff it is (18) -refle- 
xive for all different ірі € а. Ап (4871) -reg- 


lexive relation p is (trivialy) (n+1)-reflexive, and it is des- 
cribed by the formula: 
(vaes)(( P33) ер) 


2. (п+1)-агу relation р On S is k-antisymmetric, К € (2, 


..n* i 
;n*1)), iff for all yr... al € S the following is satisfied: 


If all permutations of a 


tuples of p, then ay =...= ak 


1''*:78, are included in (п+1) - 


3.  (n*l)-ary relation р on S is nA, -transitive iff from 


(аЛ) ер, (antl iff, 1,3 
м 1 ) ес, and а та, for 17), i,j Gin oo spi p ШЕ soll = 


lows that (an^! 
(a, rap+)) € p, for all а а EB. 


REMARK: 


Some other generalizations of the antisymmetric and tran- 


Sitive relations are given in [3|,[4| ana 15] 


4. = i 
(п+1)-аху relation p on S is symmetric, iff for all 


Тар ES, the following is satisfied: 
( ntl 
ay )е p implies (a 


a 


. ! U 
т (1) "а (n+1)) 60, for each т e(1,...,n*1)* 


ee eee (ЭҢ 
1) For t=2, this is (i, j)-reflexivity from 15/. 


2) "Reflexive" in [5] is 2-reflexive here, 
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5% (n+1)-ary relation р on S is generalized equivalence, 


iff it is (1,n+l)-reflexive, symmetric, and nA, -transitive (|11) 


6. Ме denote by 3, the intersection of all 2-reflexive 


(n+1)-ary relations on S, i.e. 
n 
d, = (asan ae a. за, for some i,j е1(0,...,п)). 


(d, is nā -transitive too, see |31). 


In the following, we assume that !S! >n. 


To illustrate the problems that arise in considering the 
structure of equvalences contained in generalized quasi-order , 


we start with one example. 


EXAMPLE 1. S={a,b,c,d,e}, n=2. 
1) 
р -т(а,Б,с) U т(Ъ,с,а) Ут(Ъ,с,е) Un(a,b,e)U v(a,c,e)U 
{(a,b,d), (4,b,a), (a,c,dđ), (d,c,a) , (b,a,d) , (b,d,a), 
(c,a,d) , (c,d,a) , (e,a,d) , (e,b,d) , (e,c,d) , (а,е,а), 
(b,e,d), (c,e,d) , (d,b,e) , (d,c,e) , (b,d,e) , (c,d,e)? 


p is (2,2A,)-RT relation on S. The following relations are max- 


imalternary equivalences contained in p 


= а, Ur(a,b,c)U т(Б,с,е)у т(а,с,е)() т(а,Б,е) ; 


1 
с. = а. ут(Ъ,с,а) ут(а,Ь, а); 9; 5, °з 
Оз = d, ут(Ъ,с,а) ут(а,с,е); 


Hasse diagram of the partialy order set 
9f equivalences in р illustrates the si- 


tuetion. 
d 


2 
Ут ВБ) denotes {(a,b,¢), (a e 0). (Бас), (5,с, а), (c; a; Б.В 
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THEOREM 1. Let p be (2,nA,) -RT relation on 5 . Woy ġa 


E. denotes the set of all equivalence relations О on S „such that 
ос p,then the partially ordered set <Е,С> contains at least one таг 


imal equivalence relation. 


P roo f. EZ Z, since doc E (see |3!). Let [o sie) 
1 
be a chain in <Е,@>. = qu gi is an upper bound for that 
alu 


chain. Realy, б is 2-reflexive, since а, =. С 15 symmetric: 


A ntl E er : 
if (a, ) Е о then (а? 1; ео. , for some і e I, and since c, ig 
i i 


symmetric, (ат (ay ett an (n+1)) Ес, , tormevervemn e Ien nA ^ 


and thus (à, ‚а ) е 0, for every T. Gis nA, -transiti- 


(1) "иет (1+1) 
sos oh n = ntl = 

А ppose that (ас) Е G and (aj EEO апа а),...,а, are аїс- 
ntl 
1l 
ол. (= бес Then both (n*1)-tuples belong to с and by, nA, -transitivity 


n 
ferent. Then (ag) Ес, апа (а ) ENSE ‚ for some i,j ЕТ. Let 


1 
; п-1 n=l = 
it follows that (ао ; antl? SOS and thus (ас rapt? (37027 139 


Zorn's Lemma we conclude that «Z,c»has a maximal element. 


Generalizing binary case for (2,nA,)-RT relation р on 5, 
we get the following definition of the relation o 
р 


ntl 
1 


ШЕЛІГІ ШЕШ! 


(1) (а ) gon iff (am (1) тат (n+1)) Ep, for every 


It is obvious that the following proposition holds. 


Lemma 2. If o€E, then 


+1 
а) (a? єс 7 J 
и) implies а) єр, for every 


теп): 


b) d, coco 6 
CON RE 


Up to now we have found that for n>1 


i) 90 is not always transitive; 


i 2 
11) <Е,с > сап have more than опе maximal equivalence; and 
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thus iii) <Е, <> is not always a lattice. 
If the following we discuss some of these problems. 
THEOREM 3. Om UE(unzon of all (п%1)-ағу equivalences 
ін Bb jJ. 
2 ; ntl 
per oO o. 1) ЧЕ сс. Realy, Te (aj ) єс, сер, 
+1 
then by a), Lemma 2, (à )€o,. 
= А n+1 
2 o SUE . Indeed, if (aj ) єс , then for every те (1, 
ү i ntl 
.,n+1}! (à (1) 7" "ар (n+1)) € 5: and (aj ) belongs at least 


to equivalence relation ç =, Ц{ (а 
етін. Thus, (аЛ71) е UE. 


7 (1)! "ат (nti)? ie (ob 


It follows from 1) and 2) that 0% = ЏЕ, 


It is obvious that <#, => is a meet semilattice with ze- 
ro d5. Now we can give the necessary and sufficent conditions 


under which it is a lattice. 


We start with the following definition of a special (п+1) - 


ary quasiorder. 


(ntl)-ary relation р on S is (2,nA,)* RT relation iff it 


is (2,nÀ,)-RT relation and the folloving is satisfied: 


(*) If 


(a) (a ) Ер and (ав (1) 7* ** 128 (n1)? Ei ur 


&(0)^***'9a(n) 


for each ae {0,...,п)! and for each В € (1,...,n*1]!, and ас,... 


ауу are different elements of S, then, with each cosequence 


(b) (b b ) ер, (b 2/5 


l 
Пей aes e (ag, crap 1) 


ntl 


for the corresponding premises of (а) by nA,-transitivity, in р 
is also 


(b) (DE b У 


n-l1' ntl' n 


for all a r... a ese. 


n+l 
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THEOREM 4. If p is (2,nA,)* RT ralation, then UE ¿o 


(п%1)-ағу equivalence relation on S. 


J) ло © ©) 5 
а) U£ is (by definition) 2-reflexive and symmetric. 


5) ШЕ ia e transitive: 


ntl 


n . 
Let (ag) € UE and (а, 


)eUgE , аута, for i£j, i,j € (1, 
.,n]. Ву (1) this is equivalent to (a) in (*) 


bi) If Agree Any are not all different, and the conditi- 


ons for the application of nA, -transitivity are satisfied, then 


(a ) Єр, for each ye{0,...,n-1,n+tl}! , 


Y (0) "°° "y (n-3) * Fy (+1) 
because of 


1) 2-reflexivity of p ; or 
2) the consequence becomes one of the premises in (a). 


Thus, (agr... a ЛЄ UE. 


n-1'2g&1 


b) Suppose now that 85'*::r84,, are all different. Then, 
starting with (a), we get that with (amma ),all (ntl) 


tuples of the form 


a 
n-1'"n*1 


РТ ШЕ am пе... па! 


also belong to р. Since 2-reflexive and nA, -transitive relati- 
on admits all cyclic permutations of first n coordinates of its 
elements, and by (*), it follows that for each 


y € (0,...,n-1,n*1)!, (a Ac ra 
Y (o) Y (n-1) а (1)? 


T. А = 
hus, (asr... An 772,41) € UZ, completing the proof of the propo ( 
sition. 7 
ç i 

: THEOREM SO сш баз йз complete lattice iff р ts : 

(2, nA) £ Рт relation. с 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


tw 


el Ó.—  c——RE F 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Structur f alize i i 
е of generalized equivalences contained in ... 281 


Pro ost. 


a) Let p be (2, nA, )*RT relation оп S. Then by Theorem 4 
7422, 
UE €E. That is why ТЕ is the only maximal element in «E, => 
and clearly, “һе gratest one. Г is closed under arbitrary inter- 


sections, and thus, it is a complete lattice. 


b) Let now «E, <> be a complete lattice. Then it has a unit 
element UZ. UE is thus (2,nA,)# RT relation. Indeed, let 


о) (ай) e ЦЕ and бері Е n=l Е 
( © (a; ) € UZ imply (ag (A1) Е UE 
Then by (1) 
ў п A 
(ag) Е UE iff (a қор аат ер, for every ae{0,...,n}! ; 
= 
(a ) Е ЦЕ iff (ав (1) °° ав (n. 1)) ер, for every B e (1,...,n*1)! 
MC а.) e UE iff (а 
б ranti тех nz а. (nti)? 6 0 , for every 


ye{0,...,n-l,n+l}! 


In this way it is shown that p satisfies (*), and thus 
it is (2,nA,)*RT relation. 


EXAMPLE 2. S={a,b,c,d,e,f} , n=2. 


р = d4Um(a,b,c) Ur(a,b,d) Ur(a,c,d) Um(b,c,d) Um(d,e,£) (i) 
U ((a,b,e), (b,a,e) , (а,с,е), (c,a,e) , (a,b,e) , (d,a,e) , (b,c,e), 
(c,b,e) ,(b,d,e),(d,b,e), (c,d,e), (d,c,e), (a,d,£), (b,a,f), 
(a,c,£) , (ca, £) , (a,d, £Y, (d,a, f) , (b,c, £) , (c,b,£) , (b,d, £), 
(d,b,£),(c,d,£), (d,c,£)). UE 
% gr (2 nA, )ZRT relation. 
The ЖАЗАСА: <Е, <> is given 
by it’s Hasse diagram, where 


zero is 35, and unit is UE, 
described Бу (i) in p. а 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


lm. _ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Branimir Šešelja, Janez USan 


Since in binary case there is only one class of вт S. 
tions, and it satisfies (%), the fact that for п=1 «E,c» is " 
lattice is a direct consequence of Theorem 5. 


Consider now the binary relation y, defined at the begin 
ning of the article, concerning the induced order on the parti- 
tion. The following two theorems deal with the same problems for 


(n+1)-ary relations. 


THEOREM 6. Let p be (2,пА, 
denote UE by о. Let S/o be the corresponding partition of type 
n. Now, tf Xx ts (ntl)-ary relation on S/o, defined by 


) вт relatton оп $ , and 


(x) (ani) ЕЛЕС 2225 ep, for all 
1 ab 
l ntl 


ED 0 60, owe XQ Apres Oy eS/o , 


then in this way induced (by р) relation x is (n*1)-reflexive, 
(ntl) -anttsymmetric, and nA,-transitive. 1) 


ie} Se) (оу (оу эе 


ntl 
а NON) Gov sen (Xj ,... X, ) ер, for all 
i 
1 ntl 
Xj (Хх ЕО, and this is true since (x. petra Ne 
1 n+l ii ntl 
err Sip. 


Thus x is (ntl)-reflexive. 
b) x is (n+1)-antisymmetric: 


Let (Q. (1) 11 Bunea)? SMa Were Gem qr SiS, треп 
( 


r 


199 
ЕЙ 60, whenever this (n+1)-tuple belo 


to О; (1) х... x Qr (nel) „і.е. when 


1) These properties are consistent as shown in |31. 
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(x, petra ) €o. But this means that x, fase p 
i 


a belong to the same class, i.e. Q1 =" 2709 


е) Х 15 nA ,-transitive: 


+1 
Let (05) ex, (QI ) ех, 0; #0,, for 193, 1,j e (1,...,n). This 


holds if and only if 


(Ку nasere Т Єр (ey EPIS ) €p, whenever x, 60 
For io ia ii — i; j 


(Ep О dampen ye 


Then (x; бра Жа XS уер; Xi con jeí0,...,n-1,n*1), 

о п-1 
since : а) р is 2-reflexive (if х ИН аге not all different) 
or b) p 15 nA, -transitive (otherwise). 

By a), b) and c), the proof is complete. 


Generalized ordering relation y , defined in the prece- 


ding proposition, in binary case reduces to the usual one. The 


) same is with the relation Ņ , given in the following propositi- 
on. This one has already been defined in |3|, but with some un- 
preciseness included. That is why we repeat it here, together 
with one example, illustrating both, X and y. 


THEOREM 7. Let |S| >n, n#2 and р, о, and S/o be as 
in Theorem 6. Define (п+1)-ату relation ф on S/o in the follo- 
wing way: ы 

For Qiii 

а) |{0,,...,0 


(02*2) ew Zf and only if there ате х1,...,Х1, 65, X, fX 


оо 323 13е (Eu... nnl jo Suan HaT 


nl є5/0- tf 


Pu Т 2 „then 


ES 
A 
e 


I Ai = {x;,+++/Xnx1}\ {x,}SQ;, ізі,-..,п%1, and th 


5 II (же глу) ep kee C NC I хес | 
1 inel 1 n+l 
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}| = 2 , then 


b) ОЛЕ 


в) € Ü cff there ts exactly one set with п+1 element 
оС x, fxj, for ifj, i,je (1,...,n*1), such We HE 


I and II hold. 
Then y ts (ntl)-reflexive, (n+1)-antisymmetric, апа nÀ. 
1 


transitive relation on S/o. 


1) ве ©) (ө) 45, 


ntl 1 ; z 
a) (Qj ) € if and only if there are "DONO X; Ex; 5 


such that A, defined in I is a subset of Qi; and that II is sa- 
tisfied for А; =A), 
least n elements, А, always exists, and II isa consequence of 


i-1,...,ntl. Since each class contains at 


the definition of S/o. Thus, ф is (n+1)-reflexive. 


b) Let (Qn (3) r* Qe (su) eum for each m € (1,.-..m*1)! fi 


Then for each such m ‚ there is exactly п+1 element ХХ 


such that I and IT are Satisfied, provided that Qy... Qa 1 are 


not all equal. Realy, if (0,...,Q 41) consists of only two dif- 
ferent classes, then this uniqueness is postulated. Otherwise, 


Suppose that for some а, в CEU P nani 9% (1) ^ *** Oa (ney? de- s 
i 


"(mene ор Huc |6 


1X41: Now, for Q, and 004 т, s e род 


termines x 7X, 


TPO CO Re 


, x 


Х.,...,х 
, i’ , 1! ала 
mines Х1,... ... 


пк) {i}, o О, we have 


1 
ГА 
i-1'%i' 


lon о. | = Ша м» =n which 


means thet 9, =9., contrary to our assumption. So we can consi- 
1'***'XQ4,,- Each of this elements is in at least one class 
and thus all permutations of ES) ere inp e. all those 
classes are equal, proving (n+1)-antisymmetry for y 


с) j is nA, -transitive: Let (05) еш, (OR еш satisfy the 1) 
x 


conditions of nA,-transitivity. It means that there are Beo 
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and УЗ "Уд ys satisfying I and II. By the definition of the 
sets А;, Ixus d E and we can deduce that XiTY; 


ің m n 1) z 
for i-1,...,n, and Kom . Now, nA -transitivity for ф fo- 


llows directly from the same property of р 


EXAMPLE 3. S = {1,2,3,4}, n=2 


es а, Un(1,2,3) U {(1,2,4),(2,1,4), (1,3,4) (3,39 аА 
(4,3,1),(2,3,4) ,(3,2,4) ,(3,4,2) , (4,3,2) ). 
DES (2,2A)*RT relation on S. 


о = d, Um (1,2,3) 


S/o: @ = ТЗ О) та 94 = {2,4}, Q, = {3,4} 


3-reflexive, 3-antisymmetric and 2А,- transitive relation x , de- 
fined in Theorem 6, is given by: 
X= ((0,,0,,0,) , (0,0,9) (93,03,05), (04,04,04) , 
(O, 127 194) r (Q) 0, 1Q3) , (0 10, О), (040,04) , 
(04,05,03) , (0, 24124) :(0,,0-,0:), (05,0405) (/(04,,04,,04)] . 
3-reflexive, 3-antisymmetric and 2A, -transitive relation Ý, de- 
fined in Theorem 7., is given by: 


B 
l = 
а 


(04,04,01), (0,0,0), (01,01,03), (9,0,0), (0,0405), 
(04,05,05) , (05,0,,05) r (Qg 1 Oy 103) + (0,,05,04) + (03104103) ; 
(94,0; 105) s (04,04,,04) 1 (01,0,,05) + (04,0 „9 - 


= 


The statement holds in ternary case also if we require that x] and 
х= 
О-У): 
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REZIME 


STRUKTURA UOPSTENIH EKVIVALENCIJA SADRŽANIH 
U (2,nA,)-RT RELACIJAMA 


U radu se razmatra jedna klasa generalisanih relacija 
pretporetka ((2,n2,) -RT relacija) i ispituje se struktura u 
njima sadržanih ekvivalencija. Daju se potrebni i dovoljni us- 
lovi pod kojima je taj parcijalno uredjen skup kompletna mreža. 
Takodje se pokazuje da se na odgovarajućim particijama tipa n 


moze posmatrati uopšteni poredak, indukovan spomenutim genera- 
lisanim pretporetkom. 
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ТИПИ БАЗИСОВ ДЛЯ ОДНО? МОДИФИНАЦИИ 
АЛГЕБРЬ! ЛОГИНИ 


Ратно Тошич 
Природно-математични фанултет.Институт за 
математину, 21000 Нови Сад, ул. др Илије 


Туричиһа 4, Југославија 


(|: ВВЕДЕНИЕ 


| 


Е. Постом (15!,17!) подробно изучена струнтура алгебры 
логик ‹ и ее основные свойства. А.И.Мальцев (14|) предложил pacc- 
матривать алгебру н-значной логини нан множество Б. к-значных OyH- 
нций с операциями отондествления аргументов, их перестановки при- 
писывания фиктивного аргумента и суперпозиции. Зта алгебра была 
названа н-значной алгеброй Поста. Алгебры Поста находят широние 
приложения в теории ав томатов. B.M. Глушнов предложил рассматри- 
вать алгебры, ноторые являются модификациями алгебр Поста и связа- 


ны с операцией номпозиции @, определяемой тондеством 


) = #(а(хү,х,...,х ), 


) , 


(Е ва) (х 5X5r*** Xen] 


(а (хх) pag (х, yee а 


Где Ғ,а- произвольные т-местная и п-местная фуннции. Зти алгебры 
Находят приложения при рассмотрении логических струнтур ЗЦЕМ (111, 
|2|1. 

Г.Е.Цейтлин (|6 |) исследовал проблематину фуннциснальной 
полноты для алгебры булевсних фуннции система операции ноторся 
8 отличие от алгебр Поста содержит вместо суперпозиции операцию e 
Г.Е.Цейтлин доназал теорему подобную теореме Поста - Яблонсного 
Для алгебры Поста, дак.ую необходимые и достаточные условия чтобы 


= o 
Неноторан система фуннции являлась системои образующих в 97. 
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Ç о 10 
но полной в ф если нандая функция из È получается из Фуннция 
H 
системы К путем отондествления аргументов, их перестановни nr 
» При- 
писивания финтивного аргумента и применения операции номпозиц 
ии 


3 


ОПРЕДЕЛЕНИЕ. Нонечная полная в ue система фуннций нази 
вается базисом, если нинаная из ее подсистем не является полно; 
и 


Ве К 


Целью настоящей статьи является исследование типов бази- 
о x 
сов для алгебры $ . Подобную проблему для алгебры логини P. исс- 
ледовал Л.Нрнич (|81) А 


2. НЕКОТОРЫЕ ОБОЗНАЧЕНИЯ 


Дальше нам понадобятся нижеследующие множества: 


= о 
БІЗ ЕЕЕ” (070722. 20) Sr (51 5 coop и), 


II 


(S eso, (SNU) = х}, 


=) 
lI 


neg © бе Ех, хех р, 
= о 
ЕЕ ЕЦ о). 0 =F 135573) =1}. 


Заметим, что нандоғр из множеств T T 
Jaz оо” “01” 


2 Фуннций от п аргументов х 


ATIR содержит 


17 kareena 


={flfe 9° - 
[#єф°, f (xix олох А) = £^ (x Ais 


2 Жер 


т.е. мно Y 
жество всех самодвойственных булевсних фуннций Число бё” 
} a 


5 DAD REM - „O x 
ОПРЕДЕЛЕНИЕ. Система фуннций Кс ф называется фуннци 
Онал - 
модвойственных 
ых Фуннций от п аргументов рав но 225 


, 


= | (9) ymy M 
{flf ep’, У(а,Буа4Б = f(a) < f(b)} 


v . 


где а “(аү,а2,...,а, Na b= (b, ,b 


2900) и а Б <b; (i= D 
ап), т.е. 2 ОЗ E i 


MHO 
HECTBO всех M3OTOHHt Xx бу левсних и o U 
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| = х 
к M, = {flee9°, fem }, 
т.е. MHOHOCTBO всех антитонных бу левсних фуннция 
x Bs 
Рассм м танне 5 nv jou a 
j)comoTpHm танже следующие нлассы булевсних фуннций: 
= M š 
M М, U м, / 
т.е. множество всех монотонных бу левсних фуннций 
них ций; 
| = 
5, Toj ns 
$. = 
2 Tion 5 
Число ф H ai 1 3 ы 
уннции B наждом из множеств s, 5 равно 22 с; 
‚55 і 5 
Дальше нам понадобятся нинеследующие множества: 
A=T Т, 
оо U ol шй K 
B = 
Too UT], US , 
(Gap ! 
ОО L Tii UM, 
D = 
25) 02; ОЕ 
„О - о 
Для каждого Кеб ‚ пусть K= ф УК. Тогда имеем: 
A’ = 
Tho , 
iy (Toj UT, US : 
Dsum 
UD UT, 0x (0,1). 
Теорема Цейтлина o функциональной полноте в 2. 
Для того чтобы система фуннций Kco? была полной, необ- 


ходимо и достаточно чтобы ней содержались 
- По нрайней мере одна фуннция, He принадлењащая А, 
` по нрайней мере одна функция, не принадленачая В, 


` по нрайней мере одна фуннция, He принадлежащая C, 


k —— MENO 


в 
© Б ит) M , 


- По нрайней мере одна фуннция, не принадленацая D. 
| Из зтой теоремы вытенает, что из BCAKOA полной системы 
$ Z G 
Уннций в Фф можно выбрать полную подсистему, состоящую не более 


Чем из четырех фуннций. 
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to 
to 
© 


о 
3. ТИПЫ БАЗИСОВ АЛГЕБРЫ! $ 


Если функция f принадлежит нлассу Х(Х ETAT By. CAD) ж будем 
говорить, что она имеет свойство X. Если фуннция обладает, напри- 
мер, свойствами А, C и не обладает свойствами B, D, будем гово- 
рить что зто функция типа А, С и обозначним её через /A,C/. Две 
фуннции, обладающие одними и теми же свойствами будем называть 
функциями одного и того же типа. Фуннция /@/ не обладает ни одним 


из свойств A,B,C,D. 


ТЕОРЕМА 1. Число различных типов фуннций из фо равно 9; 
А ау АВА САРИ Ша Зв | 
/A,B,C/, 5. /B,C,D/, 8. /C,D/, 

/А,В,р/, 6. /A,D/, “2 ву 
ДОНАЗАТЕЛЬСТВО 


I /A,B,C,D/; множество фуннций зтого типа: 


АПВП = = = 
n CAD = (АПВ) fl (cn D) ine IUS MUTO fisyy nM = 
= (S, Mm) (0,1). 


II /А,В,С/; множество функций этого типа: 


АПВПСПр“ = (ANB спро = (0,1) 
( ) N (спр) (Too UTI. US) П (Тб UT, SS 1 


(Too UT, 1) {0,1}; такая, например, фуннция £ (x,,X5,x4)7 x, +k ° 


III /A,B,D/; множество функций зтого типа: 
АПВПС^Пр = (АПВ) П (Cn D) = ma) 
(ANB) П (с<Пр) = (тут, um, s)) П ((m Uo 


= (T5, S) NM = Sy SM); Takaa, например, фуннция f(x ,X57X3 ) 


= XIX X XQ x XOX, . 


ТУ /A,C,D/; множество фуннций зтого типа: 


ANB NACAD = (АПС) Я (BND) = «ais 
=M SX (10,1) IND = (шш (фу (UPS Шен.) 
= D* 0,1) 051); такая, например, фуннция f (xj ,X5,x4) 9X, \ 2 o 
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MT > m ч = 
У /B,C,D/; множество фуннций этого типа: 
2 ПСПО = (д^ пр) п n - T ) )) = 
| АПВ ( ) N (BNC) Tion Too UTi Ш (МП 87) = 
H= = $5 n M, ; танан, например функция £ (x4 ,X5,X4) - X4 
" 
VI /A,B/; такая функция не существует, потому что 
AnBnc Пр“ = (А ПВ) fl (C^fY D^) = (АПВ) n (т ПФ NM) П 
ol lo 
m = = 
N (Too UTi? 10,11) = (АПВ)П0 g 
VII /A,C/; таная фуннция не сушествует, потому что 
9; 


АПВ“ПСПр” = (АПС) ПВ Пр?) = (anc) n ((T5  g T ON S) 
f 1 = = 
п (т, UT 10,10) = (AN CAO = 09 
VIII /A,D/; множество функций atoro типа: 
АПВ” ПС”Пр = (АПВОП (C^n D) = (TON 51) Прот) ММ) = 


= ТХ (S, UM) ; Takan, например, фуннция f(x X, Z.) 


IX /B,C/; Takan фуннция He сушествует, потому что 


АСПВПСПр” = (A прл) n (BNC) = 0 ñ (ВПС) = 0. 


X /B,D/; множество фуннциі зтого типа: 
ye 1 
п A“ ПВПС^ Np = (Aa). (c^ D) = (T,,fl S)M ((T5; y T4 NM) = 


lo 


2 SoNM, ; таная, например, фуннция f(x ,X5 X4) 9X X 5X VX4X5VX X4 - 


XI /C,D/; множество фуннций этого типа: 


Ш 


Añ p.m e np = (а^ NB’) mem p) = (TN 5) 1 М = MN (40,1 055); 
таная, например, фуннция f(x X, /xə) = хр vx; 


ХІІ /А/; таная фуннция не сушествует, потому 
ANB-Ne-Np-~ = (ANB) ACAD) = (ANBING =F 


5 XIII /В/; танан фуннция не сушествует, потому что 
А nenc AD? = (а^ Пв) Осро = CP 9 


XIV /C/; таная фуннция не сушествует, потому "TO 
A NBE“N¢ По = (AM CHABAD = (am o) g = 7 . 
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ХУ /D/; множество фуннций этого типа: 
АПВ ПС” ND = (A Пр) п (BN С^) = т, N (Tor UT, O) N 


N(S UM)) = Tio П (55 UM,); таная, например, фуннция f(x 


1’ Ха хз) = 
XVI /0/; таная, фуннция не существует, потому что 
A NB’ NC Пр“ = (A Пр“) N(B Пс“) = g MEIT MED - 0 
Теорема доказана. 


Будем составлять базисы, выражая их через фуннции 1-9, 


Для построения базисов полезны нижеследующие замечания; 


Замечание 1. Фуннция /A,B,C,D/ не содернится ни в одном 


базисв, потому что принадлежит всем нлассам A, By C/D: 


Замечание 2. Одночленные базиси не существуют, потому 
Bee МАО Фо. 


что не существуют фуннции типа /80/. 


Замечание 3. Для построения трехчленных базисов не учи- 
тываем фуннций /D/ 


Замечание 4. Для построения четырехчленных базисов He 
JUHTEBSENUDYHHUHH /D/, /A,D/, /B,D/, /с,р/. 


Теперь легно найдутся все типы базисов в qeu 


Al Двухчленные типы базисов: 
{/A,B,C/,/D/}. 
ШП Трехчленныв типы базисов: 


{/A,B,C/,/C,D/,/A,B,D/} ; {/A,B,C/,/C,D/,/A,D/} ; 
(/A,B,C/,/C,D/,/B,D/)  ; (/A,B,C/,/B,D/,/A,C,D/) ; 
{/A,B,C/,/B,D/,/A,D/} ; (/A,B,C/,/A,D/,/B,C,D/) 


III Четырёхчленные типы базисов: 


{/A,B,C/,/A,B,D/,/A,C,D/,/B,C,D/}. 


Таким образом, доназана следующая теорема: 
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= 
ТЕОРЕМА 2, Число различных типов базисов в 4? равно B: 
1 двухчленный тип, 6 трехчленных типов и 1 четь членный тип 
а JUA HHO + бин 5 n 4 
с Замечанив 5. Фуннции ХХХ и нонстанты 0 и 1 не 
содержатся ни в одном базисе. 
Замечание 6. B каждом базисе содержится точно одна 
фуннция £ для ноторой = (ООО EXE (CREEK 
Пусть t / M обозначает число всех п-местных фуннции типа 
/А/, t /B.C/ число всех п-местных фуннции типа /B,C/ в 69, и т.п. 
Легно получается что 
n 
2-1 
t / ^ B,C/ -2 -2, 
n-1 
2 = 
t /A,B,D/£2 T 
on 
n 
2-2 
t / ^,C,D/ < 2 , 
n= 
| 2 = 
У t, /B,C,D/ «2 555 
n 
отнуда получается следующее неравенство: 
n- n 
4 32-5 
М o2 , 
n 
4 x = 0 
е где Ne обозначает число чатьрехчленных базисов в $”, состоящихся 


тольно из п-местных фуннций. 


Заметим что 


м“ 
lim 4 =0, 
лэ»! / 27 
(54 H 
[ЖОЛА бо p 
где {24 = число всех четырехчленных систем п-местных функции B " 
о 


а WERE NEN - 
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REZIME 


TIPOVI BAZA 2A JEDNU MODIFIKACIJU ALGEBRE 
LOGIKE 


U radu se ispituju medjusobni odnosi medju maksimalnim ро? 
dalgebrama algebre $? (jedne mođifikacije algebre locike). Pos- 
matra se relacija ekvivalencije takva da su dve Еее goo C 
ekvivalentne tj. da su istoc tipa ako za svaku maksimalnu podal- 


O м1 ж . 
gebru X ой $” važi tačno jedna od Sledeće dve mogućnosti: 


49 7 GSC сеу, 


SEU QU IN дух 
Ж 0 
TEOREMA 1. Ima tačno 9 različitih tipova funkcija u Ó ' 
Pomoéu takvih funkcija izqradjuju зе baze algebre 49, pe 


бети se koristi teorema Cejtlina (161). Na taj način, svaka bazë 
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albegre ?" pripada odredjenom tipu baza. 
TEOREMA 2. Postoji с 161+} i t 
ET F к 2) засос 8 razlióitih tipova База и al- 
gebri ф : 1 tip dvoélanih, 6 tipova troélanih i | tip Getvoro- 
élanih baza. ў 
i. 
bx 
Ej 
i 
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Danut Marcu 
Faculty of Mathematics University of Bucharest 


Academiei 14 70109 Bucharest - Romania 


ABSTRACT 


Our aim in this paper is to give some relations between 


the spanning trees and some determinants obtained from the inci- 


dence matrix of a connected digraph. The spanning trees that di- 


ffer by one edge are also investigated. 


Let D=(V,E) be a connected digraph (directed graph) 


with Ум -Vp the set of vertices, E ={е,,е,,...,еш} 


2r 
the set of edges, and S = (815), р ao nop Neujonocobćij EE 


incidence martix, where 
SSA 


Ib alar Vi is the initial vertex of ез” 


= Ир abe Vi is the terminal vertex of ез, 


513 
| 0, otherwise. 

Let S be the matrix obtained from S by deleting the line corre- 

Sponding to the vertex Ур: ТЕ T={ej] ejor: -ejm (m=p-1) is 

а spanning tree of D, we shall denote by S(T) the square subma- 

trix оғ S obtained with the lines of S and the columns ),,32,... 


28: Because Т is a spanning tree, there exists a unique chain 


DM АСЫН С 


Connecting any two vertices in the graph (V,T). Let c, (v,,vj) 
the 


Such a chain connecting v, with Ур! i=1,2,...,m, and E(c,) 
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edge-set of сү. Let eqli)’ a (i) € (51,9... } the unique edge = 


incident with the vertex v,, i-1,2,...,m, for which e a(i) €E(c єт, 
апа Еке от) such that ali) SHE 


We consider the matrix S( у= [® ш. , і,8е1,2,... пу Ме 


ER | 
Blip- | Д 
КЭК еа)“ T£ 8 =e (1) 
( 
THEOREM 1.  det[S(T)] = аее[5(т)]. 
i" se (oe ¿Po We denote by S(T) the submatrix of S obtai- 


ned with the lines od 5 and the columns Јул ја." 


Let үс (йы УЫ) a terminal vertex of т(1) = Т. Adding the 
line t, of the ее S(T) to the line corresponding to the other 
vertex of e a(t.) We obtain the matrix S, (т) . We consider пом the 


obtained from p(t) by deleting the vertex Vti and the ed- 
ge TE Let us (уь, Лр ) a terminal vertex of т(2). Adding the 
line t, of the matrix 5, e to the line corresponding to the other 
vertex of % (+5 ) we obtain the matrix 5, (T). Repeatina the above 


thus give rise to the matrix 5,(Т). SE this matrix the p-th line 
is null. 


Denoting by в k-1,2,...,m, the matrix obtained from 
S, (T) by deleting the p-th line, then S(T) TES (a) = 


On the other hand, according to the properties of determi- 
nts we have 


det[S(t)] = det [5 e (o= det [5 _2(т)]=...= det (8, (т)1= 


det[S(T)], and the theorem is proved. 


р 1 
Let T, and T, two spanning trees of D. By |1| and theorem 
it follows that 
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det|8 (T) |= Eo 
(1) = ë 
n det[S(T,) |= ANLE 
Obviously, in З(т,) апа 5 (т) each line and each column contains 


a single nonull element (equal to +1). For ап arbitrary column, 
if we want to have on the same place the nonull element of S(t, ) 
as in S(T, ), we must permute two columns in S(T, ). Let т the 222 
tal See of permutations necessary for all а elements of 
Sm. 

Let o the total number of exchanges of sina such that each 


1 
same sign 


But, every permutation and every exchance of sing multi- 


nonull element of S(T.) in the same place as in S(T ), to have the 
plies the value of det[8 (7,)] by -1. Hence, by (1) we have 


Е (2) det ([5(т,)] = 4-1) © det[8 (т. )] 

е 

JE By (2) and theorem 1 it follows that 

° = = - TG 
(3) det[S (T,)] aet[Str») - (21) 


1 2 2 
ting the К distinct edges, every spanning tree becomes a araph co- 


ntaining k+l connected components. Moreover, the К+1 connected co- 


Mponents in T, and T, are identical, and only one of them contains 


the vertex vy The x dale MN that do not contain Ур are called 
Principal. 

Е. every vertex of a principal component is conne- 
cted by a unique chain with vp in (V,T,), i-1,2, and every chain 
(one of T. and other of т.) contains ап unique edge (опе of T,-T, 


1 


and other of T,- т, ) incident with the principal component. We call 


these edges s npa Š 
If the principal edges have the same orientation related 


r 
| Let T. and T, two spanning trees of D such that I7; -T,| =k. Dele- 


to the principal component, then this component is positive and 


eesative otherwise. 
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We consider the graph having as vertices the К+1 compo- 
nents and as edges the principal edges (from Ti and T5) incident 


to the above components. We denote by o (T, T5) the number оғ po- 


300 


sitive components from which we subtract the numberof cycles jn the 


graph above considered. By |2| we have 


o (T ) 


ШО 


(4) det[S(r))] det(S(T,)] = (-1) 
Let T, T5 two spanning trees of D for which T,-T, ={a} and T,-T= 
= (b) ‚аяь. 


We denote by w (TA, b) the unique cycle contained in (V,T U 
U.{b}). 


U ORENJE: -1, if a and b have the same 


det [5 (T, )]det [5 (7,)] e ortentatton tn b (T, ,b), 
1, otherwise. 
| 

I? i ©) © ty Deleting the edge a from Ti we obtain a 
graph that contains two connected components; one of them conta- 
ins the vertex Ур and the other is principal. 

Obviously, a and b are principal edges. If a and b have 
the same orientation in o (T b), then the principal component is 
negative, i.e., o(T,,T,) =-1. This, by (4), it follows that 


det[S (T )] det|s (T,)] 2-1 


If a and b have not the same orientation in o(T,,b), then the 
principal component is negative, i.e., g(T ;T2) -0. Then Бу (4) 


it follows that det [5 (T, )]aet[8 (т, )] =1, and the theorem is Pro 


ved. Let Т-(е. ‚е. eee хе, }, Gee) a spanning tree of D. De- 
31 22 jm J 


leting from T the edge ej (15Һ<п) we obtain two connected C0- 
h 


mponents V, and У, - 


To the bipartition (vy Vi, ) we can associate a cocycle 


C(e. ,T) that contains the 2122 е. 
Jh Jn: 
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Obviously, if T 


1 
шол = {b} and T; ml fa 


аха т, are two spanning trees for which 
J, then b eC(a,T,). Moreover, if сес (a, T), 


then (T; -{а}) U{c} is a spanning tree, 


Let T5 a spanning tree and Т),Т;,...,Т, all spannina trees 
for which т-тү tas) and TT {а(К)}, k=1,2,...,x. Thus 
(1 
C (ag, T9) = (ас,а И. 


Moreover, if bec(a,,T), then (T -Ía )) О {b} is one of 


T),T5,-++/T,- 
Let A(T a.) = іт|,Т,...,т.). Obviously, we have 
j 
А (10,85) =U C (ras tay) U {b}} 
bec (a, T.) 
Ьта, 
If °T =e. ‚е. е) Chen every spanning tree T with 
o J J J 
1 2 m 
|Т --Т| =1 belongs to one of А(Т.,е, ), h-1,2,...,m. Also, all 
oj 
Spanning trees of А (1067 ) are distinct. Indeed, each деве; ) 
h ie 
does not contain the edae e. 
t 
On the other hand, for every TeA(T,,e; ) holds атре 
t 
i.e., all edges of To (except for = ) belong to T. Hence, T does 
t 


not belong to A(T_,e. ) with t¢#s. 
Oe 
Let Ус € V and ео ЕЕ arbitrary choosen, such that ео 15 


incident with the vertex Yo: We denote by € (v9) the cocycle asso- 


ciated to the bipartition (Cy Му у, 


Let A(e_) the set of spanning trees that contain the edge Я 
ео and A(e_) the set of spanning trees that do not contain е. 5 
4 
THEOREM 3. ` i 
(5) ле) U {(T-fe,}) U {b}} 
TeA(e,) 


bec (eo, T) n С (мо) 
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БИКО ог. Obviously, every spanning tree obtained by 
(5) belongs to A(e,). Suppose now there exists T € Ale) such that 


it cannot be obtained by (5). 

Let o(T,e,) the unicue cycle contained in the graph 
(V TU teg). If b (b 7 ej) is an edge of o (T, e) incident with the 
vertex v , then the spanning tree T = (T-(b)) U (ej) belongs to 
A(eg). But b ecleo T^) П C(vg), i.e., T can be obtained from т: 
by (5); contradiction. Hence each spanning tree of A (e) can be 


obtained by (5) and the theorem is proved. 


THEOREM 4. Every element of A (ej) ts obtained only once 
by (5). 


БИТ (0) ОЕ Suppose that T is a spanning tree of А (ej) 
often generated by (5). In this case there exist at least two 
distinct edges c and d in T incident with the vertex Vo such that 
(T-{c}) U (ej) and (т-{а}) U fe) are distinct elements of Ale), 


i.e., c and а belonq to the unique cycle w(T,e_). This is impo- 


ssible. Hence the theorem is true. 
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t REZIME 
NOTA O POKRIVAJUĆIM STABLIMA j 
ORIJENTISANOG DIGRAFA 
e 
U ovom radu se ispituju odnosi izmedju pokrivajuéih sta- 

bala orijentisanog digrafa i determinanata nekih podmatrica ma- 

trice incidencije toga digrafa. Takodje su ispitivani parovi po- 
д krivajuéih stabala digrafa koja se razlikuju u orijentaciji sa- 

mo jedne grane. 
t 


ae ek, Г Чы, 


Ж. ж жылы 
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Review of Research Faculty of Setence-University of Novi Sad, 


Volime 


BIBLIOGRAPHY OF ARTICLES PUBLISHED IN THE "ZBORNIK Я 
RADOVA PRIRODNO-MATEMATICKOG FAKULTETA. NOVI SAD, 

SERIJA ZA MATEMATIKU" (REVIEW OF RESEARCH FACULTY OF 

SCIENCE. NOVI SAD.MATHEMATICS SERIES) 


Dragica Cerevicki 
Prtrodno-matematizki fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


The journal "Zkornik radova Prirodno-matematickog fakul- 
teta. Novi Sad . Serija za matematiku" (Review of Research ; 
Faculty of Science. Novi Sad. Mathematics series) (in the fol- 
lowing "Zkornik") first appeared in 1971 as the official publi- 
cation of the Institute of Mathematics of the Paculty of Science, 
University of Novi Sad. 

In Novi Sad the Department of Mathematics was founded in 
1954 аз a part of the Faculty of Arts and Natural Science, Uni- 
versicy of Novi Sad, and members of the department had heen pub- 
lishing their scientific contributions in "Godišnjak Filozofskog 
fakulteta u Novom Sadu" (Annuaire de la Faculté des lettres et 
Sciences, Novi Sad) in volumes from I (1956) to XII (1969). 

From 1969 the Department of Mathematics belongs to the 
Faculty of Science. In 1976 the Department of Mathematics beca- 
me Institute of mathematics. 

The number of papers which appearin "Zbornik" increases 
regularly. ии 

Among the reviewers of papers which appear in "Zbornik 
are known yugoslav and foreign mathematicians. This provides 
the appropriate level of accepted papers. A diversification of 
Problems which are dealt with in "Zbornik" can he noticed. 

From volume 11(1981) all papers vill be published in one 


of the following world languages: English, Bussian, Cerman, Fre- 
nch 


All published papers are revieved regularly in: M 
tical Reviews; Реферативный журнал 13. Математика. Сводный том; 
Zentrallblat für Mathematik und ihre Grenzgebiete, Mathematics 
Abstracts. ; 

The increase of "Zbornik s" volume was followed by аш опы 
crease in exchange with other similar institutions. At Ske sare ^ 

Zbornik" is exchanged with 295 foreign and 15 yugoslav 5561 u 
ons. Among the publications which are obtained for Zbornik 
are many known international journals. 
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фо (10 (1980). In the appendix the Author Index and Subject Cla- 


ssification are given. 
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